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peeface 


The apphcations of MensaTation arc mmieroiis and im- 
portant, extending from practical questions of every day 
life to the highest mfestigations of science Mensuration 
has therefore justly obtained a prominent position in 
teaching and m examinations The value of Mensuration 
13 mcreased by its close and necessary connection ivitli 
Arithmetic and Geometry The operations of Antlimetic 
are here illustrated by a n 6 w class of examples , and some of 
these operations, such as the extraction of the square root 
and of tho cube root, thus gam their true significance and 
interest. Many of the prmcipal facts of Geometry are in- 
troduced and applied, so as to fomish a good introduction 
to the study of Euchd’s Elements, or some substitute for 
it^ to those ivho iave not the opportumty for that study. 

The subjects mcluded in tho present ivork are those 
irhich have usually found a pLicc in Elementary Treatises 
on Mensuration The mode of treatment has been deter- 
mined by the fact that the w'Dik is intended for the use of 
beginners Accordingly it is divided mto short mdepen- 
dent chapters, •which are followed by appropmte examples 
A knowledge of the elements of Arithmetic is all that is 
assumed, and in connection with most of the Eules of 
Mensuration it has been found practicable to give such 
explanations and illustrations as will supply the place of 
formal mathematical demonstrations, which wouldhave been 
unsuitable to the character of the work. ^ 

The Examples amount on tJio whole to nearly twelviT*' 
hundred in numlier, some of thorn are taken from pnnted 
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examination lapel's} but most of them aro original} and 
have boon expressly constructed with rofcrcnco to the 
most important poiniS} and to tlio usual difficulties of 
beginners The miscellaneous collection of Examples at the 
end of the book is arranged in sots of ten in each set 
Altliongh groat caro bns boon taken to onsuro accorocy, 
it can bardly bo hoped that a book inrohing so large an 
amount of numerical calculation will bo free from error 
Any corrections or remarks rolating to the book will bo 
most thankfully rccoivod. 

L TODHUKTER 


CAlIDBtDOn, 

A]>nlf 18G9 
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MENSTJEATION. 


INTEOD-aCTIOlT. 


MB\sTniATios giTca rules for estimating lenfftfis, arcaf, 
and Tolumes 

ITc shun asauMo that the beginner in Mensuration is 
familiar tvitli the elements of Antlinictic, including the 
process for the extraction' of tho si^unrc root of a number. 

"Wo shall also assume that be isfamiliar with tlie use of 
certain convenient sjmbols, namch that + denoros addi* 
tion, — denotes subtraction, x (Icnolos niultiphcaliou, 
—denotes division, and denotes tlio square root 

Somo knowledge of Gcomctiy is also necessary; and 
accordingly tho first three .Chapters of the book treat 
of that sul^jcct Tho begmner sfionld at once read cavc» 
ioUy^o first Chapter, m which vanous terms are defined, 
which wo shall have to employ hereafter, ho will how- 
ever probably find that ho is already famibar with the 
meamng of many of these teixns from tho common use of 
tlieim Ho can then proceed to llio fourth and the follow- 
ing Chapters, referring to the second and the thud as 
occasion may require. 


1 
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DEFINITIONS 


FIRST SECTION GEOMETRT 


L DEFINITIONS 

1 The words point and line are too wcU known to 
roqoiro any dodnition, but a caution must bo ^ren with 
respect to tile stnet sense m winch these words are used 
m Geometry 

A point IS represented in a printed book by a spot of 
ink, winch may bo ver} small, but still has same size, wo 
must not however suppose that a point in Geomotiy has 
any size. 

Lines may bo straight or curved A lino is represented 
in a pnnted book by a band of ink, winch may be very 
narrow, but still has some hrendtk, wo must not however 
suppose that a lino in Geometry him any breadth 

% The word surface is also in common use Surfaces 
moy bo flat or curved. A flat surface is usually called a 
plane mirfoco in Geometry Wo must not suppose that a 
surface in Geometry has any thickness 

3 Thus wo may sav that a iiomt has neither length, 
breadth, nor thickness, a lino has only length, a surface 
has len^h and breadth A sohd body has length, breadth, 
and thickness Wo shall not consider solid bodies until 
wo arrive at the Fourth Section of the book, in the first 
Three Sections wo shall consider only lines and figures 
on a plane snrfaca 

4 An angle is the inclination of two straight lines to 
one another which moot together, but are not ui tlio same 
Btrafglit hue. 
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Thus llic two straight lines 
AO, SO, wliich meet *it O, form 
an •vnglo there The angle is 
not altered by altciing Iho 
lengths of the straight lines 
which format tiins CO and DO 
form the same angle as ^0 
and DO^ 



5 If there is only one angle formed at a point, tho 
angle may bo denoted by a single letter placed at flio 
angular point thus, for osani^o, the anglo in the pre- 
cising Article may he called tlic angle <?. ‘ 


If several angles are formed 
at the same point each angle is n 

denoted by three letters, tho / 

middle letter being at tho angu- / 

lar point, and the other two / 

letters being on tho straighthnes / 

which form tho anglo, namely / 

one letter on each straight line / 

Thus FLGr denotes tho angle 

formed by jpj? and GE, GEIl v-~ p 

denotes the angle formed hr GE 

and HEj FEII denotes tho angle formed by FE and HE 


G If one anglo can be so placed on nnolher tlint tbo 
straight lines whicli form tlio one angle fall exactly on tbo 
stndght lines which form tho other angle, the too angles 
are said to be equal 

Thus, if wcplacc DO on EF so that D is on E, and 
then find that DA falls on ED, the anglo ADO is said to 



ho ^nal to tho angle DEF It is neccssarr to have this 
distinct notion of what is meant by tbo cqmhlyof angles: 
and the beginner may actually try whether two assigned 

1-2 
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angles are equal b; cutting them out in paper and placing 
one on the other But in the theory of Geometry methods 
ore devised by which angles can be shown to be equal 
without actuaBy placmg one on the other 

7 Suppose in the diagram to Art. 6 that the angle 
FEG IB equal to the angle GEBj tlien the whole angio 
FEEl is tvaico the angle FEG Bunilarly it la easy to un- 
derstand what IS meant b> the statement that a certain 
angle is three times another angle;, or foui times another 
angle, and so on 


8 TThon a straight hne standing on another straight 
lino makes the adjacent angles cqum to one onotiier, each 
of the angles is called a nght angio, and the straight hne 
which stands on the other is called apcipendicular to it 


Thus, in the figure;, if the angle 
ABG IS equal to the angle ABD each 
of them 18 a nght angle, and AB is 
perpendicular to DO 



An obtuse angle is an angle winch 
IS greater than a nght angle. 


An acute angle is an angle which 
IS less than a nght angle. ^ 


9 Parallel straight lines are ouch 

as are m the same plane, and whicli 

being produced ever so far both ways 

do not meet 

10 A rcctilmeal figure is a figure which is bounded 
by straight hues, the boundanes ot the figure are called 
sicies. 

A tnangle is a reotihneal figure Tnth three sides 
A quadrilateral is a rectilineal figure mth four sides. 
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Any rectilineal figure 171111 more than fota sides is 
called a polygon, if it has’ five sides it is called a pen- 
tagon, if It has SIX sides it is c.illed a hexagon, and so on. 

^ A regular polygon is one ivhich has all its sides equal, 
and all its an^es equal 1 ' i 

11 The following names aio used for various hinds of 
tnanglcs ' ' _ - 

^ r* * r 1 


An cqmlaio al triangle ib one 
winch has all its Sides equal 



An isosceles tnanglo is one ninth 
has two of its Bides equal 



A nght-anglcd tinnglo is 
which has a right angle. 


ouo 

) » 



rt,n convenient to nse 

ihl two straight lines which 

t JO nglib angle tljo straigljt line iihicli is ooDosite tlm 

nght-angloiscaUcdthoAy^ofcMnsc. 0 PP 0 «te the 


An ohtus^angled triangle 
wnich has an obtuse angle 


is one 


An acn^anglcd tiinuglo is one 
which has three acute angles 




6 DEFINITIONS 

12 Tho following names arc used for \anous kinds of 
quadnlatorols 


A. parallelogram has its opposito 
Bides parallel and equal 



A rectangle is a parallelogram 
with all its angles nght angles 


A square is a roctanglo with all 
its sides equal 


A rhombus is a parahclogmm 
whicli has all its sides equals but its 
angles oro not nght angles 



A trapezoid has two sides por- 
oUeL 



13 Any sido of a tnanglo may bo called tho base, 
then the height of tho tnanglo is tho perpendicular drauu 
from tho opposito angular pomb on tho base 

Any side of a parallelogram may bo called tbo base, 
then the beigbt of tbo parallelogram is tho perpendicular 
drawn from any point m tho opposito sido on tho base 

lA A diagonal of a quadrilateral is a stmght lino 
joining two opposito angles. A straight lino joining two 
angles of a polygon whicm oro not a^ocent is mso cafiod a 
diagonal of tho polygon* 
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15. A. drclo.is a phno figure 
boouded by one lino which is callctl 
the drcnmfercnce, and is such that 
aU straight lines drawn from a cer- 
tain point within the fignre to tho 
circamfcrenco are cqnol to one an- 
other. this point is called the centre 
of the circle. 

A radias of a circle is a straight 
line drawn from the centre to the arcumfcrcacc, 

A diameter of a circle is a slraiglit Imo drawn through 
tho centre and terminated both ways by thearcnwfcrencc. 

An arc of a drdo is any part of tho drcnmfercnce 

A chord of a ardc is the straight hue which joins tho 
ends of an ara 



A segment of w arclo is Uio 
fignre bounded by a chord and the 
arc It cuts olf 


A sedor of a circle is tljc figure 
boimdcd by tao radu and the arc 
between them. 



The angle formed by the two tadii 13 called the an-vlo 
of the sector. - ® 


A zone of a cirdc is tho portion 
or the cirdo contained between two 
parallel chords. 
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II THEOREMa 

1G Wo filull wow Rtato some important gooniotncil 
facts wlndi it will bo advantageous to roniombor Tiieso 
facts, inth man} others, nro danonsU aiedin Eachd’sEIc* 
mentd of Ocomotrjf thntistho} are shown by strict reason^ 
ing to bo noccssanly truo and nil who have tho opportumt} 
shotild study Euchd’s demonstrations But tho present 
w ork may bo used by thoso w ho have not yet apphou them- 
Bolvcs to domonstmtno Gcomotr> , and so tno\ may for 
somo time bo satisfied inth understanding tho meaning of 
the statoments which wo shall make and committing them 
to memory 

When tho demonstration is of a very simple character 
wo shall liowcvtr gno the subst inco of it, nua nn attempt 
to master tins, o\cn if at liist wot entirely successful, will 
prove \crv bonoficial Somo of tho statonionts for nhich 
wo give no demonstration inll appear almost solf-ovidoni, 
others may boicnflod by repeated practical moosiwomcnt, 
80 that at last a conQdonco in tho truth of idl iwa} bo 
gained, approaching to absolute conviction 

17 Wo have fiolcctod onlyafow of tho most important 
geometneal facts out of tho larco collection which has boon 
formed by tho investigations of mathematicians, but these 
spccimons will bo sulhoiont to suggest somo idea of tho 
extent and variety of tho results which follow by strict 
connexion from a few elementary principles nnd ma} 
tempt tho student to incroaso bis kiionlcdgo of tho subject 
horeafter 

It iTill bo found that Arts IS 21 relate to angles, 
Arts, 22 27 relate to tnanglos, Arts 28 30 relate to tho 
equivalence of areas, Arts 31 33 relato to properties of 
tho cirdo, and Arts. 34 38 to similar triangles. 

18 Let ih^ elraxqht hne AB maH mih the sUaight 
hnc OD on <yno side of tt ihe angles ABO and ABB 
ilieso angles mil he togellm equal to two right angles 

Por let BE bo at right angles to EG Tlion tho angle 
ABD latho sum of tho angles and EBD, so that tho 
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of the two ingles ABG 
and ABD is equal to the sum 
of the three angles ABG, 

ABB, Hid BBD 

But the angle BSD is a '' 
right angle, and the sum of 
the angles ABG and ABE 

IS BBC, irhich is also a nght f? 

angle < - ‘ 

Therefore the angles ABG md ABD are together 
equal to two right angles. 

19 Let iteo slfaigM lines AB and OD cut one another 
at E , the angle AEG tinll be equal to the angle BED, and 
the angle AED toill be equal to the angle BEO 

For the angles and 

CEB are together equal to 
tivQ right angles, by ArtlS , , 
md so also are the angles 
CEB and BED Thus the 
angles .4 md CEB are 
together equal to the angles 
CEB and BED Therefore the angle ABC must be equal 
to the angle jSiSO 

In a similar manner we can shew that the angle ABD 
IS equal to the angle BBC ' ^ 

The an^es AEG and BED are called vertically oppo- 
site angles, and so also are the angles AED and BBC 

20 Let the straight lino 
EF cut the parallel eti aiqht 
f««csAB,CD thcanglcEiX^ 
itnll be equal to the angle 
Giro, and the itoo angles 
BGH and GHD will be to- - 

, gelher equal to dico right 
angles " 

2L Since the angle BGB is equal to the angle A GH 
y A. it follows from the first part of the preceding 
^cle that tlio angle AGS is equal to the angle GBD • 
thc^ angles are called altet note angles 
^0 also the angle BGS is eqn^ io the alternate angle 
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22 Lei BO a side f\f the triangle ABO le produced 
to 1> , the exterior angle AOD will be equal to the two tn* 
tei lor and opposite angles 

Por suppose CE to bo 

panllol to BA Then tho ^ 

angle EOE is equal to tho / 

angle ABG by Art 20, 
and the angle ACE js 

equal to the angle BAG ^ V- h 

by Art 21 Thus tho whole ° 

angle ACI> is equal to tho sum of tho two angles ^i?C^and 
BAG 

23 The thiee angtes qf any Uiangle are together 
equal to two 7 ig/U angles 

For by Art 22 tho sum of tho angles ABGoxA BAGis 
equal to the anglo ACD Thus tho sum of the three angles 
ABCs BACt and ACB is equal to tho sum of tho tyro 
angles AOB and AGB, that is to two right angles, 
by Arh 18 

24 Lf two sides qf a inangle are equal the angles 
opposite to them will also he equal 

ZJt Xf lu)o angles qf a inangle are equal the sides 

opposite to them xoill also be equal 

26 If ttco sides of one triangle are equal to two sides 
of another tnanglCy each to each, and the angle contained 
by the ttco sides qf the o?io equal to the angle contained by 
the two sides qf tne others the triangles will he equal tn all 
respects 

i TJ Xf ttoo angles of one triangle are equal to two 
angles of another U^angle^ each to each, and the side ad^ 
jacent to the two angles qf the one equal to the side ad^ 
jacent to the two angles qf the others the triangles will be 
equal m all reypects 

28 A parallelogram is equivalent to a rectangle on 
the same base and between the same parallels 

Let ABCD bo a parallelognwn, and ABEF a rect- 
angle, on tho same hose AB^ and between tho same panil- 
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Ids AB and FG, the paral- 
lelogram 13 cqairnlcnttotho 
rectanglt^ that is the two 
figorcs ato of the same size. 

It 13 in fact easy to 
admit that the tnangie EEC 
is equal to the tnangie 
AFD. and hence it fol- 
lows tnat.<lJ?CZ> is equiva- 
lent to 

Instead of saving that the parallelogram and tho rect- 
angle arc between tlic same patallcls, wo may say that they 
have the same height see Art 13 

29 A inangh is cqtaraicnt to ha1f<t rectangle hattng 
the same base and haght 

Let ABO be a triangle, and 
ABBE a rectan^e, on the same 
base ABi and hanng tho some 
height the tnangie is equiva- 
lent to half tho rectangle 

LetClFbe the perpendicular 
from G on AB It is coct to ad- 
mit tluottho tnangie BFGw equal to the ln,uiglc CBB^ and 
tliat the tnangie AFC is equal to tho tnangie CEA , and 
htnee it follows that ABCU equivalent to half ABBE 

Hence two tnangies wluch haio the same base and 
equal heights are equivalent 

30 In any right-anqhd tnangie the square described 
on the nypolenmc rs equal to the sum qt the squat cs 
described on the sides 




The figorc represents a 
nght-angled tnangie having 
squares ocscribcd on its In - 
pOtennse and Us sides the 
largest square is equal in 
azo to tho sum of the other 
two This statement is one 
of the most important in 
Geometry, and we will shew 
liow its truth may bo illos- 
trated. 
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Let DGDEra bo a fw 
guro connwsed of two squares? 
X)laccd Bido by side tako GH 
equal to JSC?, and draw the Fr 
Btraiglit hues GH and FIT 
Cut the wliolo iiguro out in 
paper or cardboard, and Uicn 
iiuido it into ibo three pieces 
marked I, 2, and 3 Fit the ^ 
pieces togctlicr lu the man- 
ner indicated h^ tho figuro 
JICAP It will bo found 
tliat a single square is Unis 
obtained, each side being 
equal to m 

Ilcnco wo SCO that tho 
square described on FII is 
equal to tho sum of tho ^ 
squares described on FG 
and GH 



diaicn io the point rif con- 
tact tall 1)6 
to the straight line 


29) 32 Let BAD and BED 

bo anghs in the same 
ment BAED of a circle 
ihcee ahgUe mil be equal 
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IS 


% Let Jkl3 he a dia- 
- w/’Mj p/ a eircte, and C ani/ 
poivton thcarcitnifercnce, 
dratr ihe sirmffkt hues AC 
and BC ihen (he anoh AC J3 
mil be a 1 iffht angle. 



34 Lei ABO and DEP ha Uro 0 ianglcti raeh (hat 
(he angle A is egnal io the angle 1>, Ihc angle B to' the 



angle E, and (he angle 0 (a (he angle F • (hen the sides 
vjppostte the equal angles tcill be jn opoi ttonals, 

r, ^ if tlicn FJ) JS donWo of 

GAf and js dcnibto of AF , if JIF bo Uirco tuvios JiC, 
thra FD is tjirco times CA, and FF is tinco limes AF. 
and So on Xlio two tnanglcs arc find to bo sttntlQK 

1 3)EF he Similar triamles, the an^ 

gies 0 andF being cot rnpondtng angle? j let CG andl If 



^ VC! mdmdarsfi am C and V on the owwiVc sides 
ihm CG mil be to AB as Flf is io BE, 
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36 Let ABO a trt- 
anghf and 1)E a straight 
* line parallel to the side BO, 
and meeting the other sides 
AB and AO then the 
angles ABO and ABE mil 
he similar 

See Art. 20 



37^ Let ABO he a right- 
angled triangle and let AD 
he the perpendicidar ft om 
the right angle on the hypo- 
tenxm then the triangles 
DBA and DAO mil he si- 
milar to the triangle ABO 



38 Let AB and CD he Udo chords of a eiicU^ let 
them mcetf produced if neccssai^yy at join BC and 



AD then the triangles AED and BEO icill he simdary 
the angles EAD and ECB being cgiiaL and the angles 
EDA and EBO heing equal 

See Art 32. 
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, 39. “Wo slinll now give the eolations of a few proWcras 

wliicli occur in practice wlicn it is nccessarvto draw figures 
accnratek "Wo suppose that a micr ana compasses aro^ 
employed, these instruments 'will,be sufficient for our pur-' 
pose Other instruments are often useful, sui^ as a sgunro < 
and parallel mlcrs , but they are not absolutely necessary. 

The solutions which wo shall give of tho problems de- 
pend momly on the pnnciples stated m Chapter II , there 
will not be much difficulty in vcrifjing practically the cor- 
rectness of tho results, and thoso who maho themselves 
acquainted with tho elements of demonstrative Geometry 
will perceive tho rigorous exactness of tho processes. 


40 To divide a given sh axglit line into tvso egnal 
pai is, ' “ 


II- the given straighi 

line From tho centres .4 and J 
j Kidius greater than hall 
■AB describe arcs cuttmg each 
other at D aud^ Jom DE, 
cutting AB at G Then AC inll 
be to C® Tho straight 

line will be at nght angles to 

SO uiat we see how to draw 
a staught Jme which shall be at 
i^htangles to a given straight 
Imo and shall also divide it into 
two equal parts 
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41 To divide a given angle %nio Uco equal parh 


Lob ABO bo the giron anglo 
From the contro j? \ntli any rioius 
flcscnbe an arc, cutting ^-4 at i?, 
and BOvii E From D and E os 
00011*08 Tnth any sujfficicnt radius 
doscnbo arcs cntting each other 
vkF Join BF Then tho angle 
ABF wiU bo equal to tho angle 
CBF 



42 To draw a straiglU line pa} aXlel to a given slrazgJit 
line, and at a given distance ft om it 


Let AB be thcgivcn straight lino, and lot O bo equal 
to tho given distance. Prom anj two points D and in 



A JD 


M J 3 


O 


AB as centres, \nth a radius equal to O, desenbo arcs. 
Draw a straight lino FG touching these arcs fhon PG 
will bo porallol to AB, and at a distance from it equal 
to G 



PROBLEM^ ' 17 

43 To male a ti langle luvomg tls sides cqiuil to ihi ee 
gteen stiaighijines. 


Let A, B, and Cbe tliQ^given 8twiglit''hnes 



Dnw a straight Imo DE equal to ono of the given 
straight lines, A From tho centre 2>, with a radius equal 
to B, describe an arc, and from tho centre E, uith a radius 
equal to G, deaenbo another arc. Lot these arcs cut each 
other at F Join J>F and EF, Then EEF inll bo tho 
tnongle reqmred 


44 Throvgh a given pmnt to it ate n straight lino 
pat alld to a given straight line 


Let ^ be the given 
point, and^(7the given 
straight line Takean> 
point D in BG Prom 
tho centre jD, vpith tho 
mdiusZ>.<4,dosonbo an 
arc, cutting BG at E, 
and draw the chord 
AE 'From the centre 



-1, with tho radius desetibo an arc, 

I)F equal t6 tho chord AE Join AF. 
parallel to BG " 


and draw the chord 
Thou AF will bo 


T JT, 


'2 



IG 
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45 To draw a straigJit lino at right angles to a given 
eh aiglii line from a given point xn xi 

Lot AB bo tbo gi\on straight line, and O the given 
point in it 

Prom any point D vrithout 
the straight Imo as contro, intii 
radius 1)0^ desenbo a circle, 
catting tho given straight lino 
at E Join ED^ and produce 
it to moot tho circumforoDco 
again at F Join OF Then CF 
im bo at right angles to AP 

40 To draw a pei pendicidai to a given straight line 
from a given point xmihoiU xU 

Let AB bo the given straight lino, and O tho given 
point without it 

Toko any two n 

points D and E lu 
AB From the cen- 
tre 2), with tlio ra- 
dius 2>(7, desenbo 
an arc , and from 
tho centre E^ ivith 
tho radius EG, de- 
BCnbo another arc 
Lot these arcs cut each other again at F 
CF will bo perpendicular to AB 

47 To divide a given straight line into ang numhei 
<f equal parts 

Lot A3 bo tho given 
straight lino. Supjioso it 
is to be divided into Jive 
equal parts. 

From A draw any 
straight line AG^ and from 
B draw the straight Ime 
BD parallel to AG Set off 
dong AG fou7 lengths, all 
equal, and mark the points 
of division 1, 2, 3, 4 Sot off 



V 


i- if 


"JJ 

U 


SomCF Thon 




rnoBLE:stB 
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ate SB r.mr tells all 

nambcr of cqnal pirts into Tvliicli AB is to l)t> tli«rtc<L 


45 To find flio cfiiii C tfa fftrcn cv cU 

Draff iwiy diord ASf mul 
divide jt into tffo equal pirt« 
bv tho Eltaigbt line BK at 
ngbt angles to iL Thw tbo 
centre of the circle is in 

DraTV* 011 % oilier cliord 
and diTido il into two cqn^jl 
parts by tlio straigM bnc 
at ngnt angles to it. Then 
the centre of tho circle is in 
JPG' 

Tlras the centre of the circJo « at 0, Ibc point of 
intersection of DE and TG 

This process alio Fhews hoff lo dcscrilic a circle whicli 
shall piss through tlircc given points At B,Ct 



49 Anjf pohjnon 1‘fing gircn 1* r^gnirfd to coti* 
struct an eijwralcnt ptAvgon vcVli one fide fciccr* 

L&iABGnBF be a polv- 
gon Join JiT) Tlffongh <7 
draw a straight hue pirallcl 
ioJijDwoctwgA 13 produced 
at // Join I>JF 

Then the tmngle BCD 
15 cqnnaleut to tho triangle 
SJW,h} Art 20 , ahd there 
fore the polygon ABCDhP 
is cqnhalcnt to the iwhgon 
AliDTSt tint is to a poly- 
gon inth ono side fewer 
’Dy repealed operations of this bnd ffo can constmcl a 
'Inonglo equivalent to any given polygon 



o_o 
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PROBLLM& 


CO To consU nH dnd we a decimal diagonal Beale 
Tako a straight lino AB of any conTenient longtii 
produce it until the wholo straight lino is ton times AB^ 
and take 2?(7, GD^ all equal to AB Draw any straight 
lino parallel to this, and in it set oif ten distances be, 
cdj all equal to AB Draw Aa^ Bb, Cfc, Z>d, Divide 
Aa into ten equal parts, and through the points of division 
draw straight lines parallel to AB Dnido BA into ton 
cqnnl parts, and mark the points of dnision by the numbers 
1, 2, 3^ 4, 6, 6, 7, 8, 9 Dnido ia into ten equal parts 
Join the points of division of BA and od by diagonal 
straight lines , that is join B uith the point adjacent to C, 
join 1 with the next point lu ba , join 2 >vith the next 
point , and so on 

Thus tho scale is constructed 

It will bo seen that our figure does not r^rcsent all 
tho scale, the part beyond Dd boiug omitted for want of 
space It IS usual, but not absolutely necessary, to make 
-da perpendicular to AB 

Tho scale is used for finding straight Imcs of given 
lengths, and for finding tho lengths of given straight lines. 

Suppose, foi example, that AB reproBonts one inch, and 
let it TO required to find tho straight hno which represents 
2 57 inches. Place one foot of a pair of compasses at 2>, and 
open tho compasses until tho other foot comes to 5 , thus wo 
havo tho length 2 5, whicli is nearly u hat is required. Now 
move one foot of the compasses along iPdf, and tho other foot 
along tho diagonal straight line which begins at 5, tho com- 
passes being at tbo same tamo spread to tho necessary extent 
when both feet are on tho Bovonth straight hno panllol to 
AD tho distance between the feet will represent 2 57 inches. 

If instead of representing ono inch, represents 10 
inches, then the distance just found will represent 25 7 
inches , and ^fAB represents 100 inches, then tho distance 
just found will represent 257 inches. 

Next suppose wo liaio to find tho length of a given 
straight line Open the coinxmssos so that tho feet may 
fall on tho ends of tho given straight hno. Move one foot 
of the compasses along one of tho direct straight Imes Bb^ 
Ccy Ddy , and the other foot along ono of tho diagonal 
straight lines, until by tnal it is found that the two feet 
on two points of division on ono of tbo straight Imcs 
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parallel to JiE {ben the length, will be known Por ox< 
iioiplo, suppose one foot of the composes on Cc, nnd the 
other on tno diagonal straight lino wuicli begins at 9, ~ud 
both feet on the fifth straight lino parallel tOu4Bjt cn 
the required length is 1 95 times the length of AB. 
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51 In a similar mannor we can construct a divodccimal 
diagonal scale , wo shall only ha\o to change the number 
teti^ which occurs in the process already gircu, to the num- 
ber UccVcG Tlicn by the same method as uo found a 
straight lino of length 2 57 wo should^ with the aid of the 
duodecimal diagonal scale, find a straight lino of length 

2+^+j^, so that if represents one foot wc should 

find a straight lino representing the length 2 feet 5 /t inches. 
Similarly tlio length of a distance detorminod ns" in the 
second esainplo of Art. 50 will now bo to the length of 
9 5 

j 4B as 1 IS to 1 j BO that if AB represents one 

foot, the distance loprcsonts 1 foot inches 
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BEOOI^'D BBGTIOK LEFGTHB. 


TV TABMS OF LIKFAL MEASURE 


52 Tlio student is probibh already acquainted tviUi 
ll>o 'Table of Measures of Length , bub for couTcnionco wo 
wdl gi\e it hero. 

12 inches mabo 1 foot 
.3 feet make 1 Yard 
G feet make 1 fathom 
IC^ feet or 5#; prds mnko 1 rod or polo. 
40"polc3 make 1 fuilong 
8 f^nrlongs make 1 imic 


lienee wo obtain tlio following rcsnlts . 


Inehef 

lci;t 

lanls 

Tolc^ 

lorlonei. 3tilc 

12 

1 




3G 

3 

1 



198 

icj- 

5k 

1 


7920 

GGO 

220- 

40 

1 

633G0 

6280 

1760 

320 

8 1 


53 In measuring land a chain is used, called Oxtiiter's 
Chain, winch is 22 yards long, and consists of 100 equal 
links, each link is therefore 22 of a yard long, that is 
7 92 inehcs. Thus 25 links make a pole, 10 chains or 1000 
links make a furlong, and 80 chains or 8000 linlvs make a 
mile 
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STGMT-ANGLEJ) TRTANGLr 


Y RIGHT-ANGLED TRIANGLE 

54 YThen wo know tho lengths of two of tbo three 
straight Unos which form a nght-nnglccl triangle, wo can 
calciuate the length of the third straight lino We shall 
now give the rules for this purpose, which depend on the 
theorem of Art, 30, as will l>e more clearly seen hereafter 
See Art 138 

05 TJie sides qf a nghUangUd triangle J)eing giten^ 
iojind the hypotenmo 

Rule Add the squai es of the side^ and crtract (he 
square i oot of the sum 

0G Examples 

(1) One side is 8 feet, and Gio other side is G feet. 

The square of 8 is 64, and the square of G is 3G , the 
sum of 64 and Zb is 100, the square root of 100 is 10 
Thus the hypotonuse is 10 feet. 

(2) One side is 2 feet, and the other side is 10 inches. 

2 feet ore 24 inches the square of 24 is 676, and the 
square of 10 is 100, the sum of 676 and 100 is 676 the 
square root of 676 is 26 Thus the hypotenuse is 26 
inches 

07 In the Example just soh cd one side was given 
expressed in fecit and the other side expressed in inches , 
before we applied the rule for findmg tlio liypoteuuso wo 
turned the feet into inches, so tliat both the sides might 
be expressed in the same denomination In hko manner 
iffoj e tising a7ty 7 ule tn mensuration, tt ts necessai^if to 
express all the given lengths tn the same denomination 
We may work with all the lengths expressed in inches, or 
with all expressed m feet, or with all expressed in yards, 
or with all expressed m anv other denomination , but wo 
must not work with some of tho lengths expressed in one 
denomination, and some expressed in another 



25 


'RIGHT-ANGLED TRIANGLE, 

68 In the two Examples solved m Art 66, the square 
root could he found exactly, aud so the length of the 
hjpotenuse was determined accurately But it may happen 
tliat tlic square root cahnot he found exactly, m such a 
case we can continue the process for extracting the square 
root to as many decimal places as wo think nccessarj 


' 68 Examples 

(1) One side is 3 feet 4 mches, and the other side is 
2 feet 8 inches. 


3 feet 4 inches =40 mehes, 2 feet 8 inches =32 inches 


32 

40 

26240000 (,51 22 

12 

40 

25 

64 

1600 

101,/) 124 

96 

1024 

101 

1024 

2624 

IO 22 J 2300 

2044 

“ 


IO 242 J 25600 

20484 

* 


6116 


^us if we proceed to two dearaal places we find that 
the hypotenuse is appioximately 61'22 inches 

(2) One side is 2 4 feet, and the other, side is 1 2 yards 
12yards=3G feet 


24 

36 

24 

36 

96 

216 

48 

108 

576 

1 2*9 6 


67G 


' 1872 


- 3 §7206(4*32 

16 

6HJ 272 

249 

862^ 2300 
1724 
676 


ire ®nd that 

“ approximately 4 32 feet, or, taking the 
nearest figure, we may say that it is 4 33 feet ^ 



26 RIGHT-AKOLED TEIANGLE 

' 60 hypotenuse and one side of a ^iglU-anglcd 

ti tangle icing givett, to find the other side^ 

Etjlb Fi'om the equate of the hi/potemtse suihart 
the squat e qf (he given stde^ and cuti act the squat e t oot of 
the rcmaindet 

Or, Mtdhvly the sum of the hypotenuse and the side 
iff their di/erenccj and ectutet the squat e root of the 
j>roduet 

^ 61 Examples 

(1) Tho liYpotonuso is 10 feefc, and one side is 8 feet 

The square of 10 is 100, and tho square of 8 is 64 , taho 
64 from 100, and tho remainder is 36 , tho square root of 
36 is 6 Thus tho other side is 6 feet 

Or thus tho sum of the hypotenuse aud tho mven side 
is 18 , their difference is 2 , tho product of 18 and 2 is 36 
tho square root of 36 is 6 

(2) Tho liypotenuso is 26 inches, and one side is 10 
inches 

Tho square of 26 is 676, and tho square of 10 is 100 , 
take 100 from 676, and tho remainder is 576 , tho square 
root of 576 18 24* Thus the other side is 24 inches 

Or thus tlie sum of tl*e liypotenuso and tlie given side 
18 ^6 , their difforcnco is 16 , tho product of 36 and 16 is 
576 the square root of 576 is 24. 

62 W'o have given two forms of tho Rule in Art 60 , 
tho first form is more obviously connected with tho Rule 
in Art 55 , tho second form is general!} more comcnient 
in”practico, as requiring less work 

63 In tho two Examples solved in Art 61 tho sqnaro 
root conid bo found exactly, and so tho length of tho side 
was determined accurately But it may Imppen that the 
square root cannot be found exactly , au such a case we can 
continue the process for oxtraotiug the square i*oot to as 
man} dccimai places as wo think necessar} ^ ^ 
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64 Examples ■ 

(1) The hypotenuse is 1 foot 9 inches, und one side is 
14 mches 


I foot 9 inches =-21 inches. 
21+14=35, 

^ 21-14=7, 

35x7=243 ^ 


§4o 0606(,15 65 
1 

25>>14T 

126 

306/2000 

^1836 

3125/16400 

16623 


775 

Thus if ire proceed to turo decimal places, iro find that 
the rcqmrcdsido'is approximately 15 66 inches 

(2) The bVpotcnnse is 2 7 yards, and one side is 34 
feet 


2 7Tards=8 1 feet. 


54 0S00(,735 
49 


— f T - — 1 L 

81-34=47 

I 43 J 501 

113 

429 

47 

I 465 J 7600' 

, 805 

’ „ 7325 

460- 

275 

5405 



Thus if we proceed to two decimal places, we find that 
tlie required side is appioxnmteJy 7-33 feet 

soItc some exorcises which depend on 
tne itnies already gii en 

(1) One side of a nghtran^ed tnnnglo is 408 feet, the 
sum of the hypotenuse and the Other side is 678 feet 
reqmred the hypotenuse and the other side 

By Art 60 the square of 408 is equal to the product of 
we sum of the liTpotonnso and the other side into their 
’ “®refore if the sqnaie of 408 bo divided br 
nnl’ « he the difference of the hypotenuse 

I®** tins wav wo find that the differ- 

ouco of the hypotenuse and the other side is 268 
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ItIGTIT-AmLED TltlANGLE 


Tims tho Biim of tlio h) potonuso and tlio otlior sido is 
575, and tlioir differonco is 283 Add and divide by 2 , 
thus wo obtain 433, which is the hypotenuse Subtract 433 
from 578 and wo obtain 145^ which is tho otlici side 


(2) Each Bide of an cquilateml tnouglo is 1 foot 
roqmred tho height of tho triangle 
Lot AEG bo tho tnanglo , 

CD tho height CD will di- 
\ido AB into two equal parts , 

thus AD^\ TYe shall find 

*4 

CD by tho second forai of the A D B 

rule in Art 60, 



1 + 


1^3 
2 2 ’ 


1 


1^1 

2 


3 

Q 


X 


1^3 
2 4 


Tho square root tho sqnaro root of 3 The 

square root of 3 cannot bo found exactly, if wo proceed 
to three decimal places avo obtain 1 7 12, and hall of tins 
IS 860 Thus tho height is 866 feet approsiniatolj 

(3) The base of a tnanglo is 56 feet, tho height is 15 
feet, and one side is 25 foot required the other side. 

Let -4-5=66, CD-15y Z?(7=25 n 

We first find -5Z> bv Art. 61 
25 + 16 =40, 25- 15= 10, 

40 X 10 = 400 tho square root 
of 400 is 20 Thus DB=20 

Therefore-42>=66-20=36 ^ D B 

Then wo find AChj Art 65 Ibe sqnaro of 36 is 1296, 
and tho sqnaro of 16 is 225 , tho sum of 1236 and 226 is 
J621 tlio fcquarc root of 1521 is 39 Thus AC= 39 foot 
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EXAMPLES V 


Dctcrmino tlio l^^Totentl8o from the givrn sides jn tho 
following nght-auglcd tnangles 

1 632 feet, 1C6 feet. 2 7554 foot, 3937 feet 

3 278 feet 8 inclies, 262 feet 6 inches 
4. Half n mile, 345 yards 1 foot. 

Determine in feet, ns far as two decimal places, the 
hypotenuse from the gi\cn sides in tho following nght- 
unglcd triangles 


5 437 feet, 342 feet 6 4395 feet, 3S74 feet 

7 314 feet 3 inches, 228 feet 0 inches 

8 A q^nartcr of a mile, 427 yards 2 feet 

Determine tho other side from tho given hypolcmiso 
and side in tho following nglit-anglcd triangles 

9 725 feet, 644 feet 

10 16417 feet, 14208 feet 

11 2G9 feet 5 inches, 250 feet S inches 

12 340 yin^s 1 foot, 1 furlong 

Determine in feet, as far ns two decimal places, tho 
other side from tho giien IiyTiotcnuso and side, iii llio 
following nght-anglcd tnangles ; , 


13 647 feet, 431 feet 14 4987 feet, 3763 feet 
16 424 feet 3 inches, 276 feet 6 iiiclies 
16 6 furlongs, 916 yards 2 feet 

-17 The sides of a triangle are 22620 feet and 32815 
feet, and the height is 114S4 feet find tho base 

right-angled tnanglo is 302.5 feet ; 
the dinorenco between the hvpotcnuso and tho other side is 
625 foet find tho liypotonuBo and tho other side. 


1® stands upnght against a 

wall find ho w far the bottom of tho ladder must bo pulled 
out from tbo will so as to lower tho top ono foot 
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20 A ladder 40 feet lon^ is placed so as to reach a 
'mndow 24 feet lizgh on one side ot a street, oud on turning 
the ladder ovortp the other side of the street 3t reaches a 
'inndow 32 feet lilgb find the breadth of the street. 

21 The bottom of a ladder is placed at a point 14 foet 
from a house, and the tOp of tho ladder rests ogainst the 
liouso at 48 feet from the ground, and on turning tho 
ladder oror to tJie other side of tho street its top rests at 
40 feet from the ground find the breadth of the street 

22 Find to ten decimal places the diagonal of a square 
of Trhich the side is ono inch 

« 23 A side of a square is 110 feet find tho diagonal 

^ 24 Tlio radius of a ciiclo is^^S 60 feet , the perpendi- 
cular drawn from tho centie on tho chord is 71 1 feet find 
tho choi'd 

25 A footpath goes along two adjacent sides of a 
rectangle, one side is 196 yards, and the other is 147 
yards find the saving in distance mado by proceeding 
along tho diagonal inst^d of along tho tn o sides 

26 The span of a roof is 28 feet , each of its slopes 
measures 17 foot from ilie ridge to the oaves find the 
liciglit of tho ndge above tho eaves 

^ 27 Tho Bide of a square is 8 feet find tho radius of 
tho circle described round tho square 

28 The radius of a circle is 6 feet find the side of a 
square inscribed in tho cirda 

^ 29 Tho radius of a circle is 7 feet find tho perpen- 
dicular from the centre on a chord 8 feet long 

^0 Tho radius of a circle is 17 inches , the perpendicu- 
lar from the centre on a chord is 13 inches find tho chord 

31 Tho radius of a circle is divided into six equal 
parts, and at tho fno points of division straight lines aro 
drawn at right angles to the radius to meet tho circoin* 
fcrcDce find tho lengths of these straight lines, in inches to 
tlircc decimal places, tlmt of the I'adius being one foot, 

32 Tho radius of a circle is 7 foot , from a point at the 
distance of 12 foot from tho centre a straight lino is drawn 
to touch tho circle find tho length of this straight line 
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rr SliltLAB FIGURES, 

€6 Let A BG and EEF be two simdir trianglos. Then 
AB is to BG as EE j> lo EF^ see Art 34 



Thns if two sides of ont triangle l»e giren, and one of 
the corrc^ndiDg sides of a siraihr tnanglc, the other 
coTrespondmg side of the second tnanglo can found. 
The process will be that winch is known m Arithmetic as 
Proportion or the Rule of Tlirce 


67 Examples 

( 1 ) Suppose jdi?=5 ,S(7=6, 7)Z7=7, 

5 6 7 rr. 

Thn3J?r=^I=rir=Ss 

(2j Snpi}osoAB==5,AC=4,BE~7, 

5 4 7 EF 

Tims 52 

5 5 

^ow this proportion inll always hold between the s^de 
cquihitenl Inangle; so that if the 
7 %% triangle be 7 feet the Jicight will U 
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SIMILAR FIGURLS 


Again^ we have snul tbat the tnanglcs AED and BEG 
in the diagram of Art 38 are similar , so that EA is to ED 
as EG IS to EB Hence it follows by the usual tlicoiyr of 
Proportion that the product of EA into EB is equal to tho 
product oiEC into ED, this is a Very remarkable and voiy 
important property of tuo circle ' 

69 By tho aid of similar tmnglos wo cah dotomiino 
tho height of on object nlicn wo ha> u mcasurod tho length 
of its shadow 

For o\ninple, suppose that a shclc is fixed upright in 
tho ground, and that tho height of tho portion aboTo tho 
ground is 3 feet and tlio length of tho sliadow 4icct Also 
suppose wo find at tho same tunc tliat the length of tho 
shadow of a certain tice is 52 foot Then no doterinino 
tho hoight of tho tree bj tho proportion 

4 3 52 tho lioight 

Tims tho hoight is feet, that is 39 feet 

70 From similar triangles we pass naturally to the 
consideration of similar rectilineal figures 

Similar rectilineal figures aro those which haro tlioir 
sovoral angles equal, each to each, and tho sides about tho 
equal angles proportionals 

71 Tako for oxamplo two fivo-sidcd figures ABGDE 
and dbede , these are similar if the angles at A^ B^ £7, 27, E 





aio equal to tho angles at o, 6, c, d, e rcspcctivtl}, and tho 
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sides about the equal angles proportional^ that is, A B to 
Be as to ana BG to CD as ic to ed, aud so on 

72. Thus to ensuro the similarity of rcctilinoal figures 
Tre must have tuo properties, namely, equahty of angles 
and proportionality of sides Tlicoiy demonstrates that if 
tw6 triangles have one of tbeso properties lliej will ncccs- 
sanly liavo the othei , and it is easy to test tbis practically 
For example, let two triangles bo drawn on papei, such 
that tlio sides of ono are tmeo or tbVeo times as long as tbo 
sides of tbe other, cut the triangles out, and apply one 
triangle on the other, it ivill bo fomid tint the corre- 
sponding angles nro equal But in the case of rectilineal 
figures having more than three sides, either of the piojier- 
ties may exist singly wiUiout the other For example, 
take a square and any rectangle vrliich is not a square, 
here the angles of ono figure are respccfavcly equal to the 
wglos of tho other, but the sides are not proportional 
Again, take a square and a rhombus, hero the sides of ono 
all in tho same proportion to tho sides of tho 
other firarq, but tho angles of ono figure nro not equal to 
the* angles of the other figure 

: t Similar rectilineal figures can always bo dnidcd 
Into the same number of similar triangles 1 bus, 'for 
example, by drawing tho straight lines OA, BA, ca, da, 



pairs ofamiiar tnangles?^^ figures of Art. 71 into thico 
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74 TIio statement made in Art G6 >vitb respect to 
similar triangles holds for any ttro similar rectilineal 
figures; thatls^ if tivo straight lines siinatcd in ono B^rc 
1)0 given, and a straight lino corresponding to ono of them 
in a similar figure, the straight lino corre^ondnig to the 
other can ho found by Proportion. 

75 Similar fibres may ocenr irhich aro hounded 
carved lines as well as those which aro Imunded {^straight 
Lnos Tims, two maps of dificredt siscs may represent the 
same country , the two maps will then bo similar For 
example, ono map may bo on the scalo of an inch to a mile, 
and tne other map on the scale of half an indi to a mdo 
then an> hno draim on tho first map will bo twice as long 
as tho corresponding hno drawn on tho second map. 

76 A good notion of similar figures may be conveyed, 
by saying that they aro exactly alike in form although they 
may difier in size 

AH circles aro similar figures. 

77 We will now solve somo exorcises which depend on 
the shnilanty of figures. 

(1) In the diagram of Art 73 stippose AE^2 inches, 
^( 7 = 4 ^ inches, inches find ac. 

2 4i Ij ac, 

. oi a 

Thns inches 

(2) In tho preceding exermso find tho proportion of 
AD to ffrfL 

Smeo AE^^ and any straight hno as AD 

hears to tho correqionding straight line ad tho proportion 
of 2 to 1 that 18 of 2 to that is of f to 5, that is of 

3 to 0 
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(3) In the diagram of Art. 37 if 15, and 27^ = 12, 

GndRL 

Tire tnani^es ABC and DBA arc smulai . thus 


that IS, 

r 

Thus 


BG .BA % BA . BX>-, 


15 ^; 12 


i?Z>= 


12x12 

15' 


12 BD 
= lil-f§_on 

15 “ 5 


(4) ABCD is a trapezoid. The distance of the paral- 
lel sides AB and CD is 3 feet, .d.S=10 feet, 1)0<^6 feet. 
Let AB and BG produced meet at O It is required to 
£nd thepcipcndicmaT distance of 0 from BG 



Draiv BG perpendicular to AB, and BEt parallel to 
BG Thcn5JBr=2)C thus .dfl’=10-6=4 AhoBG~S 
tKorr the triangles ABM and BOG are similar Tbereforo 
by Art 35, 

AM GB BC • required distance. 

Thus the required disiancess^— =1^44. 


3—2 
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EXAMPLES VI 

I In tlio dia^m of Art 3G xf mclicSi DE—4^ 

and find BC 

2. Tho Bido of oa equilateral triangle is 2 feet 6 inclics 
find tho height 

3 Tho shadow of a man 6 feet high standing upnght 
was measured and found to bo 8 feet G inches tlio shadow 
of a flag-stair, measured at tho same time, was found to bo 
36 feot 8 inches dotormino the height of tho flag stalT 

4 A stick 3 foot long is 
and its shadow is found to 
tho length of tho shadow of a polo which is 45 feet higlL 

5 A country is 500 miles long find tho length of a 
map which represents the countiy on tho scalo of ono-oighth 
of an inch toamilo 

6 Tho distance botweon two towns is 31 miles, and 
tho distance botn eon their places on a map is 7^ inches 
find tho 8(^0 on whidi tho map is drawn. 

7 The distance between two towns is 5i miles, and 
tho distance between their places on a map is G} inches 
find tho distance botween two other towns u tho distance 
between their places on tho map is 8^ inches 

8 Inthediagram of Art* 3Gif.S(7=20inches,2>j^— IG, 
andj52>=:6, find BA 

9 Inthediagram of Ark 3G if u42>=8inchcs,jDJ?=7} 
and j52>=3, find JSC7 

10 In tho diagram of Art 36 liDE^ 7 mchos, BC- 10. 
and S2>=2, find 3.4 

II Tho mrallol sides of a trapezoid aro respectiTely 
16 and 20 feot. and tho perpendicular distance ootween 
them is 5 feet , the other two sides are produced to mo6t 
find tho perpendicular distance of tho point of mtorsection 
from the longer of the two parallel sides* 

12. The parallel sides of a trapezoid are respectively 
8 feet and 14 feot, two straight linos ore drawn across tho 
figure parallel to these so that tho four ore equidistant , 
find tho lengths of the straight lines 


placed upright on tho ground, 
bo 4 feot 6 inches long find 
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YIT CHORDS OF A CIRCLE 


78 Let AB be any chord of a circle, 0 the centre of 
the circle; suppose CD drawn 
petpendicnlar to ^5, and pro- 
duced to meet the circumfer- ^ 
ence at E, 

Then E is the middle point 
of^the chord ADB, and E is 
the middle point of the arc 
AEB AS IB the chord of 
the arc, and AE, or ES^ is 
- the chord of half the arc. 

EE IS the height of the ara 

79 Produce EG to meet the circumference at F The 
angle EAF is a right angle, by Art 33 Hence, by 
Art 37, the triangles EAF and EE A are similar, so that 
EE IS to EA as EA is to EF Therefore, 

EExEF=EAxEA 

^ i 

Also, by Art 68, 

" ' ’ EE^EF=AExEB 



The present Chapter consists of applications of , these 
two Important results “We shall put the apphcations m 
the forni of Rules for the sate of convenient reference, but 
, any person who masters these 'two results will ^d it un- 
necessary to commit the Rules to memory 

80 Hating given the height of an are and the chm d ^ 
<f hajf the arc, to find the diameter cf the circlo ' 

RuIiB. Emdo the squai e tfthe chord qfhalf the arc 
hy the height qf the arc, and the guoticnt tciU he the dia- 
meter qf the circle > < - i 
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81 Examples ' 

(1) The height of an arc is 4 mches^ and the chord of 
half the arc is 12 mches. 

12 X 12 

— T — =36 thus the diameter is 36 inches 


(2) The height of nn arc is 1 foot 4 inches, and the 
chord of half the arc is 4 feet 

4x4 "" I 

,, =4 X 4 X 1=12 thus the diameter is 12 feet 


82. Having given the cly>} d of Ivcdf an arc and the 
diameter qf the circle^ to find the height of the arc 

Rulc. Divide the square qfths chord qf half the arc 
l)y the diameter qf the circle^ and the quotient loill he the 
height qf the arc. 

83 Examples* 

(1) Tlie chord of half an arc is 12 inches, and the dia- 
meter of the circle is 36 inches 

12 X 12 

■"g g ’ =4 thus the height of the arc is 4 mj^es, 

(2) The chord of half an arc is 4 feet, and the diameter 
of tibe circle is 12 foot 

4x4 4 

= thus the height of the^aro is IJ feet 


84 Having given the height of an arc and the dia* 
meter qf the cii cle^ to find the chord of haif the arc 

\ 

Rulu Multiply the diameter qf the aide hy the 
of the arc, the square root ^ the product tctll 
oe the chord qf half the ore 
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SO 


65 Ex'imples. 

(1) TIio height of an arc is 4 inches, and the diameter 
of the circle 18 36 inches.' 

36x4^144, the eqaaro root of 144 is 12 ihns the 
chord of half the arc is 12 inches 

(2) Tlio height of an arc is feet, and the diameter 
of the circle is 12 feeh 

4 ' 

g X 12 = 16 , the square toot of 16 is 4 thus the Jihord 
of half the arc is 4 feet. 


86 Saving given ilir choi d of an arc and the height 
of the ate, tojiiid the diamclet qf the circle 

RtjiiE Eitidc the square of half the chotd hg the 
height, and the quotient will he the remaining pat t of 
the diameter, so that the sum ef the quotient and the 
given height Kill be the diamcfet. 


87 Examples. 

arc 1*8 2 foot ^ height of tho 


^ =8 , thus tho remaining part of tho diameter is 
8 feet therefore tho diameter is 10 feet 

(2) The chord of an arc is 21 [cet, and the height of 

wUO tire 3.5 4 xCot 

10 5 X 10 5 110’2{> 

4 4 — =27 5625} thus tho remaining part 

thcroforo tho diameter is 


fUio^ Rules given in tho present 

Chapter, and in Chapter Y, no cah solve lanoni other 

^ proposed with re<»pcct to the Sa^ 
gram of Art. 78, as wo will now show. 
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89 JTamng given the Jietghi an arc and the rfia- 
inctei of the circle^ to find the 
chord of the me 

Hero Tvo know BD and 
27 jP, therefore wo know I>F 
ind then wo can find AD by 
Art 70 

no Examples. 

(1) Tho height of an arc js 
9 foot) and tho diameter of tho 
mrclo is 25 foot 

Hero ED =s 9, DF^ IG , thoroforo tho sc^uaro of 
^I>=s9xl6c=144 thus -47) 12 foot Thoroforo 
foot 

(2) Tlio hoight of an aro is 2 foot, and tho diameter of 
tho cirolo 13 10 foot 

Horo ED = 2) DF = 8 , thoroforo tho sqnaro of 
AD = 2 X 8 = 1C thus j 42)=4 feet Thoroforo -42? = 8 
foot 

91 Harxnff given the eJiord qf an arc and the dia- 
meter qf the circle, to find (he height of the are* 

-Horo wo know AG, which is half tho given diameter, 
and AD winch is half tho gircn chord Wo first obtain 
CD by Art 60, and subtracUng tins from CE wo havo 
DE 

I 92 Examples. 

(1) Tlio chord of an arc is 24 foot, and tho diameter of 
tho circle is 25 feet 

Horo AG==12\ foot^ and^7)=12 foct 

12j^+12=24i, d2i-12=:g, 24ix| = ^, tho square 
40 7 

root of — IS that is 3j, and 12i-3i=9 thoroforc 
DE = 9 feet 
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' (2) - The chord of on &rc is 3 feet, and' the diameter of 
the circle is 10 feet 

Here -4(7=6 feei^ and AD~i feet 

5+4=0, 6—4^1; the square root of 9 is 3 , and 
6—3=2 therefore .D.&= 2 feet 

93 Given the chord qf an arc and the diameter qf 
the circle, to find the chord qf half the arc. ' 

Here ire know AG and AD "Wo first obtain DE, as m 
Art 9l ; and then we find AE either by Art 65 or by 
Art 84. 


94. Examples. ' 

■(1) Tlie chord of an arc is 14 iqches, and the diameter 
of the circle is 50 mehes. 

Hero 4(7=25, .4Z?=7; thus bv Art 60 we /shall ob- 
tain CD =24 Therefore DE - 1 Then by Art 65, or by 
Art 84, wo find that AF is the square root of 60 , Pro- 
ceedmg-to four decimal places we obtain .4H= 7 0710 
TIius the chord of half the arc is abont 7'071 inches If we 
proceed to seven decimal places we obtain 7 0710678 


(2) The chord of an arc is 58 inches, and the diameter 
of the circle is 200 inches 

* 1 . Flfn -40=29 thus by Art 60 wo shall find 

that GD 18 the square root of 9159 proceedmu to four 
decmal m^es wo obtain (70=96 7027 nearly Therefore 
we take^j^=4 2973 lYo may now calcnlato AE by the 
mleof Art 55 or by that of Art 84; if AC. AD, hnd‘ 
DE Trere all known exactly, the two rales would give 
precKcly the same result; but in the present case DE is 
not known exactly, and we shall find that the two rules 
mve resdte which differ shghtly The rule of Art 84 is 
w ^ “ file square 

-40=29 32 veiy n^rly 
Thus the chord of half the arc is about 29*32 inches ^ 
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96 Examples. 

(1) The chord of half nn arc is 12 inches^ and tlio dia- 
meter of tho oircle^is 36 inches. 

As in Art 83 wo find that ED Tlion, by Art 60, 
we find that AD is the square root of 128 hence we ob- 
tain AD“1 \ 314 nearly, and therefore AE=22 628 nearly; 
Thus the chord of the arc is nearly 22 628 inches. , 

f2) Tho chord of half an arc is 4 feet> and the diameter 
of toe circle is 12 feet 

As m Art 83 we find that J5Z>=lJ Then by Art 60 

16 

we see that AD is tho square root of 16 — gp, tliat is 

J28 1 ^ 

of "TP j therefore AD is ^ of the square root of 128 

9 o 

hence proceeding to three decimal places wo obtain 
.A2>-3771, and therefore ^j 8=?542 Thus tho chord 
of the arc is about 7 542 feet 

i 

97 Qtven iltA chord qf an arc and the chord qf half 
the arCj to find the diameter qf the circle 

Here we know AD and AE We first obtain ED by 
Art 60, and then EFhj Aitr 80 

98 Examples. 

(1) The chord of an arc is 48 inches, and the chord of 
lialf the uTc is 26 inches. 

Here .4Z)=24, AE^^Q y thu^ by Art, 60, we obtain 
ED=^W Then, by Art 80, wo liavo 67 6 

Tims tho diametor of the circlo is 67 6 inches 

(2) The chord of an arc is 20 inches, and the chord of 
half tho arc is 10 5 inches 

Here -4Z>=10, -4J^=10 5, thus, by Art 60, we find 
that ED IB tho square root of 10 25 proceeding to four 
decimal places wo obtain ^2>=3’2016 Then, by Art 80, 

we have EFzzx , » ''^^ch we find = 34437 veiy 

nearly Thus tho diameter of the circle is very nearly 
34 437 inches 
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99 As an exercise we will calcnlate^ the length of the 
side of an equilateriil triangle inscribed in a circle^ and ndso 
the length of the side of a regular polygon of twelve sides. 

Descnbe a circle If we 
draw in succession chords 
equal to the radius AB, 

BG, CD, we shall find 
that exactly six of them can 
bo placed in the entire <nr- 
comference In other woyds, 
if a regular hexagon be in- 
scribed m a circle, n side of 
the hexagon is exactly equal 
to the radius of the circle. 

Draw the straight lines FB, BD, DF , thus we form 
an eqDiIateral_ triangle " ' ^ ^ 

Suppose the rndins of the circle 1 inch . required FB 
This 18 an example of Art 9S Lot P be the centre of the 
crnjlo, draw OA cutting BFa.t F. 



IVe find that AF—-^ , thus BF is the square root of - , 

that IS - of the square root of 3 ' Therefor© BF is the 

square root of 3 proceeding to sevcq places of decimals 
we obtam BF = 1-^320508 

eqnilateral tnnnglo inscribed in 
vne arcle is 1 7320508 inches. 

f« 1^ perpendicular 'to AF, and produce it 

to meet the mrciMfereiico again at iUT Jorn-dAf Then 

AM 18 one of tlie sides of a regular polvgon of twelve 

Sl ^ ^ Sd^ats ililf b| 

OA=^l , thus of the sqnare root of 3 
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EXAMPLES VII 

- 1 The lieigLt of an arc is l** incites, ami the 
lialf the arc is d Ibct G incites And tho diameter^ 
circle X 

" 2 Tito height of an arc is 2'2S feet, and Iho cJ 
half the arc is 7 17 feet And the diameter of the 

" 3 Tito chord of half mj arc is 3 foot 4 indies, 
diameter of tho circle is 25 feet And the hcigiit of tl 

" 4 The chord of halfan arc is G 43 feet, and tho d * 
of tho cirdo IS 23 G5 feet And the height of tho arc.*^ 

" A Tho height of an arc is 1 foot 3 indies, 
dcimctcr of tho circle is 11 foct 3 inches And tho di 
liidf tho arc i 

C Tho height of an are is S'St feet, and tho d» 
of tho circle is 28 76 feet And tlio chord of half tho f 

7 Tho chord of an arc is 20 foot, and tho height 
arc IS 4 feet And tho diameter of the drclc 

8 Tho diord of an arc is 15 78 feet, and the hci^ 
tho arc 18 2 8 foct And the diameter of tho circle ^ 

8 Tho chord of an arc is 15 inches, and tho dial 
of tho clrclo 13 20 inches And tho chord of half tho ai, 

10, Tho chord of an are is SO inches, and tho dial? 
of tho oirclo IS 100 inches And tho chord of half tho * 

11 Tho chord of half an arc is 2 foot 6 inches, ani 

dinmotor of tho circle is 4 foot 2 inches find tho 1 ? 
tho arc. ^ 

12 Tho chord of Inlf an arc is 2 4 feet, and tho dir 
tor of tho circle is 16 foot find tho chord of tho ara ^ 

13 Tho choid of an arc is 12 yards, and tho chor^ 

]ialf tho arc is 19 foot 6 inches find tho ^amotor of^ 
circle i 

14 Tho chord of an arc is 49 foot, and tho dior^ 
half tho arc is 25 fcot find the diameter of tho circle \ 
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YIIL> CIRCUMFERENCE OF A CIRCLE 

i 

^ 100 We often rcqoffo to laiow tlio proportion wWdi 
the length of the circnmferenco of a circlo bears to tho 
length of tho diameter tlio proportion cannot indeed bo 
stated exactly, but it can be stated 'mth sufficient accuracy 
for any practical purpose 

t 

101. The diameter qf a circle hcing giteii, to find the 
circumference 

' QO 

Rvi£ Multiply the diameter hy 31, that isby^ , iii 

other tcoids, multiply the diameter by 2^ and dmde tho 
product by 7. 

l02 ^Examples. 

(1) The diameter of a circle is 4 feet 8 inches 

1 

4 foot 8 incliGs:=56 inclios^ 

t 

06xy=8>-22=l7G. 

r 

Thus tho circumference is about 176 inches, that is. 
about 14 foot 8 indies. ^ ^ 

•k 

(2) The diameter of a circle is 4 256 feet. 

426-G 

22 

8612 

8612 

' 7 193632 
13376 

Thus the circumference is about 13 376'feet. 
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103 Tlio Eulo of Art. 101 xuakos tho circumference a 
little greater than it ought to be The circumference ^ of a 
circle IS in fact loss tiiau 3^^ times the diameter,' but 
greater than times The rule of multiplying the dia* 
meter by 3^ is generally found sufficiently accurate in 
practice. 

104. Wo may if wo please put the Rule of Art 101 in 
the form of a jiroportion, and say, aa 7 is to 22 so ts the 
dxametei qf any circlo to the cvi cun{fei enco 

105 Tho followmg proportioh is still more accurate * 
as 113 ts io 355 so ts the diamctm qf any cirde to tho 
circumference. This rule also makes tho circumference a 
little greater than it ought to bo, but the error is exces- 
sively small, boing at the rate of rather less than a foot in 
nmoteon hundred miles 

106 Wo may also put tho proportion in tho following 

form the diameter qf any circle isiothe circunfermce as 
1 ts fo 3 141592653589793 , the calcidation of this pro- 

portion has been earned to moro than ^600 places of deci- 
mals. Wo may uso ns many as we please of the figures 
which have been obtamed it is very common to take 3 1416 
as a sufficient approximation. 

In modem mathematical books tho Greek letter tr is 
genorally used to d^noto the number 3 14159265 

107 Accordingly the Rido for findmg the circumfer- 
ence of a Circle when the diameter is given, may bo stated 
thus miutiply the diameter Zw 3^, or, greater accur 
$ acy IS 7 equiredj midtiply the aiamcierT/y 3 1416 

The latter form of the Rule also makes the circumfer- 
ence a httlo greater than it ought to be, but the error 

will not be so much as pa3*t of the circumference 

so that the error will bo at the rate of less than a foot m 
serenty-fire miles 

108 When we are told to multiply the diameter by 

3 1416, we may, if we please, multiply a 1410 by tho diame- 
ter A similar remark apphes to all rules relating to the 
multiplication of humbers i 
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109 Bsatnples 

(1) The dmhieter of a circlo is 42 7 mdies 

, 31416 

- 42 7 

219912 
62832 , 

' 126664 

13414632 

^Tlins the circumferenco is nearly 134 14632 inches 

(2) The diameter of a circle is 6000 miles 

31416 

8000 

251328000 

Thus the circnmforenco is nearly 25132 8 miles 

110 The he^nner should eterciso himself in actually 
mcasormg'tho diameter and circnmference of some circlo, 
as for example, a irheel Although he may not ho able to 
obtain very accnrato results, yet ho may connnce himself 
that the circnmfercnco Is about 3^ times the diamctei 

111 The cirmmfcrenK of acirdcleinggiTen^ to find 

thcdiamdei. ' , . , 

Bote. Evnde the circiimfercnce hy 3f, that ishy — , 

tn other ico?ds, multiply the eircwa^erence ly 7, and 
divide the pioduct hy 22 Oi, i f gieatei neewaty is 
regmi ed, divide the circumfei cnce hu 

X 1 f ^ ^ 

112. Examples t « 

(1) The eiTCumfcrcnco of a circle is 60 feet. 

50 
’ 7 

2 fToo 

II ITs ' ' 

! ’ 169 

"Ifhus the diameter is about 16 9 Ibot. 
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(2) Tbe cmnuuference of a cirdo is 360 feet 

3I416;3G000U1469 

31416 

46840 

31416 

144240 

126664 

186760 

167080 

286800 

282744 

4066 

Tlins the diameter is about 11469 feet 

113 'Wo will now solve some exercises which d^end 
on the Buies already given. 

(1) Bmd the diameter of a carnage wheel which is 
turned round 1000 tunes m travelling a milo 

Here 1000 times the cnrcumference of the wheel is 
equal to 1760 yards , thus the circumference is 1*76 yards 

Then, b} Art 111, the diameter is — x 1 76 yards, that i% 

JLJL 

7 X 08 yards, that is, 66 of a yard. 

(2) Suppose that the distance of the earth from the 
sun IS about 95000000 miles, and that tho earth desenbes 
a circle round the sun in 365^ days find the number of 
miles desenbed by the earth in one minute. 

The circumference of the cwde desenbed by the earth 
IS about 2 X 96000000 x 3 1416 miles, that i^ about 696904000 
miles. In 365^ days there are 525960 minutes Bmdo 
tho number of mdes by the number of minutes , thus we 
obtain very nearly 1135 nulcs. 
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EXAMPLES YIII 


- Assuming tint ilio cimnnforcnco of a circle is SI I mes 
tbo diameter, find the uircumforcnccs of tlio circles mth 
the foUovring diameters 

1. 14 feet 12. 86 yards 1 foot, 

3 213 yards 2 feel 8 inches 

4 1 fnrlong GO yards. 


Assuming that the circumference of a circlo is 31116 
times the diameter, find tiio circimifcrcnccs of the citclos 
vritii tho follovnug diameters 

6 27 feet. C. 61 yards 2 feet 

7. 655 jnrds I foot 6 inches 

8. 1 furlong bO yards 

Assuming that tho tircumforcnco of a circlo is 3^ limes 
the diameter, find tho dnmeters of the circles ivith the fol- 
lowing circumferences 

9 66 yards , 10. 10 chains. 

11. 3 furlongs 4 chain«i 12 i niilo 


Assuming that tho circumforcnco of a circle is 3 1416 
times tho diameter, find tho dnmeters of tho circles with 
tlie foUoiviog circumforences 

13 1 foot 14 25 feet 

16 108 yards 1 foot 16 I furlong 

17, Suppose that tho planet Morcuiy describes in 
circlo roimd tlio Sun, of which tho radius is 
3/000000 miles, find tho number of miles desenbed hv the 
planet in ono second 

diameter of a carriage whotl is 2S inclics 
a mik?'^ tho wheel mates in tra\clhng half 

r wund a circular slmibboir , tho outer 

+f cu'cnmforcnco is 

4b0 feet find tho brcadUi of tho road 

^otwcon tho dmmotor and tho cir- 
cumferonco of a circle is 10 feet, find tho diaraclor. 

T M 
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IX ARC OF A CIRCLE 

114 Let 0 bo tbe centre of a circle AB any arc of tbe 
cirolo, AB a quarter of tho 
circnmferonco The longtii of 
AB 18 to the length of 2.B in 
the same propoition as tho 
angle AGB is to tho angle 
AuBi that IS, as tho angle 
AGB IS to a nght an^o 
Therefore the length of AB 
IS to tho circnmfeionco of tho 
mrdo m the same proportion 
as the angle ACB is to fooi 
nght angles 

115 Angles are nsnally expressed in degrees, 90 of 
which make a right angle , and consequently in four right 
angles there are 360 degrees. A degree is subdivided into 
60 minutes, and a minute into 60 seconds. 

116 Symbols aro used as abbreviations of the words 
degi eeSi minutes, and seconds Thus 6® 23' 47" is used to 
denoto 6 deuces, 23 mmutes, 47 seconds 

117 The number qf degrees tn the angle subtended 
by an arc of a m cle at the centre being gtven^ to find the 
length of the arc. 

Rule As 360 ts to the nunAejr qf degrees %n the 
angle, so ts the cti cunfet ence ^ the circle to tjie length <f 
the arc 

IIS Examples. 

(1) Tlie circumference of a circle is 48 inches, and tho 
angle subtended by tlie arc at tbe centre is 54 degrees 

360 64 48 tho required length, 

64x48_64x4 18x4 ^ ^ 

360 ^ 30 

Thus tho length of 4ho arc is 7*2 inches. 
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t2) Tho circnniferoDCO of n cirdo is 26000 milM, and 
tiio angle subtended "by the arc at tbc centre is one degree 

3G0 ‘ 1 26000 , tho roqiurcd length, 

36^2600 

21G 

340 

32t 

ICO 

J44 

16 

Thus tho length of the arc is abont 69 4 miles, 

119 57/e lenqth of an a^ctf a circle leinff gjtcn, to 
'Jind the number qfdcgicee xn the angle titblcndcd oij the 

arc at the centre ' ^ the circle 

I 

Rtoe. As the circumference of the circle to the 
length of the ai c, so xs 360* to tho nuiAberqf degrees xn the 
angle 

120 Examples ' 

(1) Tho circumference of pirclo is 60 fcot^ and the arc 
is 8 feet 

1 

60 . 8 * 360 the required number of degrees, 

8 x 360 , 288 k— » 

Thus the angle is 672 degrees. 

(2) Tlio circumference of a circle is 26000 miles, and 
tho are is 760 miles 

26000 760 ‘ 360 tho required number of degrees, 

760x3 60 76x36 _ 3x36 
26000 “Iso J5~*=10U. 

Thus tho angle is 10 8 degrees. ' 


4~2 
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121* The chord qfan arc hetna Inown^ and also ilia 
chord of half the arc^ iojind the length qf the arc. / 

RrLE. From eight times (he chord <f half the arc 
iraet the chord of the v:h<de arc^ and divide the remainder 
bg three* 

This Rnlc IS not exact , it gives the length of the jtc 
smaller than it ought to ba If the arc subtend at the 
cen^o of the circle an angle of 45 degrees, the error is 

about of the length of the arc the error increases 

rapidly as tbo angle increases, and dimimshcs rapidly as 
the angle dimmishes. 


122. Examples. 

(1) The chord of an ate is 14 inches, and the radius 
of tnc cixolo is 25 inches. 

By Art. 94 the chord of half the arc is about 7*0710678 
incbc^ 

70710C78 - 

8 

5656b5424 

14 

3 [4 2 563 5424 
141895141 

Thus tro obtam for the length of the arc 14 1895141 inches 

(2) The chord of an nre is 58 inches, and the radios of 
the circle is 100 inches. 


By Art 94 the chord of half tlio arc u about 29’32 
inches. 




8 

23450 

58 

3117650 
5 61^5 


Thus tre obtam for the length of the arc 58*85 inches 
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123 Tlic error wUtch nriscs from the uso of tho Rule 
in Art 121 is, as tto liA^e said, much less for a small arc 
than for a large arc It may therefore be expedient in 
some eases to calculate b; tho Rule tho Icngtii of half tho 
arc, and to double this result instead of calcidating tho 
length of the vrholo arc immediatcb "VN'o should proceed 
thus from etffhHimes the chord of one fourth qf the arc 
nibtract the chord of half the ate, multiply the remain- 
der l>y tico, and divide the pi'oduct by three 

124. Tho foUoiving Rule for finding tho length of an 
arc IS much more accurate than that in Art 121, and may 
be used when n reiy close approximation is required to 
236 times the ehord'of onefouj th of the arc add the chord 
<f the arc; subtract 40 twm tho chord qf haf the aic^ 
and divide the remainder by 43 

This Rule gives the length of tho arc a little laigcr 
tlian it ought to be. If tho arc subtend at tho centre of 
the circle an angle of 45 degrees tho error is less than 

80000000 increases rapidly as the 

angle increases, and diminishes rapidly as tho angle di- 
uiimshes. 

125 "Wo will now soho some exorcises 

(1) Tlie radius of u circle is 1 foot find the perimeter, 
that IS tho length of tho whole boundary, of a sector of 60 
degrees 

Since the radius is 1 the circumference of the circle is 
2x31416, that IS, 6 2832, then j 

360 60 * 62832 tho length of the arc. 

Thus the length of tho arc is 1 0472. Add tho length of 
the two radii, that is 2 1 thus the whole penmoler is 3 0472 
feet 

(2) Tho perimeter of a sector of 60 di^es is 20 feet 
find tho radius. 

Use the result of the precedmg exercise. Thus we have 
tiic proportion 

3 0472 * 20 1 1 the required radius. 

Hehco tho required ^^0^=65634 feet 


very nearly 
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EXAMPLES. IX 

1 Tbo radius of a circlo is 10 inclics^ and tlio anglo 
fiubtondcd by an arc at tlio centre is 72** find Ibo length of 
tbo arc. 

2 Tho ridiua of a circle is 19 feet 7 indies, and Ibo 
angle subtended b} an arc at ibo cebtro is 10^ 24' find tbo 
length of the arc. 

3 The radius of a circle is 2 feet, and thO length of an 
arc IS 15 inches find tbo anglo subUndod at tbo centre by 
the arc. 

4 Tho radius of a circle is 1 foot, and the length of an 
arc IS equal to tlic radius find the angle bubtonded at tbo 
centre by tbo arc. 

5 Tho chord of an arc is 3G inched, and the chord of 
half tho arc is 19 inches find the nrcT 

6 Tiio chord of an arc is 5G inches, and the radius of 
tho circle IS 197 inches find tho arc, 

7 Tho chord of on arc is G inchcsj and tho radius of 
the circlo is 9 inches find tho ora 

8 Tho radius of a circlo is 5 inches find tho pcnnio* 
ter of a scctoi, tho anglo of uhich is 90^ 

9 Tho mdins of a cirdo is 16 inches find tho pennies 
ter of a segment, tho arc of nhich subtends on angle of 90^ 
at tho centre of tho circla 

10 Tho radius of a circlo is 1 inch find tho penmoter 
of a scmiGircIa 

11 Tho ponmotcr of a scmicirclo is 100 feet find tho 
radios 

12 The radius of a circle is 25 inches, and tho angle 
subtended by an arc at tho centre is 32® 31' 15^' 4 find the 
length of tbo ara 
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, X. TABI^ OP SQUABE MEASURE. _ 

126 It "WjU be conTemeat to place here the Table of 
Measures of Area, vrhich is usually called the Table of 
Square Measure 

144 square inches make 1 square foot 
9 square feet mike 1 square yard. • 

36 square feet make 1 square fathom. 

272^ square feet or 30^ square yards make 1 square 
rod or pole 

1600 square poles moke I square furlong 
64 square furlongs make 1 square mfle. 


Hence 'we obtamihe following results • 


Sqoare 

Inches. 

Sgooia 

Feet. 

Sgo&To 

SqoaTO 

node 

Sqttuo 

mflongs 

Sqnare 

Jdiln. 

144 

I 





1296 

9 

1 




39204 

272i 

30i 

1 



62726400 

435600 

48400 

1600 

1 


4014489600 

27878400 

3097600 

102400 

64 

1 


i- ' 


127. The following terms are also uSed in expressmg 
areas a square linlv, a sguaH chain, a rood, and an acre 

A square chain contains 22 x 22, that is, 484 square 
yards. A rood is 40 poles, that is, 1210 square yards ^ An 
acreis 4 roods, that is, 4840 square yards libus an aero is 
equal to 10 square chams. 

A square cham contams 100 x 100, that is, loboo square 
Imks, so that an acre is equal to 100000 square hnks. 
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123 Supposo wo hare a rectangle whicli is 4 indies 
long and 3 inches broad 
Draw straight Hoes, an inch 
^art, parallel to the sides 
1^0 rectangle is thns divided 
into 12 c<iual figores, each of 
which IB a square being an 
inch long and an inch broad 
such a square is called a 
twcLTc \neh The rectangle 
then contains 12 square 
inches, this fact is also expressed thus the area of the 
rectangle is 12 square inches 

The number 12 is tho product of tbo luunbors 4 and 3, 
which denote respectncli tho length and tho breadth of 
tho rectangle. 

12D If a rectangle bo 8 inches long and 6 inches broad, 
we con show m the same manner that its area is 8 times 
5 square inches, that is 40 square inches Similar};*, if a 
rectangle bo 9 inches long and 7 Jiidics broa^ its area 
18 9 times 7 square inches, that is, 63 square inches. And 
80 on. 

130 In tho same manner, if a rectangle ho 4 feet long 
and 3 feet broad, its area is 12 square Jett, that is, tho 
rectanglo might be divided into 12 equil figures, each 
being a foot Jong and a foot broad. It a rectangle bo 
4 yards long and 3 yards broad, its area is 12 square yards 
And so on. 

131 Tlie beginner should observe very carefully the 
way in which areas are measured, it is a case of tho 
general prmciple which apphes to all measurable tiungs 
For ^ample, when we measure lengths we fix on some 
length for a standard, as an inch or a foot, and wo compare 
other lengths with tho standard, thus when wo kvv that a 
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certain Unc is 17 inches lonff, wc mean that the line is 
17 times as long as our standard, which is one inch. In 
like manner vihon we measure areas wo Tk on some area 
fora standard, and we compaio other areas with the stand- 
ard Tlio most oonTcnicnt standard is found to ho the araa 
of a square , it may ho a square inch, oi a square foot^ or 
any other square 

132 In order then to find tho area of a rectangle wo 
must oppress tho length nud the hreadtli in terms of tho 
same denommation , nud then tho product of tho numbers 
uluch denote tho length and tho breadth will denote tho 

I area If tho longtli and tho breadth aro both oqiressod in 
inches, tho area will be exprensod in nqtiare inches, if tho 
length and tho brcadtli aio both expressed in feet, tho 
men ivill bo expressed in fqnarcfcet , and so on 

133 Tlio stndent will now bo able to understand tho 
way in which wo estimate the areas of figures, and to nso 
correctly the rules which will be given , tho rules will bo 
stated intli brcvitv, but this will present no diificulty to 
those who have read tho foregoing explanations. 

134 To find ihd aicaqf a rectangle 

Rui.i: Multwhj iho length 1>y tho breadth, and the 
p} oducl Will be the at ea 

Sometimes the words base and height aro used respect- 
iiely for Uio length and bi cadlh of a rectangle 


13S Examples. 

(1) Tho length of a rectangle is 3 feet 4 inches, and its 
breadth is 2 foot G inclics. 

3 feet 4 inches =40 mehes, 2 feet C inchcs=30 inches: 
40x30 = 1200 


Thus iho area is 1200 square inches. 

Or thus 3 feel 4 inches =3il fook 2 foot 6 mehes =21- ft ; 

3ix2i = ^x| = |=.8J ' 

} 

Tims the area is 8} square foot 
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( 2 ) Tho length of a rectangle is half a mile, and its 
breadth is 220 yards 

Half a milec= 8 S 0 yards , 880 x 220= 103600 

Thus tho area is 193600 square rards 

Or thus 220 yards=g of a mile, | x i 

Thus tho area is ^ of a square mile. 

1C * I 

136 If wo know tho area of a roctanglo, and also ib 
length, wo con find the breadth dinding tho number 
which cxprosscs tlio area by the number which expresses 
the longfli and similarly if wo know the area and tho 
breadth wo can find tho length Of conrso we must take 
care to nso corresponding donOmiliations for tho area and 
tho known length or breadth see Art 132 

137. Examples* 

( 1 ^ Tho area of a rcotangle is 96 square inches, and its 
longlb IS I foot 4 inches 

96 

1 foot 4 mchessslB indies , r 7:=6 

16 

Thus tho breadth is 0 inches. 

( 2 ) Tho area of a roetanglo is 10 squaro feet, and its 
breadth is 1 yard* 

1 yard=3feot, ^=3^ 

o 

Thus tho length is 3 J feet, that is 3 feet 4 inches* 

138 A square is a rectangle haring its length and 
breadth equal , lionco to find the area of a square wo mvl- 
ixply the nitmher whi6h denotes Hie Unglh ef a side <jf the 
square by liseff For example, if the length of the side of 
a squaro be 7 inches, tho area of tho square is 7 times 
7 square inches, that is, 49 square inches Thus wo see 
the reason for nsing the term the square of a number to 
denote the product of tho number into itself, and we un- 
derstand the connexion of the Eules in Chapter V with 
tho theorem of Art. 30 
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139 The statements made in the Table given m Chi^ 
ter X will be easily nnderstood and remembered by the 
aid of the explanations in the present Chapter - Take, for 
example, the first statement that 144 sqiiare inches make 
1 square foot a square foot is a rectangle 12 inches long 
and 12 mchos broad, and therefore by the method of 
Art. 128, Tfd see that a square foot contains 12 x 12 square 
mches, that is 144 square inches 

140 If we loiow thd area of a square we cmi find tlie 
length of a sido of the squnre by extracting the sguate 
'loot of the numhei which denotes the area For example, 
suppose the area of, a square to bo 121 square inches, the 
square root Of 12l iS 11 thus the length of a side of the 
’square is_ll mcliesi'* Again, suppose the area of a square 
to be 160~ squate inches Here the square root cannot be 
exactly found, and so the length of the side cannot bo 
determmed accurately if we proceed 'to three decimal 
places wo obtam 12247 inches for the icquired length 

141 The student must distin^sh carefully between 
square feet and feet sqnai e Wos example , by three 
square feet we mean an area which can bo ^viacd into 
three others each of which is a square foot , by three feet 
square is meant a square the side of which is three feet 
long, so that the figure contains nine squaio feck Simi- 

" hrly bj four feet square is meant a square the side of 
nhich 18 four feet long, so that the figure contmna sixteen 
square feet 

1 > 

142. "We will now solve some exercises which depend 
on the Holes of the present Chapter '' 

(1) A room is 18 feet 6 inches long and 11 feet 3 mches 
- broad find the expense of carpeting the room, supposing 
the carpet to be 30 inches wide, and to cost 6 bhilllngs per 
yard. , , . . 

Wo first find the length of carpet required. .The 
length of the room is 18J feet, and the breadth is 11^ feet , 

'hence the area of the room is x - j 8<xtiare fcot> that is 
— ^ square feot The’ brwdth of the <k^t is 2^ feet 
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Henco, by Art 13G, tlio roqxurcd length of carpet 'is ob- 
tuned by dividing — g— by 2j, so tlial it is -g- x - foot, 


ooo ^ 

tbit 15 feet. "Wo Iiaio now a simple examiilo m 
AnQimotio if one yard costs G slnUmgs, find the cost 
of feet The result is 5 x ^ c shillings, that JS 

4: O 4b 

slulbngs, that is £8 Cs Crf 

2 


It 18 scarcely necessary to remark that in nctnnl ex- 
pcnenco rather more carpet wonid bo required than onr 
solution indicates, in order to allow for the waste avladi 
arises from arranmng the pieces with duo icgaid to iho 
concspoudonco of the pattern 


(2) A room is 18 feet 0 inches long, H feet 3 inches 
broad, and 10 fcetlngh find tho cutuo area of tho four 
walls 

Tiicro are itco wralls each containing x 10 square 

45 

feet, and tico others each containing -^x 10 square feet 

thoreforo tho ontiro area is cquiTolcut to that of a rect- 

45 

angle the height of whidi is 10 feet, and tho base 3?+^ 

119 

feet, thus the entire area is — x 10 square feet, that la 
595 square feet 

(3) A rectangular grass plot is 160 feet long and lOO 
feet broad, a gravel 'walk 4 feet >ndo surrounds the gross 
plot find the area of the walk 

Tho extreme length of the rectangle including tlio walk 
is 1G8 feotiTind the extreme breadth is 108 feet, therefore 
tho area of tins rectangle is 168 x 108 square feet, that is 
18144 square feet Tho area of the gross plot is 160 x 100 
square feet, that is 16000 square mot The area of the 


REOTAmLE ' 61 

f 

walk IS thoroforo 18144-16000 sqimro feet, that as 2144 
square feet. 

(4) A rectangle is divided into four rectangles by two 
8traa^t,hues drawn parallel to the sides at given disfonces 
from them find the areas of the four rectangles 


' Lot be the ’ 

rectangle, suppose, for 
esamplo, that AB is 
16 inches, and AO is 
9 inches , and that AE 
is 10 inches and.dA’ is 
7inche8. ThroughJKlet 
EEQ^m drawnparallel 
to AO, and throtigh F 
let FJtHho drawn pa- 
rallel to AS. 



Then 6 inches, and 2 inches. 

The area of AEKF^X^ x 7, that is 70, square inches 
The area of EBHK=^ x 7, that is 42, square inches 
Tlie area of FKGO=lQ x 2, that is 20, square inches 
The aroa<of JEHGD=Qx 2, that is 12, square inches 
' The sum of these four areas is 144 square inches, and 
IB equal, as^it should be, to 16 x 9 square inches 

This esorciso is veiy simple, but veiy instructive, it 
afibids a visible representation of an imporfont anthnieti- 
cal proposition, which in the present case stands thus tho 
product of tho sum of 10 and 6 into tho sum of 7 and 2 is 
equal to tho sum of 10 x 7, 6 x 7, 10 x 2, and 6x2 


( 6 ) 

Wide 


5 3 

A rectangle is ^ of an inch long, and - of an inch 
find tho area. 


1- I R ^ 

By the Buie of Art 134 tho area is g x ^ of a square 

inch, that is — of a square inch. But in tho demonstration 

of the Rule in Art 128, wo supposed that tho length and 
the breadth wore espresscd m w/iofo numbers, so that it is 
expedient to shew explicitly that the Rule mil also hold 
whemfractions occur, this wo shall now do, " i 
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Bednce tho fractions to a common donominator, thus 

they become and || of an inch Now let us take ^ of 

an inch as the unit of length , then the length of the rect- 
angle IS 3?, and the breadth is 24 of these units and there- 
fore the area of the rectangle is 35 x 24 sqnoro units. And 
a square inch contains 56 x 56 of tlicse square umts Tims 

35 X 24 

the area of tho rectanglo is of a sqxlare ’inch ; 'that 


IS of a square inch that is ~ of a sqqaro inch 


EXAMPLES. XL 

Eind tho area in square yards of squares having' tho 
following lengths of sides 

1 14 yards 2 24 yards ^ 3 27i yards. 

4 30i yards 

Eindthe area in SOTare yards and square feet of squares 
havmg tho following lengths of sides 

5 10 yards 2 feet, 6 12 yards 1 foot 

7 18 yards 2 feeji. 8 20 yards 1 foot 

Eind the area m square yards, feet, and inches of 
squares having the following lengths of sides 

9 3 yards 2 foot 4 inches. 10 5 yards 2 feet 8 inches. 

11 8 yards 1 foot 9 inches. 12 14 yards 1 foot 10 inches 

Find the area in acres, roods, 'and poles of squares 
having the following lengths of sides 

13 4 chains 50 links 14. 7 dinins 25 Imks 

15 12 chains 45 hnks 16 26 chains 56 links 

Find tho areas of squares having tho following dia- 
r^onals 

17 255 feet 18 88 yards 2 feet 3 inches 

19 12 chains 25 hnks 20 18 chains 36 Imks. 
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Find tlie sides of squares having the following areas* 

21 1764 square yards. 22 7225 square yards. 

23 74529 square yards 24. square mile 

25. 160 acres. 26 2j acres 

27 64'064016 square feet 

28 3 acres 1 rood 13 poles 5f sq yards. 

Find m feet to three decimal places the sides of squares 
baring the following areas. 

29 120 square feet 30 2S7 square feet. 

31. 478 square yards 1 square fooj. 

32. 626 square yards 2 square feet 90 square inches. 

33 160 acres. 34 2| acres 

35 Find the diagonal a square whose areais 7 square 
inches. 

36 The area of a chess board having 8 squares along 
lach side is lOO square inches find the length of the side 
of one of its squares. 

Find tlie area in square feet of rectangles having the 
following dimensions in feet 

37. 14 by 20 38. 24 by 18. 39 16f:byl8. 

40 lSiby20j 

Find the area in sqnare y^irds and feat of rectangles 
Qanng the following dimensions 

41 6 yards 2 feet by 6 yayds. 

42. 7 yards 1 foot by 8 yards 2 feet. 

43 10 yards 1 foot by 12 yards 1 foot. 

44 9 yards 2 feot by 18 yards 2 feet 

Find the area in square yards, feet, and inches, of rect- 
angles having the following dimensions 

45 2 yards 1 foot by 3 yards 1 foot 3 inches. 

46 3 yards 1 foot 4 indies by 4 yards 2 feet 

47 4 yards 2 feet 8 inches by 4 yards 2 feet 10 inches 

48 6 yards 1 foot 9 inches by 8 yards 2 feet 11 inches 
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Fiud the iirc .1 m acres, roods, and poles of rectangles 
having the follomng chmcnsions 

49 5 chains 14 links by 6 chains 25 hnks* 

50 7 chains 4 links by 8 chains 12 links. 

51 9 chains 24 links by 10 chains 36 links, 

52 10 diains 80 links by 12 chains 40 links 

Find the breadth in the following rectangles, having 
gi\en the area and the length 

53 Area 1056 square feet, length 11 yards 

54 Area an acre, length XIO yards 

55 Area a square mfle, length 5 miles, 

56 Area 1000 acres, length 2 ^ miles 

57 Area 2^ acres, length 115^ yards 

58 Area 6 ^ acres, length 32 chains 

59 Area 7 acres 1 rood 15 polos, length 453 yards 
2 feet 3 inches 

60 A plank is 18 inches broad find what length must 
be cut off that the area may bo a square yard 

61 A rectangle is 9 inches by 18 inches find what 
decimal it is of a sqnaro rard, 

62 Express as a fraction of nn acre the rectangle 
which IS 121 yards long and 25 yards broad 

63 A street is a quarter of a mile long find the num- 
ber of square yards m a pavement 4j feet nide down one 
side of the sti'cet. 

64 A rectangular garden is to be out from a rectan- 
gular field, so as to contain three quartern of an acre, one 
side of the field is taken for one sme of the plot, and mea- 
sures 2k chains find the length of the other side 

65 The diagonal of a rectangle is 458 feet, and one 
side is 442 feet find the area, 

66 The sides of four squares being respectively 1, 2, 4, 
and 10 feet , find the side of the square which is equal to 
the sum of tho four 
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67 The sides of three squires heitig 6, 6, and 7 feet 
find the side of the square which is equal to the sum of the 
three 

68 The window of a house is 8 feet 2 inches hy 6 feet 
8 inches find the number of panes of glass in it, each nica- 
snring 14 inches by 9 

69 A lawn measures 160 feet by 120 feet find how 
many pieces of turf are required to cover it, each piece 
being 3 feet 4 inches by 1 foot 3 inches 

70 Find how many slates measuring 16 inches by 12 
inches will be requured to cover a roof which measures 
24 feet by 18 feet 

71 Find how many bnehs measuring 9 mches by 
inches will bo required to coier a space of IS feet bj 
12 feet 0 inches 

72 Find how many planKs 12 feet long by 10 inches 
Wide will be requiied to floor a room which is 24 feet b} 
20 feet 

73 Find how many planls 12 feet 6 inches long bi 
9| inches wide mil bo required to floor a i-oom vmicli 
is~ 60 feet by 16 feet 

74 Find how many persons can stand in a room mea- 
suring 16 feet by 9 feet , supposing each person to require 
a space of 27 inches by 18 inches. 

76 A procession is formed of 604 nnhs of men, 14 in 
0. rank' if the men wore arranged in a solid square, find 
how many there would bo m a side. 

76. If one stalk of wheat will grow on nine squaic 
inches of ground, find how many stalks mil grow on an 
acre ‘ 

77 Find how many trees thei o are in a wood half a 
mile long and a quarter of a mile wide, supposmg on an 
average four trees grow on each square chain. 

78 A country in the form of a icctauglo 600 miles 
long by 200 miles broad supports a population of 20,000,000 
find tbo average number of acres required to support one 
person 

T .V 6 
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79 A room is 26 foot by 18 foot , in the central part is 
u Turkey carpet winch measures 21 feet by 15 feet find 
how many yards of oilcloth 27 inches wide will be roqmrcd 
to cover the rest of the floor 

80 The Bide of a square is 85 yaids, and a path 10 
yards wide goes round tlio square outside it And how 
many stones 1 foot 4 inches long by 10 inches wide will be 
roqmrod to pa\o the path 

81 A rccton^lar court measures G3 foot by 36 feet , 
a path 4 feet 6 inches indo goes round the court outside it > 
find how many bncks measuring 9 inches by 4^ inches nill 
bo rcqmrcd to pave the path 

82 It IS found that 129G bncks, each moasunxig 9 
inches by 4} inches, have been employed in paving a oortaiu 
court yard find how many tiles 6 inches square will bo 
rcqmrcd foi a pavement ono-mnth of the size , 

83 If the adjacent sides of one rectangle be 9 and IG^ 

and of another 36 and 25, compare tlio sides of the sqnarcs 
respectively equal to those rectangles. ^ 

84 Find what length of wall paper 27 inches wide will 
ho required for a room IS foot long, 12 foot broad, and 
10 feet 6 mchcB Ingk 

85 Find how many square feet of paper will cover the 
walls of a room which is 24 feet 10 inches long, IG feet 
broad, and 18 feet G inches high 

8G A rectangle measures 48 feet by 28 feet find the 
area of a squaie which has the same penmoter as tlio 
rectangle 

87 A rectangle contains 1323 square fc(it,^and it is 
three times as long as it is broad find its sides 

88 Seven sheets of note jiapcr together weigh ono 
ounce, each sheet measures 9 inches by 6^ inclies find 
the weight of a sheet of the some kind of paper which mea- 
sures I83 inches by 11 

89 Shew by examples that if a square and a rcctahglo 
have equal perimeters the area of the square is greater 
than that of the rectangle 
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90 ' Shew by examples that if a squire and a rectangle 
hare equal perimeters, the area of the square exceeds the 
irci of the rectangle by the area of a square the side of > 
-nhich IS half the diBerouce of tiio sides of the rectangle 

9l' Find the rent at £l 13s ^or acre of a rectangular 
field of wluch the length is 1 furlong 20 poles, and the 
breadth 10 poles 1 yaid 

92 Find the rent at £4 lOs an acre of a piece of land 
4235 yards long and 280 yards wide 

93 A rectangular court measures IS feet 6 inches by 
12 feet 3 inches find the expense of paring it at 4 ponce 
the square foot 

94 The diagonal of a square court yard is 30 yards ' 
find the cost of grarolhng the court at the cost of a wlnlling 
for nine square yards. 

95 Find the expense of paring an area which mea- 
sures 32 foot 3 indies by IG feet C inches at 6s 4d per 
square yard. 

9G The length of a street is 1 furlong 92 yards 1 foot 
6 inches, and its breadth is 22 yards 8 inches find the cost 
of paring it at per square jiird, 

* ♦ 

97 In a rectangular court wlndi measures 96 feet by 
84 feet there ,aro four rectangular grass plots mcasunng 
each 22i feet by 18 foot* find the cost of paiing the 
icmaming part of the court at B^cf per square yard 

98 Find the expense of paring a road of a nuifonn 
breadth of 4 yards round tho insido of a rectangular piece 
of ground tho length of arhich is 85 yards and breadth 
6G jards, tho Cost of paring a square yard being is 2d 

99 Find tho side of a square court yard the ex- 

yaiT ” P®** square 

I'atoiTOJno tho side of a square gaidch that cost 
£57 16# 2|(/ for trenching at 2|d per square yard. 
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101 l!Iio rent of a sqnnie fiold at £2, ^cL per 
aero amounts to £27 5s find the cost of putting a poling 
round tho field at dd per yard 

'' Pind how many yards of carpet will ho required for 
rooms of the following dimensions 

102 18 feet by 16 feet , the carpet be.ng 1 yard wide 

103 24 feet by 16 feet 6 inches, the carpet being 
1 yard wide 

104 21 feet by 15 feet , tho carpet being 27 inches" 
wide. 

105 17 feet 3 inches by 9 feet 9 mchoSj the carpet 
being 27 inches wide 

106 28 feet by 23 feet 9 inches, the carpet being 30 
inches wide 

107 27 feet 3 inches by 22 feet 6 mdios , tho carpet 
being 30 inches inda 

Find the expense of carpeting rooms, the dimensions 
and tho cost of the carpet being the following 

108 12 feet 4 inches by 16 feet 3 inches, 1^ 5d per 
square foot 

109 24 foot 8 inches by 16 foot 3 inches , IZs 6d per 
square yard 

110 23 feet 9 inches by 16 foot 3 inches , 2^ 9d per 
square yard* 

Find the expense of carpeting rooms, tho dimensions 
of tho room and the width and tho cost cf the carpet being 
tlio following 

111 34 feet by 18 feet G inches , carpet 2 feet wide at 
4s 6(f per yard 

112 18 feet 9 inches by 17 feet 6 inches , catpet 2 feet 
wide at 4^ 9d per yard 

113 15 feet 9 inches by 12 feet 5 inches, catpet 1 yai*d 
18 inches wide at 6 shillings per 3 ard 

114. 18 feet 6 indies by 12 feet G inches, carpet 27 
inches wide at 3 shillings jicr yard 
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115 15 feet 9 inches by 12 feet 5 inclies, cai-pot 27 

luthes wide at 4 sliillmgs per jard 

^ 116 21 feet 8 inches by 16 feet 6 inches, carpet 27 

inches indo at 3# 4k/ poi yaid 

117 17 feet G inches by 17 feet 6 inches, carpet 
2 feet 4 inches wide nt 3» 9f/ per yard 

118 Supposing the cost of a carpet in a room 25 feet 
long at Gs per square yard to bo £6 5s find tho breadth 
of tho room 

119 Find tho quantity of carpeting ic^uired for tho 
central poition of a room, this portion being 13 feet 6 
inches wide and 18 feet 9 inclios long Find also tho 
expense, tho carpet being 27 inches wide, and 4s Gd per 
yard If between tho edge of tho carpet and tho walls 
thoro IS a distance nil round of 2^ feet, hnd how much of 
tho area of tho floor will remain unWered 

120 Find how many yards of paper will be I'oquircd 
for tho walls of a room which is 23 feet long, 18 foot wide, 
and 12 feet high , tho paper being a yard wide 

121 Find how many yaids of paper will bo required 
for tho walls of a room which is 24 feet lon^, 19 foot 
6 'inches wide, and 14 foot high, tho paper b^g three 
quarters of a yard wide 

122 A room is 34 feet long, 18j^ feet wide, and 12 feet 
high find tho expense of papermg“tho walls at 1ft Gd poi 
square yard. 

123 JFind tho oxpenso of papering a room 6 yards 
1 foot 1 inch long, G yards O'fcct 4 inches broad, 12 feet 
high, with paper a foot wide at 9d per yard 

\ 

124 A room is 24 foot long, 15 feet broad, and 11 foot 
high find tho expense of painting tho walls at 3d pei 
square foot, allomng for a fire placo which is 4 fcot fa 
inches by 3 feet, a door whicli is 7 feet by 4 foot, and two 
irindows each 6 feet 6 inches by 5 foot 
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XII parallelogram: 


143 Wo Lave shown in Art 28 that a parallelogram is 
equivalent to a rectangle having the some base and height 
this IB the reason of the mle novr to be given. ■ . 

144, To find the area qfaparalldogi am 

EuiiE Multiply the haze hy the lietghi and the pro- 
duct will he the at ea 

r 

145 Examples 

(1) The base of a parallolognun is 5 feet^ and its height 
IS 3 feet 


5x3 = 15 Thus the area is 16 square feet. 

(2) The base of a parallelogram is 3 feet 9 inches, and 
its height IS 2 feet 3 inches, 

3 feet 9 mchcs=45 inches, 2 feet 3 inches =27 inches 

45 X 27 = 1215 TIras the area is 12 1 5 square inches. 

Or thus 3 feet 9 inches =3ifeeti 2 feet 3 inchea=2Jfeet 
3| X 2^=^ X 1= Thus the area is square 

feet 

146 If wo know the area of a parallelogram, and also 
one of the two dimensions, the base oi the height, we ciiu 
Imd the other see Art 136 
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147 Vo vnll now solve some exorcises 

(1 ) TJio area of a rliombns is ISO Etyiarc feet, ami each 
side 13 15 feet long * find tlic height 

12. Tims the height is 12 feet 
15 


(2) Two adjacent sides of a panllclogram arc 6 feet 
and 16 feet respectively j the area is two-tlnrds tint of a 
square ivhich has the same perimeter find Uic height of 
the parallelogram 


The penmeter of tho parallclogrini is 16 + 32 feet, tint 
IS 48 ftet, hence tho side of a sqniTO having the same 
perimeter IS 12 feet, and tlicreforo tho area of tho sqinio 
is 144 sqaarc feet Thus tho aica of the paiallelogram n* 

“ of I4-t square feet, that is 96 square feet If ne take 


tho side which is 8 feet long for base, the height is 
— , that is 12 feet If we take the side which is 16 feet 

O 


long for base, tho he ght is — , that is 6 feet 


(3) ISach side of a rhombus is IS feet, and ono of tlio 
diagonals also is 18 feet find tbe area. 

By drawing ibis diagonal tlio rhombus n divided into 
two cqnilntcm triangles , and the height of each tnanglc, 
by Art. 68, is 18 x 866 feet Also this height is equal 
to tho height of the rhombus. Tims the area of tbe"rhom- 
1ms m square feet is IS x IS x SG6 , Uut is about 2S0 6 
square feet. 
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EXAMPLES XII 


EX^UTPLES Xir 

Pind tbo nroas of tlio p^iraPdograius having tbo follow- 
ing bases and boigbts 

1 Base 14 yards, bcJgbt 5 yards 

2 Base 15 yards 2 foot, height 11 yaids 1 foot 

3 Base 16 yards 2 feet 3 inches, height 14 yards 
2 foot 8 inches 

4 Bose 14 chains IG links, height 9 chains 48 links 

Find the heights of the parallelograms baling the fol- 
lowing areas and bases 

5 Area 1126 square feet, base 15 yards. 

6 Area 33 acres, base 242 yards 

7 A\ea 93 square foot 140 square inches, base 5 yards 
1 foot 7 inches 

8 Area IGO square yards 3 square feet 33 square 
inches, base 13 yards 1 foot 9 inches 

9 The base of a parallelogram is 4 feet 6 inches, and 
its height IS 2 feet 8 inches • the side adjacent to the base 
IS 3 feet find the length of the porpendicuhu* on this side 
fiom any point in the opposite side. 

10 The adjacent sides of a parallelogram are 8 feet 
and 16 feet, and its area is half tliat of a square haviug the 
same porimoter find tlio peipondiciilor distance between 
each pair of opposite sides 

11 Each side of a rhombus is 24 feet, and one of the 
diagonals also is 24 feet find the area 

12 Each side of a rhombus is 32 feet, and each of the 
larger angles is equal to twice each of the smaller angles 
find the area. 
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XIII. TRIAXGLE. 


14S Wc Lstc slicwn in Art ^9 that a trian^c is equi- 
valent fo half a recuinglc having the same base and height 
this is the reason of the rnic now to be given 


149 To find the ai ea of a triang^- 

Rtxi:: Half the product of ike hate tido the height 
vrtll he the area 

It IS obviouK that we may multiplv together the base 
and lialf the hciglit, or multip’y together the height and 
!»alf the ba'c, or multiply together the base and the height 
and tahe half the product. 


IsO Examples 

(I) TIic base of a triangle is 3 yards, and its height is 
4 fett 6 inches 

5 Tards=9 feet, 4 feel 6 mdics=4^ feet 


9x4i=9 



SI 

o » 



SI 


SI 

4 




Thus the area is 20i square feet. 


(2) The base of a tnangle is 45 feet and its height is 
35 feet. 

Half of 36 is IS, 45>:lS=iS10 Thus the area is 810 
square feet. 


151. If we know the area of a tnangle, and also one 
of the two dmicnsions, the base or tho height we can find 
the other F or if twice the number expressing tlic area bo 
divided by the number expressing the height, the quotient 
hihe^ecs and if twice the number expressing the area 
be divided by tho number expressmg the oase, t& quotient 
is t/ic height 
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162. The iltree sides qf a inangle being given, to find 
the area < 

Eule From half the mm of (he three 'etdes mhU act 
each eide separately , multiply the half mm and ike three 
remaindo s together the square root qf the product icill 
he the area 

163 E^camplcs 

(1) The sides of a tnanglo are 2 foot 2 inches, 2 feet 
4 inches, and 2 fcot 6 inches respectively 

2 feet 2 inches =26 inches, 2 feet 4 inches~28 inches, 
2 feet 6 inches =30 inches. 

26 +28+30 =r84, J of 84 ^ 42 , 

42-26 = 16, 42-28=H 42-30 = 12 

42x16x14x12=112896 The square root of 112696 
IS 336 Tbns the area is 336 square inches 

(2) Tlio Bides of a tnanglo are 24, 25, and 26 fcot 
rcs^ctirely 

24+26+26=76, J of 76=37 6 

37 5-24=135, 376-25 = 125, 376-26=115 

37 6x135x125x115=727734375 The square root 
of 727734375 cannot bo found exactly, if we proceed to 
three decimal places we obtain 269 766 so that tbo area is 
about 269 766 square feet 

164 Wo wfll now solve some exercises 

(1) Find the area of the gablo end of a house, the 
breadth being 24 fect^ the dis- 
tance of tlio caves from the 
ground 30 feet, and the per- 
pendicular height of tho roof 
10 feet 

Tlio figure 18 composed of a 
rectangle and a tnanglo AB 
or BO IS tho breadth, the 
caves are tho junctions of tho 
walls and the roof, os at and 
C, so that AB or BO is the 
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height of the c«N os from tlio ground The iicrpondicnlar 
height of the roof is the perpendicular from D on EG 
The highest part of tho roof is called tho ndge, so that 
i? IS on tho ridge The tmnglo CDE is called tho gablo 


top 

Here tho area of tho rectangle ABGE is 24 x 30 square 
feet, that 18 720 square feet , and the area of tho tnaiiglo 
ib 24 xB square feet, tint is 120 square feet. Thus tho 
uholo area IS 840 square feet 


(2) The ado of an equilateral tmnglo fs one foot. 
Cud tho area 

Half the sum of tho sidcs=^ , 2_i — 1 


= ^ The number of square feet in tho 

O 

area is therefore equal to tho square root of ~ , that is 

IG 

to - of the square loot of 3 

Wo mar also obtain tins result thus It is shown in 
Art. 65 that the height of the triangle is half of tho squaro 
i^t of 3, and thorefnro by Art 140, the area is ono fourth 
of the square root of 3 Thus the area is approximately 
433 of a squaro foot, or to seven decimal places 4330127, 

(3) Tlio aides of a nght-anglcd tnanglo are 8 feet and 
feet Tcspcctuely . find tho perpendicular from tho right 
mgle on tho livpotcnusc, and tho tuo parts into which it 
divides tho base 

By Art 149 tho area of the tmnglo is GO square feet 
By Art 65 tho length of tho Inqiolenuso is 17 foot 

By Art 151 tlio perpendicular is ^ feet, that is 
7iVfcct 


Art 60, the shorter of tho two parts into 
winch tho pcipendicular divides tho base, in feet, is tho 

square root of 8 x 8— ^ x ^ , that is tho square root of 
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14400 . ,4096 „ . 04 

61— — that 13 the square root of that is 

64 225 

Theroforo the other part, in feet, is 17——, that is — 


(4) HaMng ^ren the sides of a triangle to find the 
diameter of the mrcle descnbed round the triangle. 

The investigation which wo shall now give is valuable 
not only for the result which will bo obtained, but also for 
the illustration which it affords of the method by whicli 
geometneal tiutbs are demonstrated 

Let ABG be tho tnangle, A B 
a diameter of the circle described 
round tho tnangle, AI> tho pei- 
liendicular from A on tho base BC 
Join GE 

By Alt 33, the angle AGE is 
1 right angle , so that this angle is 
equal to the angle ADB 

By ArL 32, tho angle AEG is 
equal to the angle ABD There- 
fore, by Art 23, the angle BAD 
must bo equal to the angle BAG 

Therefore, by Art 34, tho tnanglcs ABD and AEG 
are similar , so that AB is to AD os AE\& to AG^ and 
therefore AB x AG^AD x AE 

fpi,n« ABxAGxSO 

AD lADxBG 

Hence we have the followmg rosnlt the diaTnetei of 
the circle descnbed 9 ound a tnanftle is equal to the pro^ 
duct qf the sides of the triangle divided by tvnee the area 
qf the ti tangle 



Suppose, for example, tliat tho sides of the tnanglo are 
26 mches, 28 inches, and 30 inches respectively 3\ 
Art 163 the area is 336 square inches. Thus the diameter 
ortho circle described round the triangle in inches 


26 X 28 X 30 



2x33b 
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EXAMPLES XHL 

Piud the areas ofilio inanglcs having the following 
dimensions 

3 Base 38 feel, height 8 feet 

2. Base 8 yards 1 foo^ height 6 jardjs 2 feet 

3 Base 10 yards 2 feet 6 inches, height 7 vards 1 foot ’ 
3 inches 

J IF 

- 4. Base 14 chains 16 ImLs, height 12 chams 24 hnks 

Pii}d tlie arc}« of the nght-angled tnangles having the 
lolloiving dunenmons 

6 Hjiiotenusc 421, side 29 

t T ‘ 

6 Hypotennse 730, side 152. - / 


approximately the areas of the ng^it-anglcd tri- 
angles having the following dimensions 

7. Hvpotenuse 10, side 7 v"- - ■ 

S Hypotenuse 13, side 9 


Find the areas of the 
sides 

9 6 , 6 , 6 " 

11 85,86,154. 

13 68,75,77, > 

15. 105, Hg/143 
, 17 43,875,888 
19 533, 875, 8S8 


triangles having the following 

t -I 

10. 65, 65, 112 
12 373, 373, 504. 

14. 20,493,607 
16 111,175,176 
18 319, 444i 466 
20 3501, 3604, 3605 
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EKAMPLISS Xm 


Calculate to three decimal places the areas of the tri- 
angles having the follomng siacs" 


21 

2,3,4 

22 

e, 

7,9 


23 

7, 8, 13 

24 

15, 

1 16, 17 


25 

23,33,40 

2G 

17= 

, 63, 73 


27 

The sides of a tnangle are 

111 

24, and 31 

shew 

that tho area is GGn/'S 





28 

The sides of a tnangle are 

61, 

62, and 63 

show 

tliat tho area is 74Wo 





29 The Bidesof a triangle arc 6S, 75yand77 , astnuglit 
lino IS Anvnx across the triangle parallel to the longest 
side, and dividing each of the other sides into two equal 
parts find the area of the two parts mto whidi the tn- 
angle IS divided. 

30 The sides of a tnangle are 111, 175, and 17G, two 
straight bncs are drawn across the tnangle parallel to the 
longest side, and dividing each of the oUier sides lUto 
three cqoal parts find do areas of the three parts into 
which the tn^glo is divided. 

31 The Bides o! a tnangle ore 13, 14, and 15 fect 
find the perpendicular from the opposite angle on tho side 
of 14 feetw 

32 The sides of a tnangle are 51, 52, and 53 foot 
find tho perpendicular from tho opposite angle on dc side 
of 52 fec^ and find the area of the two friangles into which 
the original tnangle is thus divided. 

33 Tlic sido of a square is 100 feet, a point is tahcii 
inside the square whicli is distant 60 feet and 80 feet rc- 
spcctivelj from the two ends of a side find tho areas of 
the four triangles formed by joining the point to the four 
comers of tho square. 

34 is a tnangle, and AD is tho perpendicnJar 
from A on BC If AD^IS feet, and tho lon^hs of tlie 
perpendiculars from D on AJ3 and AC be 6 feet and 
104 feet rc^ctiTcly, find (besides and tho area of tho 
tnangle. 
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35 Tho bnso of n tnnogwlnr field is 116C links, and 
tlio height 18 733 links, tho field is let for £2^ a year' 
find at vrhat price per aero tho field is let 

36 Tho sides of a triangular field arc 330, 440, and 
750 yards, tho field is let for £26 6^ a ycir find at what 
phc*e per aero tho field is let 

37 Find to the nearest smiaro inch the area of a tri> 
angle whose sides aro*6, 6, and 7 feet 

3S A field IS in tho form of a right-angled triangle, 
the two sides which contain the right angle Iiciiig 100 yards 
and 200 yards find its area. If tho tn uiglc bo divided 
into two parts by a straight lino drawn from the right 
angle perpendicular to the opposite side, find tho area of 
each part, 

3D Tho sides of a triangle are in tho proportion of the 
numbers 5, 12, and 13, and tho penmctei is SO yards, 
find the area 

40. Tho Bides of a triangle are in tlio proportion of 
tho numbers 13, 14, 15, and tbo penmotor is 70 yards. 
Jind tho area. 

41 Find tho cost of painting tho gablo end of a hon«o 
atl# Dif per square jard; tho breadth being 27 feet, tho 
distance of tbo caves from the ground 33 feet, and tlio 
peipendicnlar height of tho roof 12 feet. 

Find llic diameters of the circles described round tho 
tnauglcshaving tho following sides 

42 293, 285, 68 

43 136, 125, 99. 

44 12 J, 122, 49 

45 267, 244, 161 
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qjJADRiLATETlALS 


XIV QUADRILATERALS. 


106 A quadnlatonl can bo divided into two tnangles 
by drawing a diagonal, then the area of each tnanglo <»n 
be fotin4 and tho sum of the areas of the triangles will bo 
the area of tho quadrilatoraL 


106 Examples 

(1) The diagonal 
AG of a quadnlato- 
ral ABOD is 12 
feet, the perpendi 
culnr BE is 3 feet, 
and tho perpendicu- 
lar BE IS 4 feet 



Tho area of tho triangle AOB=-^nl2 x 3=18 , 


ilio am of tho tnanglo 12x 4=24 , 


18+24=42 

Thus tho area of the quadrilateral is 42 square foot 


(2) A diagonal of a quadrilateral is 88 yards, and tho 
perpendiculars on it from tho opposite angles are 30 yan s 
and 26 yards respectively 

iy88x30 = 1320, 5x88x25 = 1100 

1320+1100=^2420 Tlius tho area of tho quadniatcral 
is 2420 square ^ards, that is half an acre. 



Qt/ADRILATriiALS SI 

137 It 13 obvions tl>at in Kx'iWfilcs like tlio'o of tho 
Urcccdmg’ Art.c!o, in'?tcnd of cnlcnlfthnp goparatch the 
iiroas of llie ttvo li^'iiiglcs "no imj Cud Iko area of tlio 
qoadnhtcnil by ii'an^- tbo follnmiig nilo inalltphf thr^ 
^um {jfthf 1 crpitidicuhitt t/te dtapcnal, and tal <, half 
the pt oducf 

Tims in (lie fir«t example of Art, 1 "IG tlio •mm of (be 
pc'xcndicul ■}> IS 7 feel, mid tliiTcforc llic hi fqnaro 

rccl»^xl2x7-42, m the 'ccend ex iniplo (lie siJn of 

(ho pcrpeudicuhrs is HS yanlg, and llicrcforo the area in 

gijnarc yards=i x SS x (;"» = 2420 

I In the iwrlicular ca^o in 
wl'icli the diagonals of a qiudu- 
htcnl inten>ect at right .nigl'’? 

Uio rule ja'st given amouats to 
tlus ta/e half thv pn^fucl *f the 
ttc'* din'fwnlf 

IJ> the md of a figttre the Iriiih 
of this mlo becomes self ci idcid 
Let AJiCD be a qaadnlatenl 
such that its diamni lU A (J at d 
/?Z> Hjtertccl at right ingl<5>, let 
Ti be tho point of intersection 
Throngh A and <7 dnir slraight 
lines parallel to J5Z) , Ihroagb 
Zf and D draw gtnnght ltne<! inndlcl to A C Thus a rect- 
angle KLifX iH formed Aon it la cmij to nee that, tho 
triangle AEB is equal to tho tnanglo JJA'A, tho tn- 
nnclo” JJEO is cq lal to the tn initlo CLJi, tho triangle 
CED ist equal to tlic triangle /l and tlio tn inglo 
J)LA IS equal to tho tnanglo A^I> Thus tho quidn- 
latcrd ABCD Is Italfor tho rectangle ITLMN , und tliero- 
foro the area of the quauril itcral is equal to half the pro- 
duct of ^ C ami BD 

I'iS Tlic diagonals of a rh'itnhts intersect at nglit 
angles , and therefore the nilc of tho preceding Artido 
may always bo applied to a rhomhuf 

T >f 
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82 QUADRILATERALS 


160 It IS usual to give a special rule for finding tUo 
area of a U a 2 ie.>.oid 



Lot ADGD bo a qundnlutoral living Uio sides Ali 
and CD pamllol 3?rom G draw CE pcrpoiidicnlar to AB , 
and from A draw ^jp’porpondicular to CD Then 

tho area of tlio triangle ABO AB'< CE, 

tho area of tho triangle ADG =| CD x AF 

Now wo may admit that AF^CF , and thcroforo tlio 
area of tho quadnlatcml is equal to tlio product of G€ 
into half tho sum of AB and CD Thus wo obtain tho 
Itulo which >\ill now bo gi\cn 

161 To find tho area qf a trapezoid 

RuiiU Multiply the sum of the two parallel sides hy 
the perjTcndtcular distance betioeen them, and half tho 
product mil be tho area 


16SL Examples 


(1) Tho two pamllol sides of a trapezoid are 2 feet 
6 m lies, and 3 foot 4 inches respoctirelj^ and the norpui- 
dicular distance between them is 1 foot S nuhts 


2 feet 6 inches foot, 3 foot 4 inches = J feet 
1 foot 8 inchC8=l§ feet, 2i + 3^-5^, 


^ ^ — iiOt 


Thus the area of the trapezoid is 4^} squire feet 
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(2; The Ino pinUc] sidca of ft tmpc^oid nro 4 12 feet 
and 5 4S feet tcsiiectuely , and the pc^cudiciUor dii>tauco 
bclnccn then) 2 IS feet 

432+543=-9c!, ^ of98-43, 
21Sx4‘)==10CS2 

Uni'S lUe area of tho trapezoid is 10 682 eqaoro feet 

1C3 Vc In VC established tho rule for fitidingr tho area 
of n tnpeznld lu a %cry fciroplo manner in Art ICO, there 
H also another process i\hich no mil giic ns it is inlercst- 
ing and instruclu e. 

Let ARC!) bo a quadrilalcnl b ivin^ tbo sides AJi and 
CD parallel Thronijh G tho mnltllc j»oint of BO dran 
iho straight Jmo //(?A'’mi-illol to AD, inccling thoprral- 
Kl sides of the tnipczoiu at // and 1C i-cspecthclj' 



Then tlio tnanglcs BGJT and CGK are equal, and 
urns the trapezoid ABGD\^ equivalent to tho parallelo- 
gram AIJKD And since JW Is equal to CK, it follon s 
lint All is equal to half tho sum ol AB and CD a'hm 
the trapezoid is equivalent to ft parallelogram luving iu 
base equal to half tho sum of the naraircl sides of thu 
trapezoid, and its height equal to tfio pcrpciidicuiar dis- 
tant between those sides, lienee wo have tlio rulo ftnen 
in Art 161 * 

G draw a straight hno parallel to AB inoot- 
middlo point of AD, and 
so that half tho sum of tho parallel sides is 
equal to the straight lino which joins tlio middle iioints of 
the other s'dcs 


6—2 



84 


Q UADBILATERALS 


161, Wo will now solve some exercises 

7 


(1) ABCD IS a quadrilateral ^ 
,45=3 feet^ feet, 

(75=6 feet, 54=7 feet, 
and the ande ABG is a right 
an^o find uie area of the quad- 
nIateraL 

By Art 65 we Lave AO equal 
to ilie square root of 9 + 16, that 
IS ,to the square root of 25 so 
that 45=5 



The area of the triangle ABO =^ x i x 3 =6 

A 

The area of the tnai glo ACD can now he fonnd by 
Art 152 

5 + 6 + 7 = 18, I of 18 = 9, 9-5=4, 9-6 = 3, 9-7=2, 


9 x4x3x2=216 


Tke eqoare twt cf 22€ be fewd eseeSfy if to 

proceed to three decimal places wo obtain 14 697 Tima 
ilie area of tlio quadniateral is about 20 697 square feet 

(2^ The diagonals of a rhombus arc 80 and 60 feet re- 
spectively find the area , find also the length of a side, 
and the height of the rhombus 

“ x80 X 60=2400 Thus the area is 2400 square feet 


The diagonals of a rhombus intersect at the middlo 
point of each, thus to find the side of the rhombus wo 
must determine the hypotenuse of a nght-angled tnanglo 
the Bides of which nro 40 and 30 feet reflectively By 
Art 65 the hypotennso is the square root of^OO, so that 
the Side of the rhombus is 50 feet 

=48 Thus the height of the rhombus is 48 feet 
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EXAMPLES XIY 

Find tlio areas of tlio quadniatcrals ba\nig tlio follow- 
ing dimensions . 

1. Diagonal 60 OS feet , pcrpcndioulaj^ id 12 and 8 4 

feet 

2 Diagonal 64 foot; pcipondiculars 23 foot 9 inches 
and 18 feet 3 inches 

3 Diagonal 10 chains l4hnh8,pcniondiculars 6 chains 
27 links and 8 chains C hnks 

4 Diagonal 3 chain-i 27 links j perpcndicnlars 2 chains 
16 hnhs and 1 chain 76 links 

6 Diagonal IS yards 2 foot, sum of tlio jlerpoadicu- 
lars 16 yards 1 foot 

6 The area of a qnadnlatoral is 37 acres 1 rood 
16 poles, one diagonal is 26 chums find the sum of the 

S cndiculars on this diagonal from tho two opposite 

53 . 

.1 ’ 

Find the ai-cas of tho trapezoids nliich haro the follow- 
ing dimensions 1 ' > 

7 Parallel sides 3 foot and 6 feet, perpendicular dis- 
ianco 10 feet 

8 Parallel sides 10 feet and 12 feet, perpendicular 
distance 4 feet 

9 Parallel sides 14 yards and 20 yards , perpendicular 
distance 12 yards 

1 ’ ‘ 

10 , Sum of tho parallel sides 626 hnks, pcrpcndiculai 
distance 160 links. . 

11 Bum of Iho parallel sides 1 225 links, pcrpendicuhlr 
distance 240 links 

12 Parallel sides 750 linl.s and 1225 hnks, perpendi- 
cular distance 1640 links. 
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EXAMPLES XIF 

13 Tlie area of a tnpcroid is acics, Uie sum of 
tlio two paralld sides is 242 yards find the perpendicular 
diistauco between them 

14 The area of a trapezoid is 8 acres 2 roods 17 poles, 
the sum of the parallel siacs is 297 yards find the poiTpcn- 
d cular distance between them 

15 In Example 7 a stiaight lino is drawn across the 
figure parallel to the parallel sides and midway betwetn 
them find the area of the two parts into which the trape- 
zoid 18 diTidc^ 

16 In Example 9 two straight lines are drawn across 
the figure pardlel to the parallel sides and dinding eacli 
of tlio other sides into three equal parts find the ureas of 
the three parts into winch tlio trapezoid is divided 

17 The diagonals of a quadnlateral ore 26 feet and 
24 feet respectncl^, and they are at right angles find the 
area 

18 The diagonals of a rhombus are 88 yards and 110 
yards respectivcTy find the area, 

19 The diagonals of a rhombus are 64 yards and 
36 yards respectively find its area and the cost of turfing 
It at 4 pence per square yar(L 

20 The area of a rhombus is 62204 square foot, and 
one diagonal is 248 feet find the other 

21 ABOD IS a quadrilateral, ^^=28 feet, 

fec*^, C'2)=61 feet, I>A^62 feet, the diagonal ^4(7=61 
feet find the area. 

22 A BCD 18 a quadnlateral, AB r=:4S chain<«, 
BC=^20 chains, the diagonal AO=62 chains, and the per- 
pendicular from jD on AO=30 chams find the area. 

23 The Bides of a quadrOatoral taken in order arc 
27, 36, 30, and 26 feet respectively, and the angle con- 
tuinod by the first two sides is a nght angle find the 
urea. 

£4 The sides of a quadnlateral taken in order nro 
6, 6, 4, and 3 feet rcepcctivcly , and tlie angle contained by 
tlic first two sides is CO® find the area. 
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jsxAirpirs xir 

23 A railvift-s ])htfoim has two of its opposite suics 
pariJlcl aiul its other two sid&s equal ^ tlio pamlltl tides 
,iie 80 foot and 02 feet rospoctnofy, tho equal sides 01*0 
10 feet each * And the area 

2G ADCD is a qxndnhtcral , AB = 843 feet, 
BC^Q\2 feef^ C!Z):=S10 feet, AB is parallel to CZ>, and 
tho angle at ^ IS a nght angle find the area 

27. ABCD 18 a qmdnlalcnl , tlio sides AB and J)G 
are parallel yli?=lC3 feet, 6'i>= 123 feet, the perpen- 
dicnlar distance of AB and DO is 100 feoL Z? is a point 
in AB sneh that AV is equal to half tho difference of 
AB and CD find the aiea Of the tiiauglo DBG, and of the 
qiiadniatcrd ALCD 

23 Tho diagonals of n. rliomhns arc 88 and 234 feet 
respcctiTcli ' find tho area , find also Hio length of a side, 
ana tho height of the rhombus 

29 ^ The area of a rhombus is 334144 sqnaro feet, and 
one diagonal is 672 feet find tho otlici dinironal , find also 
the Icn^h of a side, and the height of tho mombos, 

30, Two adjacent sides of a quadrilitcml arc 228 foet 
and 704 feet rcspcctiveh, and the angle contained bj them 
IS 90" , tlio other two sides of tho quadrilateral are cqmil, 
and the angle contained by them is CO® shew that the 
‘ area of the quadrilateral in square feet is 

80256+186900^3 
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EXAMPLES XIV 


13 Tlio area of a tnpczoid is acres , the sum of 
tlio two parallel sides is 242 yards find the perpondiculnf 
distanco between them 

14 Tho area of a trapezoid is 8 acres 2 roods 17 poles, 
the sum of tho parallel sides is 297 yards find tho porpeu- 
d.cular distance between them 

15 In Example 7 a straight line is drawn across tho 
figure parallel to the parallel sides and midway between 
them find the area of the two j^rts into which tho trape 
zoxd is divided* 


36 In Example 9 two straight lines arc drawn across 
tho figure parallel to the parallel sides and dividing cacli 
of Uio other sides into three equal parts find tho areas of 
tho three parts into which tlio trapezoid is dnided* 

17 TJie diagonals of a quadnhtcral are 26 feet and 
24 feet respectively, and they ai-e at right angles find tho 
area* 

18 Tho diagonals of a rhombus are 88 yards and 110 
yards respcctivcTy find tho area* 

19 Tho diagonals of a rhombus aro 64 yards and 
no yards respectively find its area and the cost of ttnfing 
It at 4 pence per square yard. 

20 The area of a rhombus is 52204 square foot and 
ODO diagonal is 248 feet find tho other 

21 ABCD IS a quadrilateral, ^5=28 feet, 
fee^, CZ>=61 feet, 2)^=62 feet, tho diagonal 
feet find the area. 

22 ABCD IS a quadrilateral, AB^4S chains 
/?C'=20 chums, tho diagonal AG=62 chains, and tho per- 
pondicular from D on AC^20 chains find tho area. 

23 Tho Bides of a quadnlatcnl taken in order aro 
27, 36, 30, and 25 feet respectively , and tho angle coii- 
ittined by tho first two sides is a nght angle find the 
area. 


24 Tlie sides of a quadrilateral taken in order aro 
*>, 5, 4, and 3 feet respcctivcl\ , and the angle contained by 
the first two sides is tO^ find the area- 
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25 A nilvrav platfofm Im two of its opposite sides 
Xnrillel and its other two sides equal, the parallel sides 
are 80 feet and 92 feet rospectiiely , the equal sides aie 
10 feet each . find this area. 

26 ABGD IS a quadrilateral , AB = 845 feet, 
i?t7=613 feet, C'Z>=810 feet, ABib parallel to CZ>, and 
the angle at .d is a nght angle find tlio area. 

27 ABCD is a qiiadnlatcrol , the sides AB and JDO 
are porallcL .4^=165 feet, GD=V2Z feet, the perpen- 
dicular distance of AB and jDG is 100 feet is a point 
in AB such that AE is equal to half the dificrence of 
AB and GD find the aiea of the triangle JCBG, and of the 
quadnlaterd AEGD 

23 The diagonals of a ihomhus are 88 and 234 feet 
rcspectiiob find the area, find also the length of a side, 
and the height of the rhombus 

29 The area of a rhombus is 354144 square feet and 
one diagonal is 672 feet find the other diagonal , find also 
the length of a side, and the height of the raombus. 

30 Two adjacent sides of a quadrilateral are 228 feet 
and 704 feet respectively, and the angle contained by them 
is 90® , the other two sides of tlio quadrilateral are equal, 
and the angle contained by them is 60® shew that the 
area of the quadrilateral in square feet is 

80256 + 136900^3 
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166 To find tho'area qfi any t ectthnedl figure 
RcijB Ewida tJie figui e tnto contement parts, find 
tJiB mea evorif and Uie sum mil ho tl^ d}ea qf 
ihejigtne ^ ^ . 

la ffenoral the parts into winch tho rectilineal figTiro 
can 1)0 most convomontly dmdod will all ho timglea but 
in somo cases wo may have a 8<iuaro, a parallelogram^ or a 
trapezoid, as ono of tlio paits 

166 JSxamplos 
(1) ABGDE\% a five sided 
figure i?i?' and are pei- 
pendiciilarS on AO^ and BL 
18 a perpendicular on AB 
Tho following lougtlis aio m 
foot 

^< 7 = 104 , 

J)K^Q6, 

jEZr~3 2 

TIio area of tlie trianglo A BG^ 1x10 4x48=2496 , 
the area of tho trianglo AGD^\ x 10 4 x 6 5=^33 8; 
the area of tho twanglo AED^\ x87>f32=13 92 
Tims tho area of tho rectilineal figure in square feet 
5:^24 Oe + SSS-flS 92=72 68 



( 2 ) 


ABCBBF 13 a six-sided figmo BK^ CL^ Bif^ 
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FN nrc perpendiculars aa AD The follo\nng lengths 
arc in feet 

BK=Z, CL=A, EM^il, riV=5l, 
also 1, AN-% 3, jrilf=5 3 

It follows from these lengths that AD— VS 7, and that 
Ajlf=^S6, hence J/2)=10 7— S 6=2 1 

The area of the triangle =-^x34x3=:5 1, 

the area of the trapezoid i?ir2iC7 =|x7x32=lJ'2, 
the area of the tnangle DLC =4 x 4 1 x 4= 8*2, 
the area of the tnangle ANF ='i x33x51=8 415, 

the area of the trapezoid =^x9 8 x 5'3=25'97, 

the area of the tnangle EMD =4x21x47 =4'935 

Thus the area of the rectilineal figure in square feet 
= 5 1 + 11 2 -i- 8 2 +8 415 +25 97 + 4-935 = 63-82 

167 Wc will now solve some exercises 

(1) The side of a regular hexagon is one foot find the 
area. 

By the aid of the figure in Art 99, we see tliat a regu- 
lar hexagon can be divided into six equilateral tnangles 
this can 1)0 done bv drawing straight lines from O to ja, B, 
G, D, E, and F Ifow, bv Art 154, the area of each equi- 
lateral tnangle in square feet is f of the square root of 3 , 
therefore the area of the hexa^n in square feet is { of the 
square root of 3, that is, 2 of lue square root of 3 

(2) A rcOTlar polygon of twelve sides is inscnbed in a 
circle of which the radius is one foot find the area of the 
polygon 

In Ajt 99 it is shewn tint Alii/ is the side of a regular 
polygon of twelve sides inscribed in the circle, so that the 
area of the polygon is twelve times the area of the tnangle 
0AM The area of the triangle Oriilf=4xOA/xAi, 
now OM=l foot, AL-=i of AI a foot. "Thns the area 

of the tnangle OAM=' of a square foot Therefore tho 
12 

area of the pol\gon = — square feet =3 square feet 
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1 A BCDE 18 a five sided figure , the following lengths 
are in feet ^4(7=16, -427=12, the perpendiculars from 
E and D on AO nro 8 4 and 4 6 rcspcctircly, and tbo per- 
Xien^cular from B on AD is 5 feet find tlio area. 

2 ABODE IS a fire-sided figure, BX^ OL^ EM are 
perpendiculars on AD , the following’ lengths are in feet 
yli> = 153, ^57^=76, CL = fi5, 2;2U'=43, AK^2T^ 
DL—Z 9 find the area. 

3 ABODEF 13 a siT-snled figure, -OAT, CL, Eify 
FN nro perpendiculars on AD ^ tho following lengths aro 
in feet .4l> = 184, 7?-^= 6, CL^ly 7737= 6, 7W=4, 
AX=^41y -4jV= 41, 7>L=6 3, 7)37=4 9 find tho area. 

4 ABODEF 18 a figure having six casual sides , 
ylj5=57’8 feet, 7?7^=644 feet, and tho portion BOEF 
forms a rectangle find tlio area. 

6 ABODE IS a fivo-sidcd figure, having the angle at 
E a nght angle, the following lengths arc in feet 
AB- 14, BO^ny CZ> = 10, 7)L=12, jE4 = C, AO^Vl 
hind tho area. 

6 Find tho area of a regular hexagon each side of 
which 18 20 feet 

7 Find the area of a regular liexogon which is in- 
scribed in a circle, the dianiotcr of which is 100 feet 

8 Tho longtii of tho side of a field, which is in tho 
form of a regular hexagon, is 10 chains find tho area. 

0 Tho radius of a circle is one foot find tho area of a 
regular polygon of eight sides luscnbcd in tho ciidc 

10 Find the area of a regular polygon of 24 sides in- 
scribed m a circle, the radius of which is one foot 
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XVI CIRCLE 

168 To find the ateaofa cu do 

22 

RuIiE Multiply the square qf the i adius "by — , off, 

if gi eater accinacy is requited, multiply the sqitaie of 
the 7 adius by 3 1416. 

169 Examples 

(1) TIio radius of a circle is 6 feet 

22 550 

The square of 6 is Si, aud 25 x-^ Thus 

the area of the circle is about 78f square feet 

(2) The radius of a circle is 3 miles 

The square of 3 is 9, and 9x3 1416=282744 Thus 
the area of the circle is about 28 2744 square miles 

170 Both the rules m Art 168 make the area of the 
cirde a little greater than it ought to be , but the second 
rule 13 sufficiently accurate for most practical purposes If 
a more accurate result is required we must mke os many 
decimal places of the number 3 1415926 as may be ne- 
cessary 

171 The aiea of a circle "being given, to find the 
radius 

22 

EiTLa Divide the area by and cxti act the square 

7 onl of the quotient; or, if greater acciaacy ts requited, 
divide the aicaby Z 1416, and cxti act the square i oot cf 
the quotient 
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172. Examples 

(1) The area of a circle is 100 square feet. 

100-“=100x^ = ^= 318181 , the square root 
7 22 22 

of this IS 5 64 Tims the radius of the circlo is 6 64 feet 

(2) The area of a circle is an acre 

An acre is 4840 square jards ^ dividing 4840 by 3 1416 
wo Imo the quotient 15401)1 , the square root of this is 
39*25 • Thus the radiuS of the circle is about 39 25 yards 

173 To find the area qf a cu cidar ring^ that is cf 
the space between the cu eumfei ences of two concenti^ 
circles 

Eulu. Find the a)ea qf each cii de, and siAtract the 
area qf the inner cirdefi om the area of the outer circle 

Or, iluliiply the sum of the radii by their difference 
22 

and the product by or if gi cater accur acy u 7 equir ed 

byZ\m 

Thus the area is half the product of the sum of the 
circumferences into the difference of the radu , or half the 
product of the difference of the circumferences into the 
sum of the radii 

174. Examples 

(1) The radu of the two circles arc 10 feet and 12 feet 
rcspcctiYoly 

The area of the inner circle in square feet 
= 10x10x31416=^31416, 
the area of the outer circle in square feet 

=12 X 12 X 3 1416=452 3904^ 

452 3904-31416=138-2304 
Tims the area of the nng is 138*2304 square feet. 
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Or thus, 12+10=22, 12-10=2, 
22x2x31410=138 2304 

(2) The radu of the two circles are 3 yards flud 5 ftct 
respectirely 

3 yards=9 feet, 9+5=14, 9—5=4, 
14x4x31410=1759296 

Thus the area of the nng is 175 9296 square feet. 

175 If one circle fall entirely mthm the other, it is 
obvious that the rule of Art 173 will give the area of the 
space between the circumferences of the two circles, even 
nhen the circles arc not concentnc 

176, Tlio rule given in Art 168 for finding the area of 
a circle is that to which the beginner’s attention slionlil 
bo chiefly, if not entirely directed Other rules may bo 
given, which arc of course equivalent to that they are of 
^malI practii-al importance, but tlu'ce such rules will bo 
jj'aced here for use if required, 

Mulli2}hj iheiadius by the cn cumjbrnce, and tale 
half the product 

Multiply the squai e of the diametei by 7S54 

Eieide the square of the cn aimfe) enco by 4^2 1416, 
or multiply the square of the circumfei ence ly 07958 

177 Tlie first of the three Buies given in the preced- 
ing Article 13 of interest in connexion with the theory of 
our subject. The Buie amounts to the statement that the 
area of a circle is equal to the area of a triangle nhich has 
the circumference of the circle for its base, and the radius 
of the circle for its height A strict demonstration of thw 
statement would bo unsuitable for beginners , but it is 
easy to give a nrtion of the grounds on which the state- 
ment rests 

Siqiposo wo inscribe in a circle a regular polygon with 
a huge number of sides Tlicn the three following facts 
are sufficiently obnous the area of this polygon will not 
differ much from the area of the circle , the penmeter of 
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the ijolygon >nll not differ mncli from tho circuniferouco of 
the circle, ind tho perpendicular drawn from tho coutro 
of the circle on a sido of tho polygon mil not differ much 
from tho radius of tho ciiclo By joining tho angular 
X>oints of tho polygon with tho coiitro of tho circle, tho 
Xiolygou IS dimccl into a set of equal triangles , and thu 
sot of triangles is cquivalont to a single timnglo having tliu 
perimotor of tho polygon for its base, and tho perpendi- 
cular from tlio contro of tho circlo on a side of tho poljgoii 
for its height Hcnco tho truth of tho statement bcconus 
apparent 

As an illustration of tho three facts which wo have 
noticed uith respect to a regular polygon of a laigo num- 
ber of sides inscribed in a cirefo, wo may refer to tho 
lesults which havo been obtained for a regular poly^n of 
Ucclm sides see Arts 99 and 1G7 Suppose tho r^ius of 
tho circlo to bo one foot thou tho perpendicular from tho 
contro of tho circle on a sido of tho polygon is about 806 
of afoot, theponmctci of tho ]Xtl>gou is 12 x 517C4 feet, 
that is^ G2117 met Tory near!}, nhilo tho penmotor of tho 
circlo IS G 2832 feet , tho area of tho polygon is 3 square 
foot, while tho area of the circle is 3 141G squaro feet 

Again, from Example 10 of Chapter xv it appears that 
tho area of a regular polygon of ttccnly-foui sides m- 
Bcnbcd in a circlo of one foot radius is 3 1058 squaro feet 

From these results uo may readily allow that by taking 
a regular polvgon of a very largo number of sides, tho 
(iiffcronccs between tho quantities which ore compared 
will become almost miporceptiblo 

1 78 'Wo will now soIto some exorcises 

(1) The diameter of a circular courtyard is 60 foot, 
a gnivel walk a yard mdo runs round it on tho inside 
find tho area of the walk 

Tho outer boundary of tho walk is tho circumforenco 
of a circle of 40 feet radius , the inner boundary is tlu 
circumforenco of a circlo of 37 feet radius lienee by 
Art 173 tho aica of tho gravel walk m squaio foot 

= 77 5<3x 31116=: 725 7096 
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(2) Tlie radius of a circle js 15 inches find tho radius 
of a cuclotho area of ^\inch is three quarters of the area 
of this circle. 

By the rule for findin" tho area of a circle vvo see tint 
tho areas of two circ’ts are m tho saiiio proportion as tho 
squares of their radii Hence u o Jla^ o the proportion 


1 


•i 

i 


the square of 15 tho square of the required radius 


Ihcreforc tho square of the required radius 

= 7x15^15 = 16876 
4 


lienee tho required radius is the squaio r. ot of this nnni- 
hor, proceeding to two dccinnl places wo obtain 1205 
Thus iho required radius is very nc \rly 13 inches 

(3) The radius of a circlo IS 20 inches itisrcquiicd 
to draw three concentric circles in such a niauncr that tho 
whole area may be dnulcd into four equal paits. 

This amounts to three cvcrcises like that^just solved 
The area of tho inner circle is to be a quarter of tliat of 
tho gi\cn circle. lienee, procecdnig as before, wo shall 
find that tho radius of tho iLuei cfrclo is equal to thu 
square root of 100 

The aiea between the inner circle and tho second circle 
IS also to bo a quarter of tliat of tho given circle Thorc- 
foro tho whole area of tho second circle is to bo half flint 
of the given circle Hence, proceeding as before, wo shall 
find that the I'wlins of tlio second circle is cqud to tlio 
iquaro root of 200 

Similail}, we shall find that the radius of tho third eli- 
cit IS equal to the square root of 300 

Thiw tho radii of tho threo circles in inches will bo 
found to be rcspictncly 10, 14 14, and 17 32, bj proceed- 
ing to two dccitual places. 
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Assuming tliat tlio circumfcrcnco of a circle is 3^ times 
the diameter, find in square feet the areas of the circles 
with the following radii 

1 21 feet 2 IG yards 2 feefc 

3 Ono furlong 

Assuming that tlic circumforcnco of a circle is 3 1416 
times the diameter, find m square feet the areas of the 
circles ^^ch the follow ng radu 

4 25 feet 5 992 feet 

6 A quarter of a mile. 

Assuming tint tho circumfcronco of a circle is 3^ tunes 
the diameter, find m feet tho ndii of tho circles inth tho 
following areas 

7 100 square feet 8 Ono rood 

9 5 acres 3 roods 8 jiolcs 

Assuming that tho circumference of n circlo is 3 1416 
times tho diameter, find m feet the radii of tho circles ^vlth 
tho following areas 

10 600 square feet 

JI 6 acres 2 roods 11 poles. 12 A square mile 

[In all future Examples unless anything is stated to tho 
contmy, wo shall ns^me that tho circumfcrcnco of a circle 
IS 3 1416 times the diameter] 

13 Tho radius of tho inner circle of a nhg is 14 feet, 
and the ndioa of tho outer circle is 16 feet find tlie urea. 

14 Tho radius of tlie inner circle of a nng is 14 yards 
2 feet, and the radius of tho outer circle is 18 yai^ 2 feet 
find tlie area. 
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15 A. circle of ndjus 10 16 feet fulls cntirclj within 
nnoLlior cirde of radius 13 35 feet find the area between 
tho circles 

1C Tho radius of tho inner boundnrv of a nng is 14- 
indies, tho area of tho nng is 100 sqnaro inches find tho 
radius of tho outer boundary 

17 Tho radius of tho outer boundary of a ring is 18 
feet, tho area of tho nng is 300 square feet find tho 
ra^us of tho inner bound^ 

18. Tho area of n ijunrtor of a circle is 7 square yards 
find tho radios of tho cirdc, 

19 Tho circumfcrcnco of a cirdo is 700 foot find tho 
area. 

20 Tho drcnmfcronco of a cirdo is half a niilo. find 
tho area, 

21 Tho area of a cirdo is half an aero find tho cir- 
cuinfercnco 

* 22 Tlio area of a circle is equal to that of n rectanglo 
winch IS 400 feet by 25G find tho circumfcrcnco of tlio 
circla 

23 Tlio ndius of a circle is 8 feet ‘ find the ladius of 
another circle of half tho 01 x 0 . 

24 TIio ndms of a cirdo is 18 indies find tho ladius 
of another circle of one-fifth tho area. 

25 A Cirdo of 10 inches ndiiis is dinded into three 
parts by two concentric circles find the ndii of those cir- 
cles, so tint tho three parts niaj bo of cqutU area, 

2C A room 25 feet 3 inches Ions', and 14 feet 6 inches 
wide, has a semicircular bow 21 feet in diameter thrown 
out on one side find tho area of tho whole room 

27 If a pressure of 16 lbs. on over} square inch be 
applied to a circular pinto 3 feet in diameter, find tho total 
pressure to tho nearest hundredweight 

28. Find tho ovpohso of paving a circular court 40 
feet in diameter at 2s 3d per square foot 
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29 ^0 inner dmmetor of a circular liunding is 68 feet 

10 inches^ and the tbickness of tho wall is 22 indics: find 
bow many square feet of ground the base of tbe wall 
occupies. ^ ^ ^ 

30 In a circular nding'-scbool of 100 feet in diameter 

a circular rid^ witbin the outer edge, is to be made of a 
uniform width of lo feet find tho cost of domg this at id 
per square foot i 

31 A circular grass-plot whose diameter js 40 yards 

contains a gravel walk, one yard wide, running round it 
one yard from the edge find what it mil cost to turf the 
grass-plot at 4d per square yard. , 

32. A road runs round a circular shrubbery , tho outer 
circumference is 500 feet and the inner circomferonco is 
420 feet find tho area of the road 

33 Fmd the sid6 of a square which is equivalent in 

area to a circle of 80 feet radius. ^ 

34 Pind file radius of a circle which is eqmvolent in 

area to a square the side of which is 60 feet. , 

35 The side of a square is 16 feet, a circle irf lu- 
senbod In the square so as to touch all its sides find tho 
urea between the circle and the square 

36 Tlio side of a square is 18 feet, n cirdo" is do* 
scribed round tho squaro find tho area between thojcirclo 
and tho square 

j ^ 

'37 Tho Bides of a right-angled tnanglo are 27 feet 
and 43 feet respectivoly find tho area of tho circle do- 
senbed on the hypotenuse us diameter * 

38 Tho area of a semicircle is 645 squaro feet find 
tho length of the perimeter of the semicircle. 

39 The radius of a circle is 1 foot, an equilateral tn-* 
angle is inscribed in the circle find tho area between Ihe 
circle and tho triangle. (See Art 99 ) 

40 Tho sides of a nght-angled triangle are 370 feet 
168 feet respectively find the area of tlio circle which 

has tho Iivpotenuso of tins tniuiglo for diamotor 
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, -> 41 A rectangle is 8 feet long and *l feet broad find 
the area of the circlo whicli has tho same ponmetor. 

t j 

42 Tho sid6s of a tnangle are 13, 14, and 16 feet 
find the area of tho circle whidi has the some perimeter 

If a ciiclo has the same ponmeter as a rectangle the 
circle has the greater area, verify this statement in the 
follotnng coses 

43 Rectangle 18 feet by 10 
► *44 Rectangld 27 feet by 13. 

If a circlo has tho same perimeter as a tnangle the 
ciicle has tho greater area, verify this statement in tho 
folloinng cases 

45 Sides of a tnangle 9, 10, 17 feet. 

46 Sides of a tnangle 11, 16, 19 feet. , 

If a circle has the same area ns n rectangle, the circle 
has tho less penmotcr, venfy this statement in the follow- 
ing cases 

'47 Rectangle 16 feet by 12 
^ 48 Rectangle 24 feet by 21 

If a circle has the same area os a tnangle tho cuclo 
has the less ponmeter , venfy this statement in tho follow- 
ing cases , 

’ 49. Sides of a tnangle 6, 6, 7 feet. 

60 Sides of a inangle 12, 15, 17 feet 

61 A circle is 4 feet in circumference find tho area 
of a square inscnbed in it. 

62 A circlo is 7 feet in drcomferonco find tho area 
of a square inscnbed m it. 


7~2 
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XYII SECTOR OF A OIROLB AND SEGMENT 
OF A CIRCLE 

* J > 

179 To Jind the area qf a eector qf a 

circle j 

Bulb. As 360 is to the nuniber qf de* 
grees in the angle qf the sector sb ts the 
area of the cirdb to the area of the sector 

180 Examples 

(1) The radius of a circlo is 26 feotj and the angle of 
the sector is 80 degrees 

The area of the circleK26 x 25 x 3 1416=1963*5 

360 80 " 1963 5 required area^ ^ ^ 

80x19636 8x1963 6 ^2x19636 

" Ico = ar - ^=4S63 . 

Thus the area of the sector is about 438 3 square feet. 



I (2) The radius of circle m 12 feet^ and the angle of 
the sector is 76 degrees " * ' ^ 

The area of the circle =12x12x3 1^16 ^ 

360 76 12 X 12 X 3^i416 the required nre^ 


76x12x12x31416 

360 


76x12x31416 

30 


30X31416=94*24a 


Tims the area of the sector is 94*248 square feet. 


181 The following is another rule for finding the area 
of a sector of a circle multiply the arc by iha radius arid 
take half Ihe product 

The truth of this rule will obvious from the remarks 

made in Art 177 
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1S2 ^samples 

(1) Tlio radius of a circle is 4 feet, and the arc of tlio 
sector is equal to tbo radius. 

5 X 4 X 4 = 8. Thus tlio area pf tlio sector is S square feet. 

J* 

(2) Tlio radius of a circle is 2 feet 6 inches, and tlic 
arc of the sector is 1 foot S inches 

5x30x17 =255 Tlius the area of the sector is 255 
square inches. 

183 Suppose nre require tlie area 
of a figure which is the diifcrciico of 
two sectors haring a common angle 
Let OAB bo one sector, and OCD 
the other scetor, so that AEDC is 
the figure of which the area is re- 
quired. Wo nny proceed thus 

Wo may calculate separately the 
area of each sector and subtract the 
less from the greater 

Or, wo may aalculato the area of the onliro ring be- 
tween the two cirdcSj of which Ali and CD arc arcs , and 
tlicn use the proportion, a<) SCO t? to the nunxber q/* dc- 
qrces tn the angle at 0 so is the area of the ring to the 
1 cqmred at ca 

Or wo may use this Jlulo niultiph/ the sum of the 
aies hy the diffcicnee of the radii and tale half the 
product Or this multiply the difference qf the aies by 
the sum of the » adn and tal e half the pi oduct 

184 Eramplos 

(1) The 'radii are 15 feet and 10 feet, and the arcs 
C foot and 4 feet rcspccliicly 

By Art 181, the area of the larger sector in square feet 
= gxl5xG=46, and the area of the smaller sector in 
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sqnaro fcofc= 5 Xl 0 5<4=s=20 thus the required urea in 
square feot=s46— 20!=26 

Or, using ilio third Bulo of the preceding Article^ wo 
iiare the sum of the nrcs=10 feet, and tho diflcrcnco of 
tho radii sO feet, thus tho roqiurod area in squaro foot 

= |x 10x6=20 


(2) Tlio radii aro 7 foot and 6 foot respectively, and 
tho angle at O is 45 degrees 

Hero wo uso tho second Bulo of tho preceding Article 

By Art. 173 tho area of tho ontiro ring in sqnaro fcot ts 
12x2x31410, that IS, 76 3984. ^hen 

* t 

360 • 46 76*3984 tlio reqtdrcd arci. 


Thus tlio rcq^aircd area m square fcot 


753084 

S 


=9 ^r 24 S 


185 Any chord AB of a cir- 
cle, which IS not a dmmotor, di- 
vides tho circle into two segmonts, 
one greater than a semicircle^ and 
tho other loss 

TVTion wo know tho area of tho 
lesser sogmont, wo can, by subtract- 
ing tins Irom the area of tlio circle, 
determmo tho area of the greater 
segment , so that at is sufficient to 
give a Rule for finding tho area of a segment loss than a 
semicircle 

In tho Examples, unless tho contrary is expressly stated, 
wo shall always refer to tho lessor segmonti 

Let O bo tho centre of tho circlo , then 'it is obvious 
that tho segment ABO is equal to the difforcnoo of tho 
sector OAOB and tho triangle OAB Hence wo have tho 
Rule which wo shall now giro. 
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1S6. To find the mcaof a segment tchtch ts less than 
a semicircle 

HuIlB. Find the area of fh<i sector which has the same 
are, and subtract the area of the triangle formed bg the 
radii and the choi d 

187 Examples 

(!) The radius of a circle w 10 inches, and the angle of 
the sector is 60 degrees * find the urea of the s^ment 

TliO area of the circle m square inclies=10 x 10 x 3 1416 
=31416 By Art 179, the area of the sector in square 

*>■1 j 1 ^ 

inches= — ;r-=52 36 The tnongle in this case is equi- 
6 

lateral, and by Art 152 its area m square inches is the 
square root of 15 x 5 x 5 x 5, that is, about 43 30 

Thus the area of the segment in square inches 
=52-36-43 30=906 


(2) The radius of a circle is 4 feet, and the angle of the 
sector is a right angle find the area of the segment 

The area of the circle in square feet=4x4x3 1416, 
therefore the area of the sector in square fcet=4x3 1416 
= 12 5664 The area of the tnangle in square ieot 

= ix4x4=S 

Thus the aiea of the segment m square feet=45664 

* 188 In the examples of the preceding Article vro were 
able to find the ar^ of the triangles, and thus to deduce 
the areas of the segments. But m general, if we know 
only the radius of the circle and the angle, we cannot 
find the area of the tnangle by methods given in the 
present book, though wo coiud find it inih the aid of Tri- 
gonometry 
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189 To find tlio-area <(f a tegment cf a.ciich, the 
chord qf tho arc and the Imght being known, . 

UxTLE Add togdher one-fourth qf Cut sguare (f tho 
choid, and iwo-^hs qf ihe square tf the hcighlj and 
multiply the square root qf Cio sum by four-thirds qf 
the height 

This Rnlo IS not; it gircs tho nrca of tho segment 
greater than it ought to he, but tho error is Tory small, 
provided tho anglo of tho corresponding scoter bo small, 

when this angle is 60 degrees, tho error is less than 

port of tho area, and when this nnglo is 90 degrees) tho 

error is less than part of tho area. < 

i 

]90 Examples 

(1) Tho chord is 12 inclios, and tho height is 1 inch. , 

ixl2xl2=3G, ?xlxl=|; 

4 0 5 

2 

36 +-=3G 4 tbo squnro root of this is 6 0332, 

|x 1x6 0332 =8 0443 

Thus tbo area of tho segment is about 8 0443 squaro 
inches* ' 

(2) Tho chord IS 20 indies, and tbo height IS 14 inches 

ix20x20=100, |x14x14= 784, 

tho square root of 100 784=10 0391, 

|xl4xl0 0391 = 1873965 

t 

Thus tho area of tho segment js about 18 74 squait) 
inches* ^ t 



AJn> SEGMENT OF A CIRCLE 105 

191 irthe angle of the correapondmg sector be so 
laigo that the Knle is not spfficiently accarato, vre may 
divide the segment into a triangle and two eqim smaller 
segments , vre can then calcnlato the area of too triangle 
by an exact Hale, and calcotatc the area of the smaller B(^- 
ments by the Rnle m Art. IS9 See the £gare m Art. 78, 
where de segment ADBE is made np of the tnangle 
ABE, and the segments having the chords AE and EB. 

192. TTe win now solve some exercises 

(1) The radios of a circle is 25 inches, and the chord of 
the sector is 14 inches * find the area of the sector 

This exercise cannot bo solved exactly, but only ap- 
proximately. By Art. 122 the length of the arc is about 
14 lb9 5141* inches, and thus the area of the sector in 

square mches =1x25x14 1895141 =17736892. * 

(2) Tfao radius of a cnrcle isil5 inches, and the chord of 
a sclent is 14 inches . find the area of the segment. 

We have Just found for the area of the sector 177*36692. 
The area of the tnangle can be obtained by Art 152, the 
sides being 25, 25, and 14 reqHxitively the area will be 
found to be 168 square raches. Thus the area of the seg- 
ment IS about 9 36S92 square mches. 

Or we may calculate the area of the segment by the 
Buie in Art 189. 

We must first determme the height With the figure 
of Art 78 we have .4(7=25, AB=li Thus , and 

then, by Art 60, we get CD=2i Therefore DE—1 

jxl4xl4=49, ?xlxl=|. 

4 5 6 

2 

, 49 •*-g= 49 4' the square root of this is 7*02851 . 

|x 1x7 02851=9-37135 

Thus, by this Buie, wo obtain for the area of the seg- 
ment 9*37135 square inches; this differs but shghtly 
trom the former n^t 
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EXAMPLES XVII 

Find m squnro feet tlio areas of tlio sectors of drdcs 
having the folto^ving dimonsions 

1 Badios 24 foot, angto 25^ 

2 Badius 12 foot, angle 120^ 

3 Bndius 48 feet, angle 2S^ 

4 Two concentric circlcfs Imvo radii of 10 feet and 
15 foot rcjmcctivoly find tlio area of the figure bounded by 
those circus, and by radu inclined at an angle of 40'’ to 
each other 

5 Two concontnc circles bare ridii of 10 feet and 
18 feet rcspcctiToly find the area of the figure bounded by 
these cii'clc 3 > and by radii inclined at an angle of 60^ to 
each other* 

6 The area of a sector is 150 square feet, the angle 
of the sector is 50" find the radius ^ 

7 The area of a sector is 230 square feet, the angle * 
of the sector is 40" find tho whole ponmetor of the sector 

8 Tho urea of a sector is 45 square feet , tho radios is 
8 feet find tho angle 

0 The area of a sector is D4 square feet j tho radius is 
IG feet find tho ore 

__ I 

10 Tlio area of a sector is 357 square feet , tho sure is 
96 feet find tho radius 

11 Tho area of a scoldr is 126 square feet, the area 
of tho circle is 400 square feet find the angle. 

12 Tho area of a sector is 115 square feet , tho area 
of tho cirelo is 700 square foot find the arc. 

13. Tho chord of a sector is 58 inches ^ the radius is 
100 inches find tho ai*ca of tho scctoi 
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14 Tlio cliord of a sector is 6 inches , tho radius is 
9 inches find tho area of tho sector 

16 Tho radius is 10 feet, tho angle of tho sector is 
39® find tho area of tho segment 

16 Tho radius is 10 feet , tho angle of the sector is 
120® find tho area of tho segment 

17 Tho radius of a circle is 10 feotj two parallel 
chords are drawn* each equal to tho radiu3 find the area 
of the zone between tho chords 

18 Tho radius of a circlo is 12 feet, two parallel 
chords are drawn on tho same side of the centre, one sub- 
tending an anglo of 60® at the centre, and tho other an anglo 
of 90® find the area of tho zone beta con tho chords 

19 _ Tho radius of a circlo is 12 feet, two parallel 
chords' are drawn on opposite sides of tho centre, one sub- 
tending an angle of 60® at tho centre, 'and tlio'othoi an 
angle of 90® find the area of tho zono hotneen tho chords 

20 Tlio radius of a circlo is 15 feet find tho aicas of 

the two parts into which it is divided hj a chord equal to 
tho radius. i 

Find, by Art. 1S9, m squai o feet to three decimal places 
tlie areas of tho segments of circles having tho follomng 
dimensions 

21 Chord 17 3205 feet , lifeight 6 fepfc. 

22 ^ Glioi'd 14 1421 feet , height 2 9289 feet 

23 Chord 10 feet, height 1 3397 feet, 

24 Ghoid 5 1764 feet, height 3407 feet 

25 Chord 2 6105 feet, height 0855 fcc^ 
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' * xviir sniPSOFs rulk 

193 Wo aliall now giTO a very important Rnlo by 
which the areas of certain figures may be npproximatoly 
found 

liot there be nn area 
bounded by the straight Imo 
AQ^ the straight hues Aa and 
Og at nght angles to AG^ 
and the curve ag 

Divide AG into any cfcen 
number of e^nal ports AB^ 
jBC> CDj , at the, points 
of division draw straight lines 
Bby CCi Bd^ at nght an- 
gles to AGj to meet the enrva 
The straight knes Aa^ Biy Ccy 

Gg ore called ordinates 
Then the area may ho approximatclv found by the follow- 
ing Rule Add together the 'first ordmatCy the Tost ofdi^ 
natCy itotce the mm qf all the other odd ordinalcsy a'Hd 
four times the sum (f aU the even ordinates ^ muLiiply 
the result hy one-thii d qf the common distance hetuS^cn 
itoo adjacent ordinates 

194 In the figure there are seven ordinates y the even 
ordinates are Eby Ddy and Ff y the other odd ordinates 
besides the first and lost are Cc and Be 

195 The Rnlo given in Art 193 is somoUmes called 

the method qf emndistant ordinates, but it is more usually 
ctilled Simpsorvs Bzddy although it was not mvented by 
Simpson ^ < 
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196 Examples 


(1) Suppose there are seven ordinates, the common 
disi^ce bemg 1 foot, and that these ordmates are respec- 
tively 4 12, 4*24, 4'36, 4 47, 4 5S, 4 69, and 4-80 feet 


412 

4*36 

4*24 

892 

4-80 

458 

447 

ly-ss 

S-92 

8*94 

469 

5360 


2 

1340 

3{S040 


iris 

4 

26*80 



53 60 


Thus the area is about 26*8 square feet 


(2) Suppose there are five ordinates, the common dis- 

tance Deing 2 feet 

: aad that these ordmates are resnec- 

tirely 1*26, 1-44, 1 59, 1*71, 

and 1*82 feet 


1*26 

159 

144 

303 

1*82 

2 

171 

318 

3D3 

3 IS 

315 

12 60 


- 

4 

18*86 



12 60 

2 




3}37*72 




1257 


Ihns the area is about 12 37 square feet 


In the figure of Art 193, the curve is concave 
ton'OT^ tte straight hue A.€r , moreover the ordinates con- 
tmuaDymereasefiom one end of this straight hno to the 
ouier. But Simpson's Buie is apphcahle to areas m vrhicii 
the curve has other shapes, as in the folloinng figures • 



The result nill m mnetal bo more accurate the mote 
ordinates are used , ana the Buie ought not to be trusted 
iF the curve he veiy irregular 
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19S If tJio nrea be bound- 
ed bJ tbo straight lino AG 
and tho enrvo AaG^ llio same 
Hulo annhes^ onlj here tho 
first nna lost ordinates are no- 
thing, and 80 do not occur in 
tho calculation 

If the area bo bounded by 
thb closed curro AdOiA^ tho same Rule may bo applied 
wo have now to take as tho ordinates the brcadtlu 
cy,db, 

199 The bcginnor would not bo able to follow a strict 
investigation of Simpson’s Rule, 
but ho may see without difGcnltv 
that there are grounds for con- 
hdcnco in tho approsimato accu- 
rac 3 of tho Rule. 

TTo will call tho poiiion of tho 
area between two consecutive or- 
dinates a piece, and we wdl con- 
sider tho first two pieces of tho 
figure m Art 193 

Suppose the straight lino db drawn, wo tiras obtain a 
trapezoid, and it is obvious from tho diagram that the first 
piece IS greater timn this trapezoid, so that the area of 
tho first piece is greater than tho product of AB info 
half tho sum of Aa and J3b - « 

Therefore twice tho area of the first piece is greater 
than tho product of into tho sum of -4a and J3b 

Similarlv, twice tho area of tho second piece is greater 
than tho product of SO into tho sum of Sb and Cc 

Thus twice tho area of the first two pieces is greater 
than the product of AB into tho sum ot Aa and Cc and 
tinco Bh 

Again suppose tho straight lino ht to touch tlie enrvo 
1 ^ nm ^ produced to meet this straight 

time. Thus another trapezoid is formed, and by Art 1G% 
the area of tins trapazoid is equal to tho product of j4^ 
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into Bb, that is, to tlio product of AB into twico Bb And 
it IS obvious from tho diagram that the sum of tlio first two 
pieces 18 less than this trapcroid 

T^us tho area of tho tirst two pieces is less than tho 
product of AB into twice Bb 

Ilonco wo may o\pcct that when wo combine these two 
results, tho errors will to sonio extent balance each other , 
and that three tunes the area of tho first two pieces will bo 
very nearly equal to tho product of AB into tlio sum of 
Aa and Cc and four times Bb 

By proceeding in this way with tho other pairs of pieces 
in tho figure of Art 193, wo may obtain a sufficient confi- 
dence in Simpson’s llulo. ‘With respect to tho figures in 
Art. 197, tho process would bo similar, though not abso- 
lutely tho same , tho mam fact is that wo combine two 
results, ono of which is too largo, and tho other too small, 
and trust that tho errors will to some extent balnnco each 
other 

200 If a/f wero a straight lino, instead of a curve, in 
tho figure of Art 193, Simpson’s llulo would gii o tho cract 
value of tho area , but in such a caso tho whole figuro 
would form a trapezoid, and tho area is most easily found 
by taking tho product o[ AG into half tlio sum of Aa and 
Gff Also if aff 18 a cun cfl/aco tain foi m tho Rule wall 
giro an cceact result , but we caunot explain in an elemen- 
tary manner what tlus form is 

201 It may happen that tho boundary of a firaro is a 
enrvo which is too iircgular to allow of tho minicmato ap- 
plication of Simpson’s llulo , in such a caso wo may ndojit 
tho following method • Draw a rectilineal jioljgon, differ- 
ing os little as possible from tho figuro, and dotermmo tho 
area of this polygon oxaotlyi then uj Simpson’s Rule calcu- 
late scparatelj tlio areas of tho portions which ho between 
tho polygon and tho figuro , add these to tho area of tlio 
polygon or subtract tlieiu from the area of tho polygon, 
according as they fall without or within tho iiolygoii, ana 
tho final result will bo approximatoly tho area of the 
figuro 

202 InXand Surveyang it is often necessary to dotor- 
mine tho area of a figuro which has its boundary composed 
in an irregular manner of curves and numerous shoit 
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straight lines , it is found in practice that the area can be 
obtouied mth ease and snfiicient accuracy by a method of 
adjustment of the boundary to a more commodious form. 

Thnfii * suppose a field 
to be represented on a plan 
by the figure Draw 

a strajgat line from A to 
B, the small portions lost 
and gamed will obviously 
balance each others exactly 
or very nearly, and the area 
will tans remom almost or 

S ute \mchanged« Bimiloiv 
, straight Imes may be IT 
drawn from B to from 
CioDj and from BioA^ with a like balance of lo^ and 
gam. Thus we have a four-sided i^tilineal fignre eqni* 
valent to tho ongmal figure , and the area con be easily 
obtained* 

The skill and judgment of the snireyor will be exer- 
cised m drawing the straight Imes, so that the greatest pos- 
sible accuracy may bo secured* A piece of truusparent nom 
with straight edges is reij useful in drawmg the straight 
hues y the horn is placed over the irregular boundary and 
18 idiifted about until there appears to be an equal portion 
on each side of the edge between the edge and tho boundary 



203 An oipenmental method of determining tho area 
enclosed by an irregular boundary may bo noticco. 

Suppose a field to be represented on a plan by tho 
figure ABOD of Art. 202 Cut the ^fignre out of stout 
paper or cardboard of umform thickness, and woig^ it in 
a very dehcate balance Also cut ont a sq^oare inch from 
the same paper or cardboard, and wemh it Then by 
proportion wo can find how many square mches the figure 
AuGB contains. And from observing the scale on wuicli 
tho plan IS drawn, we shall know tho area on the ground 
wlii^ corresponds to a square inch on the plan , and thus 
finally we can determine the area of tho fiel^ ^ 

An intorestmg application has been made of this pro- 
cess to detenmne tho proportion of the water tO'the land 
on tho surface of tho eartn Camb Phil 7S am Fol vi. 
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EXAMPLES xviir 


Apph ginipson’s Rule to find in square foot the mens of, 
figures having the following dimensions 

1. Ordinates 3, 8, 15, 2^1, 35, -IS, 03 feet, common dn.- 
tnuoo 1 foot 

2. Ordinitcs 4, 14, 30, 70, 140 foot, common distance 

1 foot. ' 

3 Ordinates 0, 20, 32, 30, 32, 20, 0 feet , common dis- 
tance 2 feet 

4 Ordinates 0, 1 25, 1, 0 75, S, 0*25, 0 feet , common 
distnnco 1 foot. 

5 Onliintcs C0S2, 0 104, 0 24'!, 0.323, 0403, 0481, 
0*537 feet , eoiiimon distance 1 foot 0 inclics. 

0 Ordinates 2 714, 2 730, 2 S02, 2 o44, 2 Sb4 feet , com- 
mon distiuico 9 Indies. 

7. Ordiintcs 14 2, 1 1 9, 15 3, 16 J, 14 5, 14 1, IS*? feet, 
common distance J feet 


8 Ordinates 0, 1 1 1 , 2 48, 4 1 7, G 24, 8 75, 11 70, 1 5 33, 
19 52 feet, comino i distance 1 foot 

9 Ordinates 10201, 9 804, 9 134, 3090, 8771, 8475, 
S 197, 7 937, 7 092 feet , common dist nice 1 foot. 

30 Ordinates 2 4843, 2 3049, 2 0331, 2 7081, 2 7726, 
2 8332, 2 S904, 2 9444, 2 9957 feet , cutiiinoii disluiico 1 foot 

11 Ordinates 0, 4359, 0, 7141, 8, 8000, *9103, 9539, 
*9798, D930, 1 fool , common distance 1 of a foot 


nn 1 * 10 10 10 10 10 10 

,12. Ora.imt« jj. jj, jj, 

II , II , “feet, common distance 1 of a foot, 


i® 1® 

16\17’ 


T M 


8 
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XIX SIMILAR FIGURES, 

204, III Ohaptor n wo have drawn ationtion to tbo 
nature of Similar Figures , and wo have now to point out 
tho relation which holds between tho urccis of Simflnr 
Figures. Wo shall state a most important proposition, and 
then proceed to apply it to various problems 

205 27/0 arcaa <\f similar figures aie as the s^tai cs 
of corresponding lengths 

For evnmplc, suppose we havo two similar tn*mgl0S| 
and that tho sido of ono tnonglu is threo times tho cor- 
responding sido of tho other , then the area of tho laigcr 
tnanglo is nine times tho area of tho smallor tnangle, tho 
number 9 being tho square Cf the number 3 And it is 
easy to SCO tbo reason for this fact tbo larger triahglo has 
its base thieo times the baso of tho emallo^ and, bccatiso ' 
the tnanglcs aro similar, tho height of tho larger triangle 
iB also tlirco times tho height of tho smallor , but tho area 
IS half tho product of tho base into tho height, and there- 
fore tho area of tho laiger tnangle is 9 times tho area of 
the smaDcr tnanglo 

In like manner, if two tnanglcs aro similar, and tho 
sido of ono tnangle is five times the corresponding sido of 
tho other, tho area of tho larger tnanglo is twety-fivo times 
tho area of tho smaller tnanglo 

206 We havo found in Art. 164, tliat tho area of an 
equilateral tnangle, of wluch tho side is 1 fool^ is 4330127 
square feet suppose wo require tho aroa of an equilatonU 
tnanglo, of which tho side is 7 feet. 

Tho ^uaro of 1 is 1, and tho squaro of 7 is 49 , thoro- 
Toro wo have the proportion 

1 49 4330127 icquircd area. 

Thus tho required area in squaro feet 
= 49 K 4330127 = 21*217C223 
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In the same vray wo may proceed with other examples, 
and it 18 obvious that wo shall have the following for 
fintling the area of any equilateral tnangle Multiply the 
zquurc cif tho length q /" a side by 4330127 

207. Circles are similar figures , and tho areas of two 
circles are in tho same proportion as the squares of their 
radu, see Arir 17S So also sectors of circles having tho 
same angle are similar figures, and tho corresponding 
segments are similar figures , the areas of two similar 
sectors are in the same proportion as tho squares of tho 
radii, and so also arc tho areas of two similar segments. 


208 Suppose we require the radius of a circle, such 
that the area of tho segment corresponding to an angle of 
€0° shaU be 20 square indies. 

In Art, 1S7 we have found that if tho radius is 10 
inches, the area of the segment correspondmg to this 
angle is 9 06 square inches, thus wo have tho propor- 
tion 


9 08 20 100 tho square of the rcqmrcd radius. 

Therefore tho square of the required radius 


20 X 100 
9 0b 


=220 76 




the square root of this number=14 857 


Thus tho requued radius is 14 867 inches 

Again , suppose we rcqmre tho radius of a circle such 
that the area of the segment corresponding to an angle of 
90*’ shall bo 10 squpe feet 

t By Art. 187 wo have tho proportion 
4'5664 -10 16 the square of tho required radius. 

Tliorcforo the Square of tho required radius 


10x16 
'4 6664 


=36 0385, 


the square root of this number = 5 92. 


Thus tho required radius is 6 92 feet 


t(-2 
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209 ABG 18 a tn'iliglo, 
tho side A£ is 10 feet it is 
required to divide tlie tri- 
angle into four equal x>arts 
^ straiglit lines parallel to 

This problem resembles 
one solved in Art 178 Sup- 
])ose DE the straight line 
nearest to A Tlion the area 




A 



of ADE \nll bo one-fourth of the area of ABG 


Thus we have the proportion 
1 i the square of AB the square of AX> 


Therefore tho square of AD=i of tho square of A B 
X 100=25 , the square root of this numbor=5 Thus 
AM-5 feet 


In like manner, if FG bo tho next straight lino 
1 J tho square of A B tho square of AF 

Therefore the square of AF=^l of the square of A B 
2 ^ loo = 50 , thus tho number of feet in ^ J’sstho square 
loot of 50 = 7 071067a 


In like manner, if HIT bo the nest straight lino, wo 
find that the number of feet in AH^tho square root of 
75 = 8 6602540 


210 ABCD 13 a trape- 
zoid , tho pcipcndicnlar dis- 
tance of the parallel sides 
and DC is 3 feet, ^-S=10 
feet, 2>(7=6 feet it is re- 
quired to dmdo tho trape- 
zoid into tno equal parts by 
a sti^aigbt Imo parallel to 
AB Produce AD and BC 
to meet at O Lot EF de- 



note tho rcqmrcd stmglit 

lino. Draw OilT perpendicular to ABy meotiug JCFat i, 
and DC at F 


SIMILAR FIGURES 


117 


Since EF divides the trapezoid into two cqnal pnrtSj 
the tnanglo OEF will ho ecpial to half the sum of the 
triangles OAB and ODC Tho thiee triangles OEG, OEF, 
and OAE are similar, and then areas are therefoio as the 
squares of the corresponding lengths OK, OL, and OM. 

Hence tho square of OL must he cqnal to half the sum 
of tho squares of OK and OMm 

How hy Art 77, we have 0Ks=45, therefore OM=7 5 
The square of 4 6 = 20 25 , the square of 7 6 = 66’25 Thus 
the square of 02/=hair of 76 5=38 25, and therefore the 
numhor of feet in OL— the square root of 38 25= 6 1846 

Tlie numhor of feet in KL = 6 1846 — 45=1 6846 Thus 
the position of EF is determined. 

211. "Wo will now solve some oxei-cises 

(1) A plan of an estate is dinwn on the scale of 1 inch 
to 20 feet find what space on tho plan will correspond to 
8000 square yards of tho estate 

, The scale is that of 1 inch to 240 inches Tlio required 
space will he ohtamod hy dividing 8000 square yards hy 
the square of 240 

8000 _ SO _ 10 _ 5 

240 x 240 24 x 24 ~24x3~36 

Thus the reqmred space is ^ of a square yard, that is, 
^ of 9 square feet, that is^ 1|- square feet 

OD 

(2) If a square inch on a plan corresponds to 4 square 
yards of the ongmalj find tho scale 

4 square yards=4 x 9 x 144 square inches. The square 
root of 4 X 9 X 144=72 Thus the scale is that of 1 inch to 
72 inches 

(3) The sides of a rectangle are in the proportion of 
4 to 5, and tho area is 180 square feet find the sides 
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If tho sides of n rectangle are 4 and 6 feet rcspcctirolv, 
the area is 20 square feet. Thus wo have tho proportion 

20 180 tho square of 4 tho square of tho required 

coiTcsponding side 

1 p V 1 Rn 

Thoreforo tho square of this sido = — — = 16x9— 144 , 

thus this 8ido^l2 foot, and iheroforo the other required 
Bide =15 foot. 

^4) An oquilatonl tnaugle and n circle havo the saiuo 
ponmotor compare their areas 

Suppose each side of tho tnaugle to bo 1 foot, thou the 
area is 43301 square feet The penmetor of the tnaugle 
IS 3 foot If the penmeter of a circle be 3 fcot^ the area 
of tho circle \nll bo found by Obap. xrx to bo 7162 square 
feet Dnido 7162 by 43301, the quotient is >1*65 
Tims tho area of tho circlo is 1 65 tunes tho area of tho 
oquilatorol tnanglo < 

Wo shall obtain tho some flnnl result 'vrhatover be tho 
length of the side of tho cquilatoml tnangla If, for ex- 
ample, TTO suppose each sido to bo 7 foot, Tro^shdli obtain 
for tlio areas of tho tnanglo and of tho circle respccturcl} 
49 times tho former values, but tho pioportion of tho ai^cos 
>vill iimiam unebangod. 



EXAMPLES XTX 


119 


EXAMPLES XIX 

I A field containing 3600 square yards is laid domi 
on a plan to a scale of 1 indi to 10 feet find the number 
of square mchos of the plan it will occupy 

2. A field containing 6 acres is laid down on a phn to 
a scale of 1 inch to 20 feet find how much paper it mil 
cover. 

3 Betermme the scale used in the construction of a 
plan upon which oveiy square mch of surface represents a 
square yard. 

4 determine tlio scale used in the constniction of a 
plan upon which a square foot of surface represents an 
area of ten acres 

C A field IS ten thousand times ns lavgo as the plan 
wluch has been made of it find what length on the plan 
will represent a length of 20 ^ards in tlie field 

6. An estate, which has been surveyed, is one hundred 
rnOhon times ns large as the plan whicli has been made of 
it express the scale of the plan m terms of inches to 
a mile. 

7 The sides of a rectangle arc m tho proportion of 
2 to 3, and tho area is 210 sqnnro feet find tho sides. 

8 Tlio sides of a tnanglo aro in tho proportion of the 
numbers 13, 14, nnd 15, and tlio area is 2427G square feet 
find tho sides m feet 

9 Tho sides of a triangle aro in the proportion of tho 
nnmbore 7, 15, and 20, and tho area is 2226 square feet 
find tho sides in feet 

10 An cqmlatcnil triangle and a square have the 
same perimeter compare tho areas. 

II A square and a regular hexagon have the same 
perimeter compare their areas. 
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12 A circlo and a sqnaro liavo tbo same perimeter 
conipiro llicir areas* 

A circle anil a regular lic^gou have the same 
penmetcr compare their areas 

14 Find the side of an equilateral triangle, so that 
the area may be 100 square feet 

15 Find the side of a ro^ar hexagon, which shall bo 
eqnal in area to an equilatenu triangle, each side of which 
is loO feet 

16 Find the radius of a circle, such that the area of a 
«egiucnt comespon^ng to an angle of 90® may bo 50 square 
feet 

17 One side of a triangle is I*) feet, it is roqtlirod to 
dinde the triangle into firo equal parts by stnught" lines 
]iarallcl to one of the other sides End the distances from 
tile vertex of the points of division of ^Jio given sida 

IS An equilateral tnanglo and a square have the 
same area compare tlioir ponmeters? 

19 The parallel sides of a trapezoid aro respcchvely 
16 and 20 feet, and tlio perpendicular distance between 
them IS 5 feet, it is required to divido the trapezoid into 
two equal tmpczouls "dnd the distance of the dividing 
straight lino from the shorter of the parallel sides. 

20 The side of a square is 12 feet, the square is di- 

vided into three equal jnrts bv two straight lines pnrallel 
to a diagonal find the xiorpcndicolar distance between the 
parallel straight lines «- ^ » 

21 A euclo and a rcgnlar polygon of twelve sides 
have the same perimeter slicw, by Arts 99 and 167, lliat 

3*2154 

the area of the circle is ■ times the area of the 

a 1410 

polygon. 
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212 shall conimonco this part of tho subject with 
dofimtions of some terms which wo shall have to employ 

Although it IS couToment to collect tho doflmtions in 
one Chapter, it is not necessary for tho beginner to study 
them doselj all at ouco , it' will bo snlBcicnt to read them 
with attcntiou, and thou to recur to them hereafter os oc- 
casion may inquire 

213 FaraHol planes nio such as do not meet ono an- 
other, although produced 

t 

Thus tho floor nud tho coiling of a room aro parallel 
planes 


214 A straight lino is said to bo at right angles to a 
piano, or porpciidioular to a piano, when it makes right 
angles with ovory^straight lino nliich it meets in that 
plane 


Tins IS tho stnet geometrical definition , but without 
regarding it, tho student mil gain an adequate idea of what 
IS meant bv a perpeudicuhi to a piano from considcinig 
tlio illustration aftorded bj a straight rod when fixed in tlio 
ground so os to bo upright 

So also tho student will readily understand when ono 
ptoo IS peipondiculai or at nght angles to anothei, witli 
out a strict geometrical definition Thus tho walls of a 
room are porpondiculai to tho floor and to tho ceiling , 

iilmiin* moung on its hinges romams perpen- 

dicular to tho uooi uiid to tho coiling 
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216 A pattillclcpipod is a 
solid bounded by six panllclo- 
gr 4 uns, of which every opiiosilo 
two aro equal and in parallel ^ 
planes. 

The diagram represents a 
parallelepiped. ASGD and 
^FGHuro equal parallelograms m pandlel planes , ABFE 
and DCGH are equal parallelograms in parallel planes , 
and ADJIE and BCGFaxQ equal parallelograms m paral- 
lel planes. 

A'parallolompod is colled rcclangtilar when the six 
bounding parallclogranis are rectangles, and ohltquo when 
they aro not A common bnck famishes on example of a 
rcctannilar panllolopinod A rectangular inrallclepipcd 
whicli has its six bounding rectangles all equal is called a 
cube This will bo found cqniralcnt to saying that a enbo 
is a solid bounded by slx equal squares, of whidi every 
opposite two aro m parallel planes. , 

2IG Phno figures which form the boundancs of sohds 
nro callcd/aeoff of tlio solid } the stinight lines winch .form 
tho boundancs of the piano figures aro called edges of the 
solid Thus a parallclopipcd has six faces and twelve 
edges 

217 A pnsm Is a solid bounded by piano rcctilinoal 
figuros, of which two aro equal and in panllol planes, and 
the rest are panillologmms Tlio two bounding figures 
which aro oqtm and in parallel planes aro called the ends 
of tlio pnsni 

Tho diagram represents a 
pnsm having for its ends tho 
equal pentagons ABODE and 
JFGHiK , tlieao figures are 
in paroUel planes The other 
bounding fibres of tho solid aro parallolograms, os ABGF, 
BONG, ana so on Snch a prism is cimed a pentagonal 
pnsm , if the ends ore hoxogons, tho pnsm is called a hex- 
agonal prism 2 and so on.^ 

A pnsm IS called right when tho parallolograms be- 
tween the ends are rectangles, and oblique when they are 
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In a right pnsm tlio ends arc at right angles to tho 
other faces 

Thus wo SCO that a pnrallolopipod is included among 
prisms, and that a rectangular parallelepiped and a cube 
aro includcdLamong right prisms 

In a rectangular parallelepiped oveiy face is at right 
' angles to tho four faces which it moots 

’ t *1 * 1 

' 218. A pyinmid is a solid bounded by tlirco or moro 

tnanglcs which meet at n point, and by another rectilineal 
figuio ^ 

Tho point IS called tho vertex of tho pyramid, and the 
rectilmcm figure opposite to tho vortex is called tho base 
of the pyramid. 

‘When three triangles meet at tho vertex tho ‘base of 
the pyramid is a tnanglo When four triangles moot at 
tho vertex tho baso of the pyramid is a quadnlatoral, tho < 
famous pyramids of EgjTit, of which tho student has pro- 
bably seen pictures, aro of this kind, tho bases being squares 
Wlicn five triangles moot at tho vortex tho baso is ,n pen- 
tagon And so on 

t < 

219 A frustum of a solid is a shco of it, contained 
between tho baso and any piano parallel to tho base, tho 
baso and tho opposite face aro called tho cncle of the frus- 
tum Thus, if a pyinmid bo cut into two pieces by any 
7 )lnuo parallel to tho baso, one of the two pieces is a frus- 
tum of a pyramid, mid tho other is a pyramid ' 

220 A wodgo 18 a solid bounded 
by five planes, tho base is a rect- 
angle, tho two ends aro triangles, and 
the other two faces aro trapozoids 

Tlio lino of intersection of tho two 
trapozoids is wHod tho edge, that side of tho baso which 
IS parallel to tho edge is called tho length of tho basa ' 

If the length of tho base is equal to the edgo, tho tra- 
pozoids arc parallelograms, and tho wodgo is an oblique 
triangular pnsm If tho parallelograms ai o rectangles, tho 
wodgo IS a light tnongular prism. 
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221 A piismoid is a solid having for its ends any two 
parallel plnno rectilineal figures of the same number of 
sides, and having oil its faces trapozoicK 

If the ends are Bimilnr figmes, 
snnilnrl} situated, the pnsnioid is 
a frustum of a pyramid 

If tho ends are rectangles, tho' 
pnsmoid is a frastum of a ucdgo 
tho term prismoid is b) some un- 
tors restnetod to this solid 

222 A sphere is a solid having OAOiy point of its sur- 
face equally aistaut from a certain point, ^Icd tho centre 
of tho s|)hcro 

A ndius of a sphere is a straight line drawn from tlio 
centre to tho surfneo 

A diameter of a sphere is a straight lino drawn through 
tho centre, and terminated both ways by tho surface 

Tho intersection of a sphere with am piano is a circle, 
if tho piano passes through the centre of tlio sphere tlio in- 
tersection 18 colled a gicnt circle of tlio sxihcro. 

A sphero 18 sometimes called a glct^e^ and sometimes a 
9 ouvdoody marbles and billmid balls aro familiar cjcaui- 
Xilos of spheres 

If a sphero bo cut into two parts by a plane, each part 
18 called a Zi^gment of a splicic, tlio haze of the segment is 
the circle which is foruied by tiio mtorsoction of tho splicra 
and tho piano if a diamotor of tho sphero bo drawn poi - 
pcndicular to tho base of tho sc^icnt, tlio portion intcr- 
coptod by tho segment is called tho height of tlio sogment 

A zone of a sphere is tho iiart of the sphero contained 
between two parallel planes, the la ight of tho zone is tho 
perpendicular distance beta con tho two parallel planes 

223 Another method of defining a splioro 
may bo gnon Lot ABC bo a semiciido, 

AO being tlio diamotor Suppose tho semi- 
circlo to bo cut out in paper or cardboard, 
and lot AO bo koptfisod, and tho sonncirclo 
bo turned round Tho figaio-4jBf7, asit 
turns round, swoops out a sohd, nud thissohd 
1 $ a sphere. 
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It IS not ncceftartf to introduce this method, bccausi 
ivo can give a good do&nitioii, and form a clear conceptioi 
of a spheio 'snthont it, but there arc other solids for nhicl 
Bucii a method must bo used, and so wo ha\o applied it t< 
the sphere in order to render it more roadilj intelligible 

224 A cylinder is a solid produced by turning a rcct 
angle round one of its sides, which remains iised. 

Thus let ABCD bo n i-ccbiiiglc, lot 
AB bo kept fixed, and let the rectangle 
be turned round AB 

Then the figure ABCD, as it turns 
lound, sweeps out a solid, which is called 
a cylinder 

AB -a called the orii of the cylinder 
Tlie circles described hj AD and BG ire called the endb 
of the cyhndcr, either end may bo called the haso of the 
cylinder 

An uncut lead pencil is an example of a cylinder 

If a cylinder bo cut by an\ plane parallel to the ends, 
the intersection of the plane and the cylinder is a circle, 
and each of the two parts into which the cylinder is diudcd 
IS a cylinder 

225 The solid which wo Imc c.illcd a cylinder is nioro 
strictly called a nqht circttlat ci/laidor; thowoid iipht 
refers to the fact that the axis AB is porpcudicukir to the 
haso, and the word ciictdai refers to the fact that the 
base 13 a circle. Other cylinders besides right circular 
cylinders occur in mathematical inrcstigations 

A cylinder bears some resemblance to a pnsni uliicli 
has for its hose a rectilineal figure with a xoij largo iiuni 
her of sides, each side being TCI 3 snialL Aright circului 
cvlinder resembles a « tp/U iirism, the ends of uhich are 
icgnlar iiohgons And an oblique pnsm will giio aii 
idea of cylinders which aic not right circular cylinders 

In futnro, when we use the single woid cilindcr, no 
shall mean that what wo sav is applicable to any Cyhndcr, 
but it will bosufTiciont for the beginner to think of a right 
circular cylinder. 
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*226 Acono is a solid produced by tumiug a nglit* 
angled triangle round one of tbo sides 'irliicb cont4im tbo 
right angles this side rcmiumng fixed* 

Thus let ABO bo a tnanglo 
having a right angle at B, let 
AB bo kept fixed, and let tho 
tnanglo bo turned rotind AB 
Tlien tho figure ABG^ ns it turiis 
rounds sweeps out a solid^ which is C 
called a cono 

Tho point A IB called tho rei te.v of tho cone, ABir 
called tho ernris of tho cone Tho circlo desenbod by BG 
ns it turns round is called tho iajfc of tho cone A straight 
linodrauTi from tho 'vertex to tho mrcumferenco of tho 
base, ns ^(7 , 18 called tho shut side of tho cone, and somo* 
tunes tho slant heiffJu of tho eona ^ 

If a cono bo cut by any piano p'lipllol to tho base, tho 
intorsoction of tlio plnno apd the cono is a circlo^ for 
oxnmplo, GH m tho diagram loprcsonts sudi a circlo 
When a cono is cut into two parts bjT a x^ano parallel to 
the base, the xiilrt between tho yortox and tho plane is a 
cono, tho other part is called a frustum of a cono, sco 
Art 21 D. Tlio slant side or slant height of tho frustum of 
a cono 18 that portion of tho sinpt sido of jbho cono which is 
cut off by tho frustum, for exainpio, in the diagram GO is 
tho slant side of tho frustum cut off by tho pKno GR , 

227 Tlio solid which wo havo called a cono is mOro 
strictly cnllod a rigid circxtlar cono, tho woyd ^ ight rofera 
to tho fact that tho axis AB is x>oq)endiculnr to tho bnso, 
and tho word circulai refers to the fact that the baso js a 
circle Other conos besides nght^ circular cones occur lu 
inathomatical investigations 

A cono bears some rosoniblanco to a pyramid winch lias 
for its baso a rectilineal figuro, with a lotgo numbci of 
Sides, each side boing very small A right circular cono 
rcscmblos a pyramid m which tho baso is a regular polygon, 
and tho triangular faces arc all ccmal And a pyramid, tbo 
base of which is not restnetod to no a regular polygon, and 
tho tnnngular faces of which arc not all equal, will giro an 
idea of cones which aro not right ciroular cones. 
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In fnlurc, when wnso the sinprlo wronl coiJO, wo 5lmll 
mcJvn th'it what wo pav 13 npplicablo to nny coiio, hnt it 
inll bo fufficiout for the beginner io think of a right circu- 
lar cone 


228. A '■solid nng is n solid produced by turning a 
circle round anv straight lino lu the plane of the circle 
wlucli docs not cut the circle. 


Thus, let ADC bo a circle, and 
EE anj straight lino in the plane 
of the arclc, which docs not cut 
tho cirdc, let EE bo kept fixed, 
nnd lot tlio circle be turned round 
EE Then tho figure ADC, ns it 
toms round, sweeps out n solid, 
wliicli 18 colled n solid nng,orbncflj 
a nng 



22D Anv face of a parallelepiped may bo cilled llio 
base, then the height of the parauclcpiiicd is tJio perpen- 
dicular drawn to tho base from anj point of the opposite 
facet 

Tho licTght of a pyramid or a cone is tho perpendicular 
drawn to the base from tlio i ertex 

The Iicight of a primi, or a cylinder, or a prlsmoid, or a 
frustum of a solid, is the pcriicmlicular draivn to ono end 
from any point of the other end, either end nia) be called 
a base. 

The height of n wedge is tho iierpcndicnlar drawn from 
any point of tho edge to the base. 
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2S0 A Tiiblo of Solid Mcnsiiro might bo given ns ex- 
tensive as the Table of S<}uaro Measure of Art 126 j but jit 
will be sufficient to observe that 

1728 cubic inches make 1 enbic foot, 

27 cubic feet make 1 cubic yard 

231 The connection which subsists between the sys- 
tems of measures and of weights must bo noticed 

The grain is thus determined a cubic inch of pure 
water weighs 262 458 grains 

A pound Avoirdupois contains 7000 grains, 

A cubic foot of pure water weighs 1728 x 262 468 grains, 

lliat is, Avoirdupois ounces it will bo 

fimnd that tins number to throe decimal places is 997 137 
TIius It IB usually suffacicnt in practice to toko 1000 Avoir- 
dupois ounces as the weight of a cubic foot of pure water 

A gallon 18 a measure which will hold 1 0 Avoirdupois 
]) 0 unds of pure water, that is 70000 grains Hence the nuni- 

boi of cubic inches in a gallon is it ivill bo fonnd 

40o 

that tins number to tliroo dccimil places is 277 274 Thus 
it IS usually sufficient in pncticc to take 277} as the iinm- 
bor of cubic inches in a gallon. 
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XXII RECTANGULAR PARALLELEPIPED 

232 Snpposo vro liavo 
a rectangular paiallolepi- 
pod, 18 4 inches long, 

3 inches broad, and 2 inches 
high Let tho rectangnlar 
parallelepiped bo ent by 
planes, an inch apait, pa- 
rallel to tho faces, it IS 
thus dindcd into 24 equal 
solids, each of ttIucIi is a 
cube, being an inch long, 
an inch broad, and an inch 
high such a cube is called a cvbic tnch Tho rectangular 
parallelepiped then contains 24 cubic inches, this fact is 
also expressed thus tho volumo of tho rectangnlar paral- 
lelepiped IS 24 cubic inches 

Tho word content, or tho word solidttt/, may bo used 
instead of tho word volume 

Tho number 24 is tho product of tho numbers 4, 3, 
and 2, which denote rcspectnoly tho length, tho breadth, 
and the height of tho rccfnngular parallelepiped. ^ 

233 If a rcctan^lar parallelepiped be 8 inches long, 
7 inches broad, and 5 inches high, wo can show in tho samo 
manner that its rolumo is 8 times 7 tunes 6 cubic inches, 
that IS, 280 cubic inches Similarly, if a rectangular paral- 
lelepiped bo 15 inches long, 12 inches broad, and 10 inches 
3ign, its rolumo is 15 times 12 times 10 cubic mches, that 
s, 1800 cubic inches And so on 

234 In the samo manner, if a rcctangnlai parallelopi- 
led be 4 feet long, 3 feet broad, and 2 feet high, its rolumo 
s 24 cubic feet, that is, the rectan^ar parallelepiped 
night bo dinded into 24 equal solids, each boing a foot 
ong, a foot broad, and a foot high If a rectangular 

T M. 9 
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panllclopipcd bo 4 yards long, 3 yards broad, and 2 yards 
Ingb; its voliuno is 24 cubic yards And so ou i 

236 Tho b'cginner mil obsorvo, that tbo way in wlucli 
volumes aro measured is another case of the general pnn- 
ciplo cxplamcd in Art. 131 "Wo fix on some volume as a 
standard, and ire compare other volumes mth this standard 
The most convenient standard is found to bo tho volume 
of a cube, it may bo a cubic inch, or a cubic foot^ or any 
other cubo 

2dG In order then to find tho volilmo of a rcctanra^ 
lar parallolopipod wo must express tho length, tlio breadth, 
and tho height in tonus of tho same denomination, and 
tho product of tbo numbers which donoto tho length, tho 
brcadtli, and tho height, will donoto tho volume. If tho 
length, the breadth, and tho height oro all expressed in 
inches, tho volume mil ho expressed in cuhio inoucs, if tho 
length, tho breadth, and tho height, aro all expressed in feet, 
the volnmo will ho expressed in cubic feet, and so on 

237 Jn tho oxamplo given in Art 232, wo find that 
tbo volnmo is equal to 4 x 3 x 2 cubic lucbcs Now supposo 
wo tako for tlio base of tho rectangular parallolopipc^tho 
rectangle which is 4 inches by 3 , then tho height is 2 inches, 
and tho iirea of tho base is 12 square inches. Thus the 
number denoting tho volume is CQual to tho product of tho 
numbers denotmg tho arot of tho base and the hoight If 
wo tako for the base tho rectanglo which is'4 inches by 2, 
thon tho hoight is 3 inches and. as beforo, tbo nnmber 
denoting tho lolumo is equal to tuo product of tbo num- 
bers denoting the area bf the base and the height. Or 
wo may take for tho baso’tbo rcOtanglo whioh is 3 inclxos by 
2, then tho hoight is 4 inches and, as bofbro, tho number 
denoting tho vulume is equal to tho product of the numbers 
denoting tho area of thobaso and the hoight 

23S. Tho student will now bo able to understand the 
way an which wo cstmiato tho volumes of solids, and to 
use correctly tho rules which will bo giion the rmoa will 
bo stated with brevity, bnt this will present no difficulty to 
those who have lead the forogomg explanations 



23<) To find tHe tolume of at ectangular parallel- 
epiped 

_E.dIiB Multiply toyethei the length, the breadth, and 
the height, and the product vnll be the volume 

Or, Multiply the area of the base by the height, and 
the pi oduct loill be the volume 

C 

240 Examples 

(1) The leugtli of a icctangnlnr paTallelopiped is 
2 feet G inches, tho breadth is 1 foot 8 inches, and tho 
height IS 9 luehcs 

2 feet Ginehes— 30 inches, 1 foot 8 inches =20 inches, 
30 x 20 x 9 = 6400 

Thus tho Tolnmo is 54o'0 cubic inches i 

(2) Tho area of tho base of a rectangular paral- 
lolcpipcd IS 16 Br[uaro fcot^ and the height is 3 feet 
9 inches 

3 feet 9 inches =3 76 foot 

16x376=66 25 

Thus the Tolumo is D6'25 cubic feet. 

241 K wo know tho Tolumo of a rectangular paral- 
lelepiped, and also tho aica of its base, wo can find tho 
height b; dividing the number which expresses tho voluino 
by the number which expresses tho area of tho base , and 
similarly if wo know tho Tolumo -and tho height wo can 
find tho area of the base Of course wo must bo careful to 
uso corrc^onding denominations foi tho rolumcs and tho 
known area or height see Art 132 

t 

242, Examples 

(1) Tho volumo of a rectangular parallelepiped is 
67G cubic inches, and tho area of tho base is half a square 
foot' find the height. ^ 

' » Half a square foot=72 squaio inches, 

Thus tho height IS 8 inches, , 

o o 
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(2) The Tolume of a rcctangnlar parallelepiped is 
8 cable foef^ and tbe height is 1 foot 4 inches find the 
area of the basa 

' 1 foot 4inches=lJ feet, I 

Thus the area of the baso is 6 square foot. 

243 A cubo IS a rectanguIaT parallelepiped having its 
length, breadth, and height equal; hence to find the 
volume of a cubo nro multiply the number irhich dc* 
not^ the length by itself, and multiply the product by 
the number again Thus wo see the reason for using the 
term cube of a number to denote the result obtains by 
multiplying a number by itself, and the product by the 
number again. 

244 The statements made fn Art, 230 as to the con^ 
nection between cubic inches, cubic feet, and a cubic yard, 
will bo easily understood by the aid of the explanations of 
the present Chapter Take, for example, the first state- 
ment that 1728 cubic inches make I cubic foot a cubic 
foot IS a cube 12 inches long, 12 inches broad, and 12 inches 
high , and therefore by the method of Art 232 we see that 
a cubic foot contains 12 x 12 x 12 cubic inches, tliat is, 1728 
cubic inches 

246 TV'e will now solve some exercises ^ 

(1) I'md how many bneks will be required to bufld a 
wall 25 yards long, 16 feet high, and 1 foot lOj inches 
thi(^, abrick bomg 9 mehes long, 4k wide, and 3 deep 

The number of cubic mehes m the wall is 


25x3xl2xl5xl2x^, 



the former number by the latter, and the quotient is 30000. 
winch 18 therefore the number of bneks required. % 
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(2) A reservoir is 15 feet 4 inches long by 8 feet 

3 inches vado find how many cubic feet of water must be 
drawn off to make tho surface sink 1 foot. 

• Tho Tolnnio of tho water which must be drawn off js 
that of a rectangular panlldepiped 15 J feet long, 8} feet 
wide, and 1 foot deep , therefore the number of cubic feet 

m the volume is ^ ^ x 1, tliat is that is 126i 

, (3) Find tho length of a cubical vessel which will hold 
100 gallons 

Tho vessel is to hold 27'727 4 cubic inches, so that tho 
number of mehes in tho length will be found by exU acting 
Hio ciiba root of this number it uill bo found that tho 
cube root is 30 267 

(4) A vessel is in the shape of a rectangular paral- 
lelepiped, it is without a hd, ovtomally tho length is 

4 feet, tho breadth 3 feet, and tho depth 2 feet, tho thick- 
ness of tho material is half an mdi find tho number of 
cubic mehes of tho material 

Evtomally tho dimensions in inches aro 48, 36, and 24 , 
thus tho volume is 41472 cubic inches. 

Ihtomally tho dimensions in inches aro 47, 35, and 23? , 
thus tho volume is 38657i cubic mehes 

TIio diffcrcnco is 28145 cubic inches This is tho ro- 
qmred result. , 


EXAMPLES XXII 

Find tho number of cubic feet and inches m enbes hav- 
mg the following lengths 

1 2 feot 8 inches 2 1 fathom 

3 1 yard 1 foot 9 inches. 4 1 pole 
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jPind tho number of cubic feet and incbos in iCctan^- 
Ifir parallolopipcds which have tlio following dimonaions 

5 4 feet 8 mchos^ 3 foot G inches, 2 fcot 4 inches 

6 7 foct 9 inches^ 4 foot 6 inches, 2 feet 3 inches 

7 6 yards 2 fcot 7 inches, 3 foct 4 inches, 2 foct 
II inches 

8 10 yards D inches, 5 yards 1 foot 7 inches, 2 yards 

5 inches 

Find tho number of cubic feet and inchos in rectangular 
parallelepipeds which have tho following diinonsions 

9 Area of base 16 square foot, height 4 fcot 3 inches 

10 Area of base 1000 square inches, height 1 yard 

11 Area of base 12 square feet 80 square inches, 
height 2 fcot 7 Indies 

12. Area of base 1 s^re yard 6 square foot 120 square 
inches, height 1 yard 1 foot G inches 

Find tho heights of tho rcctan^ar parallelepipeds 
which have the following volumes and bases 

13 Volume G cubic feet, base 8 square feet 

14. Volume 3 cubic feet, base 3 feet 4 inches by 2 feet 

6 inchos 

15 Volume 124 cubic feet 1668 cubic inches, base 
24 square feet 143 square inchos 

16 Volume 198 cubic feet 866 cubic inchci^ base 
34 square foct 4 square inches 

Find tho areas of the bases of tho roctanguKr paral- 
lelepipeds wluch ha^ e tho foUowmg volumes aud heights 

17 Volume 16 cubic fcot, height 9 inches 

18 Volume 9 cubic feet 48 cubic mchos, height 2 feet 

1 inch » 

19 Volume 99 cubic fcot 428 cubic inchos, height 
6 fcot 10 inchos 

20 Volume 296 cubic fcot 144 cubic inches, height 
8 feet 6 inches 
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Find to the nearest gallon tho volumes of rootangnlar 
pamllelopipeds having tho following dimensions , 

21 6 feet, G foot, 6 foot 

22 6 foot 8 inches, G foot 8 incho% 6 foot 6 snehes. 

23. 7 foot 4 inches, 7 foot G inches, G feet 9 inches 

24. S foot G inches, 8 feet 4 inchos, 8 foot 2 inches 

Find to tho nearest Inmdrcdwoight tho weights of tho 
water which can bo contained in rectangular parallelepipeds 
having tho following dimensions' 

25 6 feet, 5 feet, 5 feet 

2G 5 feet 6 inches, 5 feet G inches, 5 feet 3 inches. 

27 G feet 9 inches, G foot 5 inchos, 5 feet 10 inches 

2$ 9 feet 4 inches, 8 feet 7 inches, 8 feet 2 inches 

29 Show that a cube G inches long is cquivnlciit to 
tlio sum of three cubes which aro respectively 3 inches, 
4 inches, and 5 inches long 

30 Find tho number of cubic chains in a rectan- 
gular parallelepiped whoso edges aro 94 chains 50 links, 
1 chain 5 links, and 31^ links. 

31 The bo.ams of wood used in bnilding a house aro 
3 inches thick, and 10 inches wido , 200 of them aro used 
which together amount to 1000 cubic feet find the length 
of CJich beam. 

32 Find how many bricks will bo required to bnild a 
wall 90 feet long, 18 inches tliick, and 8 feet high, a brick 
being 9 inches long, 4’ wide, and 3 deep 

33 A certain book is 8 indies long, 'Jj- inches broad, 
and 2j niches thick find how many such books c.an bo 
packed in a boa which is 3 feet G inches long, 3 feet broad, 
and 2 feet deep 

34 If a cubic foot of gold may bo made to covci uni- 
fomilj 432000000 square inches, find tho thickness of tho 
coatmg of gold 

35 A metro is 39 37 inches • find tho number of cubic 
feet in a cube whose side is a mctvw 
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3G A block of Btono js 4 foct lonff, 2^ foot brond and 
foot tlnck, it weighs 27 cwfc fiud tfio weight of 100 
cubic inclics of tho stouo 

37 If a cubic foot of nimble weigh 2 7lC times ns 
much as a cubic foot of ivatcr, find tho weight of a block 
of marble 9 feet G inches long, 2 feet 3 inches bioad, and 
2 foot thick. 

38 Shew that a cubical tcssoI tho length of winch is 
1404 inches mil hold less than 10 gallons, and that a 
cubical vessel tho length of which is 1405 inches will liold 
more than 10 gallons 

39 A reservoir is 24 feet 8 inches long bj 12 feet 
9 inches wide find how many cubic feet of uatormust 
bo drawn off to make the surface sink 1 foot. 

40 A oistemis 13 feet G inches long by 9 feet 0 indies 
wide find through how many inches the surfaco will sink 
if 260 gallons of water are draivn off 

41 If gold bo beaten out so thin that an ounce will 
form a leaf of 20 square yardsL find how many of these 
leases will make an inch thick, the weight of a cubic foot 
'of gold being 10 cwt 95 lbs. 

42 Show that a cubic fathom of water weighs about 
C tons 

43 If a rectangular panllclopipcd has its length, its 
breadth, and its depth rcspcctn cl} half as latge again ns 
another rectangular paralldopipod, show that the first is 
more than three tamos as largo as the second 

44. If a rectangular parallelepiped has its Icngtli, its 
breadth, and its depth rcspcctiicl} a quarter ns larao 
again as another rectangular parallclopiped, show that the 
first 18 nearly twice ns largo as tlio second. 

45 If a rectangular parallelepiped has its length, its 
breadth, and its depth respectively a sixth, a seventh, and 
an eighth as laigo again as another, show that tho first is 
half as large again as tho second. 

46 A vessel is in the shape of a cube, it is without a 
lid if tho external length is 3 feet, and the thickness of 
tho material one inch, find tho number of cubic inches of 
tho material 
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47 A vessel is in the shape of a rectangular paral- 
lelepiped , it is anthout a lid , if estcmally the length ho 
6 feet, the hreadtii 6 feet, ana the depth 3 feet, and the 
thic^ess of the matenal half an inch, hnd the number of 
cidnc indies of the matenaL 

48 TIio external length, breadth, and height of a 
closed rectangnlar avooden box are 18 indies 10 inches and 
6 inches rcspectivelj, and the tluckncss of the avood is 
half an inch, avhen the box is empty it weighs 15 lbs, 
and when filled with sand 100 lbs. find the weight of a 
cubic mch of wood, and of a cubic mch of sand. 

49 A bos avithout a hd is made of wood au inch, thick , 
the external length, breadth, and height of the box are 
2 feet 10 inches, 2 feet 5 inches, and 1 foot 7 inches respeo- 
tirely find what volume the box anil hold. 

60 A rectangular parallelepiped having a square have 
is 3^ feet 4 inches high , the volume is 40 cubic feet 1440 
cubic mdies find the side of the square base 

51 A rectangular parallelepiped has two faces each 
coutammg 2 square feet 117 square inches, two faces each 
contammg 2 square feet 12 square inches, and two faces 
rach contammg 1 square foot 96 square inches shew that 
tte volume of the rectangular parallelepiped is 3 cubic 
feet 216 cubic inches 


The fehowing Examples involve the extraction of the 
coboroot 

to ^^ic length of a cube which will bo eqmvalent 

to 3M0 '5“™lont 

40oS^S?4i^’‘ wbiou Iril iold 

a to 

Tc»,«S i/u certain land of stono 
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XXIII PAEALLBLEPIPED, PRISM, CYLIEDER 

24G To find tJie volume cf a "pai allelepiped, ajonsm, 
or a cylinder 

EmiE. Multiply iJie area qf iJie dase iy the height, 
and the product will he the volume 

I * ) 

247 Esamxdcs 

(1) The area of the boso of a p^rallclopipcd is 5 square 
fect^ and tho height is 9 inches 

9 inches=^^ of afoot, fix - =3| 

Thus tho Tolume is cubic feet 

(2) Tho base of a pnsm is a triangle^ tho sides of whidi 
are 1 foot 1 inch, 1 foot 8 inches, and 1 foot 9 inches re- 
flectively , and tho height of the pnsm is 1 foot 10 mches 

Wo must first find the area of tho bnso by Art, 162 

1 foot 1 inch =13 inches, 1 foot 8 inchcs=20 inches, 
1 foot 9 inches =21 inches 

- 64 

13 + 20+21=64, ^==27, 

27-13=14, 27-20=7, 27-21=6 

27x14x7x6=16876 Tlic square root of 15876 la 126 
Thus tho area of tlio baso is 126 square inches 

1 foot 10 mchcs=22 inches ' 

j 

126x22=2772 Thus tho volume of tho pnsm is 2772 
cubic inches. 
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(3) Tho ndius of the base of a cjlinder is 5 mchos, 
and the height is 16 inches 

The area of the base in square inchcs=5x5x31416 
=7854 

78 54x16=1256 64 

Thus the Tolnmc is about 1256 64 cnbic mclics. 

248- If we know tho volomo of a parallelepiped, a 
prism, OTA cylinder, and also tho area of tiio base, we can 
find tlic height by dividing the number which espressos 
tho Tolumo by tho number which cjprosscs tho area of the 
base, and similarly if wo know the volume and the height, 
we can find tho area of the base 

249 Evamples 

(1) The volume of a pnsm is a cubic foot, and the area 
of the base is lOS square inches find the height 

■^^=36 Thus tho height is 36 inches; 

(2) The volume of a (yhnder is 2000 cnbic mches, and 
the height IS 4 feet 2 inches find the area of the base, 

2000 

-^= 40 Thus the area of the base is 40 square inches 


250 It will bo seen that tho Eule in'Art 246 is the 
same as the second form of the Rule in Art 239 and it 
will be fnstractive to attempt to explain tlio reason of this 
wmadmcc. ^Yo suppose that tho beginner has convinced 
himself by the process of Art 232, that the Rule holds for 
parallelepiped, and wo wiU try to shew 
that it will also hold for a r/g/tt pnsm oi 


cylinder 


i or a riff/ti circidar 


, , Refer to the diagram of Art. 29 Let there bo 

wffi 1 height, one having tho tn- 

other havmg thoroctanglo 
ARDE for base By the method of Art 29 wccSIw 
that tho pnsm on the tnan^r base is half the pnsm* on 
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the rectaBgalor base Hence it ^11 follow that the Enlo 
of Art 246 holds for any right pnsm on a tnangular base 
Therefore the Enle will also hold for a nght pnsm which 
has any rcctihneol h^re for its base, because such a 
base could be divided into triangles , and the pnsm could 
bo di^ ided into corresponding prisms with tnangular bases, 
for each of which the Kule holds* 

We are thus led to the notion that the volnmo pt a 
nght pnsm of given height depends only on the area of 
the b^c, and not on tho shape of that base, and tins may 
suggest that the Buie will also hold for a nght cucular 
tjyhnder And we may infer that tho Buie will also hold 
for other solids winch are not called cylinders m ordinary 
language , for example, the shaft of a fluted column, 

252 The Buie will also hold for dbltqtic pnsms and 
cylinders. The ground on which this rests is tho following 
proposition an oblique pai allelemped is equivalent to a 
rectangular paroUdepiped iohich has the same base and 
an equal height This proposition resembles that in 
Art. 28, and the mode of domonstmtion is similar, but 
instead of one adjustment of adding an area and sub- 
tracting an equal aioa, wo shall hero in general require 
iiDo separate adjustments, of adding a volume and sub- 
iractiug an equal volume 

253 Wo will now solve some exercises 

(1) A cubic inch of metal is to be drawn into a wire 

of an inch thick find tho length of the wire 

TIio Wire will bo a cylinder, having the radius of its 
base ^ of an incL Thus tho area of the base in square 
3 1416 

mclioB=- =s 007864 As tho volume is 1 cubic inch, 
400 - 

WO divide 1 by 007854, and thus wo obtain for tho length 
of the wire 127 3 inches. 

(2) Find tho volume of a cylindrical shell, tho height 
being 5 feet, the radius of tho inner surface 3 inches, and 
tho radius of tho outer surface 4 mchos. 
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By a CTiujdncal slicll is meant tlic solid Trlnch remains 
wLcn from a solid cyimder another cylinder ivitli tlio same 
axis or mth a pariUd axis is removed, such hodlcs are 
nsually called or tubes 

By Art. 173, Uio area of the base in square inches 
=7xlx3I416=21'9912j the height rs 60 inches there- 
fore the volume in cubic inches=60 x ai’SSlS = 1319 472. 

(3) The height of a cvimdcr is to he equal to the radios 
of the bas^ and the volmne is to be oOO cubic inches find 
the height 

*'incc the heiglit is equal to the radius of the base, tho 
product of 3 1416 into the cvhc of the number of inches in 
tho radius must be equal to 500 hence the cube of tho 

number of inches in the radius =-; 452 _b= 159 15 Brex- 

o 1416 • 

tractmg the cube root oblaiu 5419 Thus the ndius 
IS ucarlr 5 42 inches 


EXAMPLES XXfTT. 

6 mdiE “ ' "“'eM = 

StotlfSlii ^ ““S 

'■'■Sl't 

6fett6^4“ irfskt 

45 mew” 20 indies Idnlit 
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6 Sides of tlio Ijaso 16, 25, and 30 intlics, height 
62 inches. 

7 Sides of tho base 13, 40, and 6L inches, height 
68 inches. 

( 

8 Sides of tlio baso 25 , 33, and ^2 inclics , height 
G2 inches. 

Find m cahic feet and decimals tho volumes of tho 
c}lindct*s lumtig tho folio wng diniensious 

9 Iladius of baso 2 feet , height 3 feet 6 luclies 

10 Enchus of baso 2 foot G inches , height 4 feet 
3 inches 

11 Radius of base 3 feet G inclics, height 5 feet 
0 inches. 

12 Radius of biso 6 feet 4 inches, height G feet 
4| inches 

Fmd tho heights of tho pnsms which hare tho following 
volumes and bases 

13 Yolnmo IS cubic feet 703 cubic inches , baso 
G squaro feet 100 square inches. 

14 Yolumo 28 cubic feet 500 cubic incbcs, base 
7 square feet 103 squaro inches. 

15 Yolumo 36 cubic foot 349 cubic inches, basd 
9 square feet 35 square inches 

IG Yolumo G5 cubic feet 782 cubic inches, base 
14 squaro feet 118 square inches. 

Find the radii of the hoses of tho cylinders winch hare 
tho following volumes and heights 

17 Y olumo 10000 cubic inches , height 4 feet 2 inches 

IS Yolumo 20 cubic feet , height 4 feet 74 inclics. 

19 Yolumo 50 cubic feet, height 5 feet 4 \ inches 

20 Yolumo loo cubic feet , height 5 feet 10 inches 
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Find to tbo nearest gnllon the qnnntitj of water nbitli 
Will bo held by cjbndncal Tcssels limng tbc foUovsing 
dimensions 

21 Radius of base 10 inclics , bciglit 20 inches. 

22. Radius of base 2 feet G iiidics , licight 4 feet 

23 Radius of base 5 feet , height S feet. 

24 Radius of base 7 feet 6 inches , height 10 feet 

25 The height of a pnsui is 24 feet, the base is a 
trapezoid, the iMirallcl siocs being 18 feet and 12 feet re- 
spectively, and the distance bctnccu them 5 feet find the 
volume 

2G The wall of China is 1 500 miles long, 20 feet high, 
15 feet wide at the top, and 25 feet wide at tlio bottom 
find how many cubic jards of material it contains. 

27 Find the nunilwr of cnbic feet of earth which 
must be dug out to form a ditcli 1000 feet long, S feet deep, 
IG feet broad at the bottom, and 20 feet broad at the top 

28 Find to the nearest gallon the quantity of water 
which will bo required to fill a ditch having the following 
dimensions length 40 feet, depth G feet, breadth at tlio 
top 10 feet, breadth at the bottom 8 feet. 

29 A ditch IS S feet deep, 24 feet broad at tlio top, 
and 16 feet broad at the bottom find the length of the 
ditch if 250000 cubic feet of eartb aiai dug out to mahe it 

30. A ditch is 4 feet deep, 5 feet broad at the top, and 
4 feet broid at the bottom find tbc length of the ditch 
to the nearest foot, if it will hold 10000 gallons of water 

31 Find howmanv cubic feet of earth must bo dug 
out to make a well 3 feet m diameter and 30 feet deep 

32 Tlnd how many cubic yards of earth must bo dag 
out to make a well 4 feet m diameter and 119 foot deep 

33 Find the number of cubic yards of c,artli dug out 
01 a tunnel 100 j-ards long, who&e section is a scniitirclc. 
with a radius of 1 o feet 

3} Find how manv pieces of money ^ of an inch in 
ilmmcter, and J of an inch tliick, must bo melted down in 
oraer to romi a cube ivhose edge is 3 iticlics long 
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ns Tbo diameter of xi well is 4 foot, and its doptb 
no feet find the cost of excavation at per cubic 

3nrd 

no TIio diameter of a woll is 3 foot G inclicSi and its 
depth 40 foot iiud the cost of GXca\atiou at 7^ Gtf per 
cubic jard. 

37* The diameter of a ncll is 3 feet 9 inches, and its 
depth 4S feet find the cost of excavation at 7^ per 
cubic yard 

33 If 30 cubic inches of gunpowder weigh a pound, 
find wimt length of a gun, G inches boro, will be filled 
with 10 lbs. of powder 

30 A cubic foot of brass is to bo drawn into a vnro 

of an inch m diameter find the length of the wire. 

10 A cubic foot of bmss is to bo drawn into a wire 
025 of an inch thick find the length of the wire 

41 Find the volume of a cjlmdncal shell, the radios 
of the inner surface being 5 inches, the radius of tho 
outer surface G inches, and tho height 7 feet 

42* Find tho volume of a cvlindncal shell, tho radius 
of tho outer surface being 10 inclics, tho thickness 2 inches, 
and the height 9 feet 

43 Find tho volume of a cylindncal sholl, tho radius 
of the inner surface bomg 12 inches, tho thiclnicss 3 inches, 
and the height 10 feet 

44 An iron pipe is 3 inches in boro, half an inch thick, 
and 20 feet long find its weighty supj^sing that a cubic 
inch of iron weighs 4 52G ounces 

45 Tho length of a leaden pipe is 13 feet, its boro is 
Ij inches, and its thickness IJ inches find its weight, 
supposing a cubic inch of lead to weigh 6 G04 ounces 

4C Find tho cost of a leaden pipo of 2 inches boro, 
wluch IS half an inch thick and 8 yaras long, at 2\d per lb 
supposing a cubic foot of load to weigh 11412 ounces 

47 A square iron rod, an inch thick, weighs 104 lbs 
find tho weight of a round iron rod of tlio samo length and 
tiuckncss 
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48 ETei 7 edge of a certain tnangular pnsm measures 
10 inches find the volumo 

49 The base of n certain pnsm is a regular hexagon 
every edge of the pnsm measures 1 foot find the volume 
of the pnsm 

60 The radius of the inner surface of a leaden pipe is 
14 mches, and the radius of the outer surface is l-A inches 
if the pipe be melted, and formed into a solid cj under of 
the same length as befoic, find the radius. 

61 The trunk of a tree is a right circular cybndcr, 
3 feet in diameter and 20 feet high &d the volume of the 
timber which remains when the trunk is tnmmcd just 
enough to reduce it to a rectangular parallelepiped on a 
square base 

The following examples mvolve the extraction of the 
cube root 

62 The sides of the base of a triangular prism are 62, 
61, and 25 mehes respectively, and the h^eight is GO inches 
find the length of a cube of equivalent rolutue 

63 The height of a cybndcr is 4 feet 9 inches, the 
radius of the base is 4 feet 3 inches find the length of 
a cube of equivalent volume 

54 Suppose a sovereim to bo g of an inch in diame- 
ter, and of an inch in thickness , if 100000 of them bo 
melted down and formed into a cube, find tho length of 
the cube. 

53 Tlio height of a cylinder is to bo 10 times the 
radius of the base, and tho volume is to bo 25 cubic feet* 
find tho radius 

5G The height of a cyhndrical vessel is to bo half the 
radius of tho base, and tho cylinder is to hold a gallon 
find the radius 


10 
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SEGMENTS OF A RIGHT 


r 

XXIV. SEGSIEKTS OP A RIGHT OIROULAR 
CYLINDER RING 


5254 Tlioro aro certain sogmcntii 
of n right circular cylinder, the volumes 
of ivliich can ho found by very snuplo 
Rules, ns ivo uill non show 




256 Suppose n nglit circular cy- 
linder cut into two parts by n piano 
parallel to tho axis, then each pait 
nos a segment of a circle for base 
The volnmo of each part may bo found 
by tho Eulo of Art 24G 



25C Suppose a solid has been 
obtained bj cutting a right circular 
cylinder by a plmo, luchnod to tho 
axis, which does not meet tho baso 
of tho C}lmdor Lot tho straight 
lino CDy drawn fiom the centre of 
tho base at right angles to tho baso 
to moot tbo other piano, bo called 
tho height of tho solid Then tho 
Eulo for finding the ^olumo of this 
solid 18 tho same as that girou in 
Art 24G 

Thus wo may sa} that tho height 
of iho solid IS tho portion of the 
axis of tho cylindci which is con* 
lamed between tho two ends 



257 Tho preceding Eulo may bo easily justified For 
if wo suppose a piano drawn tlirough D parallel to tbo 
baso of tho cylinder, it will cut off a wedge slmpcd slice, 
which may bo so adjusted to tho romaining solid ns to form 
a complete right circulai cj Under ivith the height GD 
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258 In tbo diagram of Art 256, it is easy to sco that 
CD IS half the snm of AF and BQ, that is, the height is 
equal to half the sum of the greatest and the least straght 
lines ■which can be di-a-wn on the sohd parallel to the axis 
of the cylinder See Art 163 

259 Suppose a sohd has been obtained by cutting a 
nrfit circular cylinder by two planes, inclined to the axi^ 
which do not meet each othei The Tolunie of the solid 
will bo found by multiplying the haso qf the cyltndei hy 
tho height of the solid, where by the height of the sohd 
we must undei’stand tho portion of tho axis of the cylinder 
which IS contained betn con tho two ends Tho Rule follows 
from tho fact that tho solid may be supposed to bo the 
diifcrcnce of two sohds of tho kind considered in Art 256. 

260 Suppose wo have a solid hko tliat repiosented m 
tho diagram of Art, 256, and that it is bent round until A 
and meet wo obtain a solid resembhng a sohd nng, 
and thus a nng may bo described roughly as a cylinder 
bent round until the ends meet. This is not exact, but it 
■will servo to illustrate tho Rule winch mo shall now giio 

261 To find the volume of a solid ring 

Midiiply the area of a circular section qf the ring "by 
the length ^thet mg 

Tho ciicular section is sometimes called tho cross sec- 
tion Tho length of tho nng is tho length of tho circum- 
fcienco of tho circle which passes through tho centres of all 
tho cross sections, or it may be desenbed as half tho sum 
of the mnor and outer boundanes of tho ring Sco Art 258 

262 Examples 

(1) Tho radius of tho circular section of a nng is ono 
inch, and tho length of tho nng is ton inches 

Tho area of tlio circular section of the nng is 3 1416 
square inches , therefore tho volume of the nng in cubic 
inches is 10 x 3 1416, that is, 31 416 


10—2 
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(2) T]io ]nncr dmnictcr of a nng is 7 inclicsr and tbo 
enter dianiotcr is 8 inches. 

The difTorenco of these dnmetors is twice the dntucter 
of tho circuhir section , thcroforo the radius of the circular 
section 18 } of an inch, and tho area of tho circnlnr section 
IS IOCS'! square inches 

The inner boundaiy of tho nng is 7 1416 inches, and 
ilio outer boundary is 8x3 14iG inches, half the sum of 
those numbors is 23562 inches, which is thcroforo tho 
length of tho nng 

Tlicrcforo tho volume of tho nng in cubic inches 
s= 19636 X 23 662=4 6264 very nearly 

EXAMPLES “XXIV 

1 Shew that tho lon^h of a nng is equal to tho dif- 
ference of tho outer boundary and the cucumfcronco of tho 
cross section 

2 Slicw that the length of a nng is equal to the sum 
of the inner boundary and tlio circuniforonco of Ibo cross 
section 

Find in cnbic iiiclics tho volumes of tho nngs having 
the following dimensions 

3 Length 20j inches, radius of cross section J of an inclt 

4 Lcngtii 16 inches, dnmotcr of cross section 1 1 inches 

6 Outer diameter 48 inches, inner 4 2 inches. 

G Inner diameter 12 3 inches, diameter of cross see* 
lion 3 2 inches. 

7 Outer diameter 10 inches, dimeter of cross sec- 
tion 3^ inches 

8 Outer boundary 16 inches, circumference of cross 
section 1 6 niches. 

9 Tho volume of a ring is 800 cubic inches, the radius 
of tho cross section is 2 inches find tho length of the nng 

10 Tlio volume of a nng is 100 cubic inches, and tho 
length IS 20 inches find tho luncr diameter 
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5XV. PTBAMID OOITE. 


2G3 To find the volume of a 
pyramid or a cone 

Rule. Mtdliply the area qf 
the base by the height and one- 
third qf the product will be the 
volume 



2G4. Rsamples 

(1) The bise of a pyramid is a sqnaro, each side of 
which IS 3 feet G inches, and tho height of tho pyramid 
13 3 feet 9 inches 


3 feet 6 inches =3^ feei^ 
3 feet 9 inchcs=:3f feet 


31x35= 


’x^ = 
2 2 


4’ 


1 49 15 49x5 

3 ^ 4 ^ 4 “ 4x4 



Thus the Tolmne is 15^ cubic feet 


(2) The radius of the base of a cone is 10 inches, and 
the height of tho cone is 18 inches 

10x10x31416=31416, 

I X 18 X 314 16 = 6 X 314 16 =1884 96 
Thus the volume is 'about 1884*96 cubic inches 


265 If wo know the volume of a pyramid oi a cone, 
and also tho area of the base, wo can find the height by 
.dividing three tunes the number which ciqircsses the 
volume b^ the number which expresses the area, and 
similarly, if we know the volume and the height, we can 
hnd the area of the base 



150 


PYRAMID OONJS 


266 Esamplos ' 

(1) TIio Tolumo of a pYramidis a cnbic yard, and tho 
ai ea of the haso is IS s^nare feet find 'the height 

A cubic yard=27 cubic feet , = |==4| 

Thus tho height is 4^ fcei 

(2) The volume of a cono is half a cubic fooi^ and its 
boight IS 27 inches find the area of tho base 

3 X 864 

Hftlf a cubic foofc=8G4 cubic incbos , — =96 

Thus tbe area of the base is 96 square lucbcs 

267 T7e ivill noTf solre some exercises 

(1) The base of a pyramid is a square, each sido of 
wbicb measures 10 feet , tho length of each of the four 
edges whicli meet at tiio Tortex is 18 feet find tho 
vohimo 

Wo must dotormino tho height of tho pyramid 

Let ABCJ> be the base, and 
E tho vertex: of tho pyramid 
Lot EF be the height of tiie 
pyramid, that is, the perpondicu- 
lor from E on tho base , then 
will be the middle point of tho 
diagonal AO 

Now, by Art, 65, we shall find 
that tho number of foot in AC is 
10^2, and thus tho number of 
feet in AF is 6 a/2 

In tho nght-angled triangle 
AEF^ tho hypotonuso AE is 18 
feet , and tho number of feet in 
AF\^ 6^2 , therefore, by Art 60, tho number of foot in 
EF^& tbo square root of 324-60, that is, tho square root 
of 274, that is, 16 6520464. ' ^ 
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Hcnco tho volume of tlio pyramid in cubic feet 
X 100 X 1C 5529434=551 7G484 

(2) TIio base of a pvnmid is ti square, cacb side of 
■whicb 18 10 feet , the len^tb of tbo straight lino drawn 
from tho vertev to tho middle point of aiij side of the base 
13 13 feet find tho volume. 

IVo must determine tho height of the pyramid Using 
the same figure os in tho preceding Exercise, let G- bo tlio 
middle point of AD Then LG is 13 feet , and GF la 
6 feet therefore, by Art GO, tho number of feet m EF is, 
tho square root of 1C9— 25, that is, tbo squaro root of 144 
that IS 12. ^ 

Hcnco tho volume of tho pyramid in cubic feet 
= 1x100x12=400 

Ve may observe that LG is sometimes called tho slant 
neifflit of tho pyramid 

(p) <^vncr of a cube is cut off hv a plane which 
meets the edges at distances 3, 4, and 5 inehcs i ospectivcly 
from their common point find tho volume of tho picco 
cutoff 

f ^ P’cco cut off IS a triangular pyramid wo may take 
for the too tho nght-anglod triangle tho sides of which 
are 3 and 4 inches rcspectivclv, and then the height of tho 
pyramid is 5 inches Hcnco Uio volume of the py ramid in 

cubic inches =i x x 6= 10 

o iS 


EXAMPLES XXV 

Pmd in cubic feet and inches the volumes of the pyra- 
mids having tho following dimensions 

5 inche?'^° ^ 2 feet 
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2 Baso 14 square feet 96 square inclios ^ lioight 3 feet 
7 inches 

3 Baso 20 square feet 120 square inches j height 
6 feet 8 inches. 

4. Baso 23 square foot 21 square inches j height 
4 feet 11 inches. 

Find in cubic feet and decimals the Tolumes of the tn- 
angular pyramid having the following dimensions 

6 Bides of the base 4, 5; and 7 feet , height 6 feet 

6 Sides of the base 7, 9, and 11 feet , height 8 feet 

7 Sides of the base 15, 19, and 20 feet , height 22 feet 

8 Sides of the base 23, 27, and 30 feet , height 24 feet 

Find m cubic feet and decimals the yolumcs of the 
cones having the following dimensions 

9 Badius of base 2 feet , height 4 feet 

10 Badius of base 3 feet 6 inches , height 5 feet 

11 Badius of base 4 2 feet , height 5*3 feet 
12. Badius of base 10 feet , height 10 feet 

Find the heights of the pyramids which h«avo the follow- 
ing volumes and bases 

13 Yolume 17 cubic feet 363 cubic inches, baso 2 
squaie feet 143 square inches 

14. Volume 33 cubic feet 309 cubic inches, base 
4 square feet 83 square inches. 

15 Volume 91 cubic feet 792 cubic inches, baso 

9 square feet 21 square inches 

16 Volume 114 cubic foot 1152 cubic inches, base 

10 square feet 96 square inches 

Find the radii of the bisos of the cones which have the 
following volumes and heights 

17 Volume 4000 cubic inches, height 5 feet 

18 Volume 40 cubic feet , height 6 3 feet 
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19 Volume 60 7 cubic feet, Leigbt 5 45 feet 

20 Volume 120 cubic feet , heigbb 6 24 feet. 

21 The faces of a pyramid on a square bis? are equi- 
lateral tiTUigles, *i side oi the base being 120 feet * find the 
lolumo 

22. Find the volume of a pynmid ■which stands on a 
square base, each side of 'winch has 200 feet, each of the 
edges which meet at the vertex being 150 feet 

23 A pyramid Ins a square base, the area of which is 

20 25 square" feet , each of the edges of the pyramid which 
meet at the vertex is 30 J feet find the volume 

24 The base of a pyramid is a rectangle 80 feet by 
60 feet, each of tho edges which meet at the vertex is 
130 feet find the i olume 

25 Tlie base of a pyramid is a square, each side of 
winch IS 24 feet, the length of tho straiglit lino diwwn from 
the vertex to the middle point of an} side of tho base is 
21 8 feet find tho volume 

26 The base of a pvraniid is a square, each side of 
which IS 12 feet, the lenrth of tho sti-ai^it lino drawn from 
tho vertex to the middle pomt of any side of tho base is 
25 feet, find tho volume 

27 The base of a pyramid is a rectangle, winch is 

21 feet by 25 feet, tlio lenrfh of tho straight lino drawn 
from the vertex to the middio point of cither of the longer 
sides of the base is 23 3 feet find tho volume 

2S The base of a pyronud is a rectangle, which is 
IS feet by 26 feet , tho Icnrth of tho straight line drawn 
from tho vertex to tho middle point of cither of tho shorter 
sides of tho base is 24 feet find the \ olume 

29 Tho slant side of a right circular cone is 25 feet, 
and the radius of the base is 7 feet find tho volume 

30 Tlic section of a right circular cone by a plane 
through its vertex perpendicular to tho base is an cqmh- 
tcral tnangic, each side of which is 12 feet find the volume 
of tho cone 

31 TIio sLant side of a right cncular cone is 41 feet, 
and the height is 40 feet find tho i olume 
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82 Tbe slant side of a nght circnlor cone is 55 
and the height is 42 feet find me volmnc 

33 Pind how many gallons are contamed in a vessel 
which IS in the form of a right circular cone, the radius of 
the hose bemg 8 feef^ and the slant sido 17 feet 

34 A conical wine gloss is 2 inches wide at the top 
and 3 inches deep find how many cubic inches of wind it 

' will hold, 

35 Find the Yolumo of a circular cone, the height of 
which IS 15 feet) and the mrcuinferonco of the base 16 feet 

36 A cone, 3 feet high and 2 feet in diameter at the 
bottom, IS placed on the ground, and sand is poured over 
it until a comcal heap is formed 5 feet high and 30 feet m 
circumference at the bottom find how many cubic feet of 
sand there are 

37 The volume of a cone is 221 cubic feet, the cir- 
cumference of tho base is 9 feet find the height 

38 Fmd the number of cnhic feet in a regular hex- 
agonal room, each side of which is 20 feet m length, and 
the walls 30 feet high, and which is fimshed above with a 
roof in the form of a hexagonal pyramid 15 feet high. 

39 Fmd the volume of the pyianud formed by cutting 
off a comer of tho cube, whoso side is 20 feet^ by a plane 
winch bisects its three contemunons edges. 

40 Tbe edge of a cube is 14 mches , one of the comers 
of the cube is cut off, so that the part cut off forms a pyra- 
mid, with each of its edges tenninaiang in the angle of the 
cube, 6 mches in length find the volume of the sohd that 
remains 

41 The great pyramid of Egypt was 481 feet in height^ 
when complete, and its base was a square 764 feet m 
len^h find the volume to the nearest number of cubic 
yaroB. 

42 The ^ire of a clinrch is a nght pyramid on a 
regular hexagonal base , each side of the base is 10 feet 
and the height is 50 feet, there is a hollow part which is 
also a nght pyramid on a regakr hexagonal hose, the height 
of tho hollow part is 45 feet, and each side of the base is 
9 feet find the number of cubio feet of stone m the spure. 
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stantidly tho same, bat more conTemont in form add the 
squares of the radit of the ends to the pi oduct qf the 
j adit multiply the sum hy the height^ and this product 
ly 3 1416 onoihtrd qfthe 7 esidt mil be the volume 


271 T7o Will now solve some exercises. 


(1) ^0 radu of the ends of a Inistom of a nght circu- 
lar cone are 7 inches and 10 inches rcspectivelj , and the 
slant height of tho fmstnm is 5 inches. 

We must determine 
tho height of the irus- 
tnm 

Let the diagram re- 
present a section of tiio 
fmstnm made by a plane^ 
contain^ tho axis of tho 
cone uo see that tho slant height is tho hjpotennso of a 
nght-nngled triangle, of which one side is the neight of the 
frastum, and tho other side is the difioronco of tho radii of 
the ends 

111 the present cose the slant height is 6 inches, and tho 
difference of tho radii of the ends is 3 inches, uierefore, 
by Art 60, the height of the frustum is 4 inches* 

How 7x7=49, 10x10=100, 7x10=70, 

49 + 100 + 70 =219 , I X 4 X 219 x 3 1416=917 3472. 

O 

Thus tho volume is 917 3472 cubic mches 



(2) Tho ends of a frustum of a pyramid are equilateral 
triangles, the sides bomg 3 feet and 4 feet respcctivelv , 
and tho height is 9 feet* 


ByArt 20Gthenrcaofoneendin square feet =9 x 433 
and the area of the other end in square foet=16 x 433 \ 
theBqwcrootofthoproductofthesonumbers=12x 433 
Add those three results, and wo obtain 37 x 433 

Then|x9x37x 433 =43 063 

Thus the volume is rather more than 48 cubic feet 
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ESAilPLES. XXVI. 

Find in cubic feet the volumes of frustums of pvraimds 
Trbich have tbe fonoimi^ dmienrions 

2 Areas of ends 45 square feet and square feet; 
beigbt 15 feet. 

2. Areas of ends 4 square feet and 5 square feet ; 
bcigbt 2 feet 6 inches; 

3. Areas of ends 900 square mcihes and 6 5 square 
feet; height 2 yards 

4 Areas of ends 7 5 square feet and S'25 square feet , 
height 6 125 feet 

Find m cubic feet the volumes of ihistams of cones 
irhich have the following dimensions * 

5 Badn of the ends 3 feet and 4 feet height 7^ feet. 

6 Fadu of the ends 45 feet and 54 feet; height 
65 feet. 

7 Fadil of file ends 4rS feet and 64 feet; height 
7-2 feet. 

S Eadn of the ends 6-375 feet and 5 1 feet , height 
10 feet. 

__ * 

9 ^ TLe ^nt Side of tlie fimstnm of a Tight rfrcnlar 
cone is 5 feet and the ladu of the ends are T feet and 
10 feet, find the Tolnme; 

10 Fmd the cost of the fnistmn of a nght cnralar 
cone of marble at 24shJliDgs i>e^ cable foot, the diameter 
of the greater end bcirg 4 of the smaller end 1 ^ fecL 
and the length of the slant side S feet 



158 


EXAMPLES XXFL 


11 Tho ends of tlio frustum of a pyramid arc equila- 
teral triangles, tho lengths of tho sides being 6 feet and 
7 feet respectively, the height of tho frustum is 4 feet 
find tho volume 

12. Tho ends of tho frustum of n pyramid ore squares, 
the lengths of the sides bomg 20 feet and 30 feet rc^ct- 
ively tho length of tho straight lino which joins the 
middle pomt of any side of one end with tho middle pomt 
of tho corresponding sido of the other ond is 13 feet^ find 
the Yolumo 

13 The shaft of Fompcy*s pillar, which is situated 
near Alexandria in Egypi^ is a single stone of granite , tho 
height IS 90 feet, tho diametor at one end is 9 feet, and at 
the other ond 7 feet 6 mches find the volumo 

14 Tlie mast of a ship is 50 feet high , the circumfor- 
onco at ono end is GO inches, and at tho othei 36 find tho 
number of cubic feet of wood 

16 Tlio radii of tho ends of a frustum of a nght circu- 
lar cone arc 7 foet and 8 feet rospoctivoly , and the height 
IS 3 feot find tho volume of tho cone from winch tho frus- 
tum was obtained. 

16 The radii of tho ends of tho frustum of a nght 
circular cono are 7 feot and 8 feet respectively , and tho 
height IS 3 feet find the volumes of tho two pieces oh- 
tamed by cutting tho frustum by a piano paraflel to tho 
cuds and midway botwcon them 

17 Tho radii of tho ends of a frustum of a right cir- 
cular cone aro 7 feet and 8 f6et respectively, and the 
height 18 3 feot , tho frustum is cut into threo, each ono 
foot in height, by planes painllcl to tho ends find the 
number of cubic inches in eadi of tho pieces 

18 Tlio ends of the frustum of a pyramid are regular 
hexagons, the lengths of tho sides being 8 foot and 10 foet 
respectively , tho aei^ht of tho fnistum is 12 foot find tho 
volumes of tho two pieces obtained by cutting tho frustum 
by a piano parallel to tho ends and midivay botwcon thorn. 
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272 To find the volume of a icedge 


EniE Add the length of the edge 
to ticice the length of the Zwv, mul- 
tijihj the tim by the width of the 
^se, and the product by the height 
of the wedge; onc-sixth of the result 
will be the volume of the wedge. 



273. Examples 

(1) TLo edge of a Tvedge is 12 inclics , the length of 
the base is 16 inches, and the breadth n* 7 mches , the 
height of the Tredgo is 24 inches 

12-rI6-»- 16=44, ix44 x 7 x 24=12o2 
o 


Thus the Tolnme of the wedgo is 1232 cubic inches 


(2) The edge of a wedge is 5^ inches , the length of 
the base is 3 inches, and the br^dth is 2 inches, ilio 
height of the wedge is 4 inches 


5^-*-3+3=lli=^, 


ix|.<2»4=f=ni 


Thus the Tolume of the wedge is 15j cubic inches 


274 If the edge of a wedge bo c^nal to the length 
of the base, the wedge is a tnangular pnsm, so that 
we are thus fnmished with another Eule for finding the 
volume of such a pnsm This Enic is in general not 
identical with that given in ilrt. 246, becanso the dimen- 
sions which are supposed to be known are not tlio same in 
the two cases. If the pnsm be a right pnsm, it is easy to 
see that the two Enlcs arc really identical 
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275 If tbo edge of a -^odgo bo sbortor than the length 

of the huso, the Tfodgo can bo divided into att obhque 
triangular pnsm and a pyranud on a lectangular basc^ oy 
dravmg a piano through ono end of tho edge parallel to 
tho trianOTlar fhco at the other end And, in hke manner^ 
if the c^e bo longei than tho length of tho base, tho 
wedgo IS oqnnl to tho oxcoss of a certain tnungtOar prism 
over a certain pyramid on a rectangular base It is Tiy this 
consideration that the Rule of Art 272 can be shoivii to 
bo true * 

276 It has been proposed to extend tho meaning of 
the word weefyo to tho cose in which tho base instead of 
being a rectangle is a parollolo^m or a trapezoid. The 
Rule for finding tho volunio wiU still hold, provided wo 
understand tlio length of the hose to bo half tho sum of the 
parallel sides, and the hi cadth of the base to be tho peiv 
pondicolor distance between tho paraUol sides 


277 Suppose a solid has 
been obtained by cutting a right 
tnan^ar pnsm by a plane^ iii- 
chnod to the length of the pnsm, 
which does not meet tho base 
of the pnsm. 

The volume of this sohd 
bo found by the following 

Multiply the aiea <f the 
hose of the prism hy one-tlni d 
of the sum of tho parallel edges 
of the solid 



278 Tho sohd considered lu tho preceding Article is 
a wedgo in the enlarged meaning of the word noticed in 
Artw 276 tho Rule lor finding the volume may bo demon- 
strated hy a method similar to that explained in Art 276 
Por if through E, tho upper end of tho shortest of tho 
throe edges, we draw a plane parallel to tho base AEO, 
we divide tho sohd into a nght pnsm and a pyramid , tho 
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% olnmes of oacli of those can bo obtained by known Rules, 
and it will be found that tho sum of the two volumes will 
agree- with that assigned by tho Rule ‘of Art 277t 

279 Suppose a solid has 
been obtained by cuttmg a right 
prism having a ‘parallelogram 
for base by a plane, inchned to 
the length of the prism, which 
does not meet the base of tlic 
pnsm The volume of this 
solid may bo found by the' fol- 
lowing Rule 

Multirily the aiea of the 
base of the prism by one fourth 
of the sum of the four pm- 
allel edges of the solid. 

280 It IS easy to see that AE+CG=BF+DH , for 
each of these is equal to twice thd distance between the 
point of mtersection of AG ani ED and the point of mter- 
scction of EG and FH , and thus tho Rule of the pre- 
ceding Article might bo given m this form 

Multiply the area qf the base of the pnsm by half the 
sum of two (yiposite edges out qf thefout parallel edges 

281 Tho Rule of Art 280 follows from that of Art 
277 For if wo cut the solid into two pieces by a plane 
which passes through AE and CG, tho Rule of An 277 
will determine the volume of each piece, and it will be 
found that the sum of the two volumes will agree with 
that assigned by the Rule of Art. 280 

The Rules of Arts 277 and 279 may be extended in the 
same way as the Rule of Art 256 is extended in Art 269 

282 We will now solve some exercises. . 

(1) The edge of a wedge is 18 inches , the length of 
tho base is 20 inclies , tho area of a section of the wedgo 
made' by a plane peipondioular to tho edge is 150 square 
mches find tho volume 
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> The sectidn made by a piano perpendicular to the edge 
is a triangle, 'therefore tho product of'the'bnSe'of tliis 
triangle into its height'is 2 x 160, that i8, 300 this prodndt 
IS the same as that of the breadth of tho wedge into the 
height df the wedge * ‘ “ . , * 

* ” 18+20+20=68, "1x68x300=2900 ' , ’ 


^Tbos tho Tolame io 2D00 cubic inches ^ 

t, Tho result con ho obtained more readily by tho Itule of 
Art 277 . ' t ‘ t 

‘ . 18 +20 +20 =68, ix68xl60=2900 

O t ^ f'v 


< (2) ^ The edge of a ivcdge is 16 inches , the length of 
the base is 24 inches, and the breadth is 6 inches , and the 
height of the nred^ is 10 inches The wedge is divided 
into a pyramid and a nn^m by a plane throngh one^end of 
the edge parallel to tne^tnangolar face at tne^ other ^ end 
Tind the volume 6f each nart ^ » 

The length of the base of the pyramid is 24—16 inches, 
that 18 , 8 mches, hOnce, by Art 263, the Yolbme vi the 

* s 1 \ ^ i 

pyramid in cubic inches^rgxBx 6 x 10=160 ^ ^ ^ 

The pnsm has three parallel odges^ each J6 'inclios 
long, and, b} Art 274, its volume in cubic inches t * 


‘ . ' =5 x'l’is X 6^ lO ^480 

I 2 » I I ? * T ■» / « 

I ^ ^ i *’f 

/ } > i “ 

EXAMPLES XXVII ,, 

' i 

1 The edge of a wedge is 2 feet 3 inches , the length 
of tho base 2 feet 3 inches, and the breadth is 8 mches, tlih 
height of the, wedge is 16 inches 6nd the volume , 

2. TIio edge of a wedge is 9 feet, tho ledgtih of tho 
basois 6 foot, and ilio’bretmth is 3 feet , the height of tho 
wedge IS 2 feet find tho voluino « ' 
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3 Tho base of a wedge is a square, a side of which is 
(15 inches , the edge is r24 inches, and the height of the 
wedg^ IS 24 inches find the volnme 

4. The h^e of a pnsm is an eqnilateral triangle, each 
side of whidi is 4 inches find the Tolnme of tho solid 
obtained by cutting off a piece of this pnsm, so that tho 
snm of the three pandlel edges is 16 inches 

5 Tho base of a pnsm is a^roctanglo which measures 
7 inches by 8 find the rolumo of the solid obtained by 
cutting off a piece of this prism, so that the 'sum' of tho 
four parallel edges is 42 inches 

6 The edge of a wedge is 21 inches , the length of 
the base is 27 inches , the area of a section of the wedge 
made by a plane< perpendicular to tho edge is 160 square 
inches find the volume. 

7 The edge of a wedge is 26 inches , the’length of the 
base IS 22 inches , a section of tho wedge made by a plane 
perpendicular to the edge is an equilateral tnangle, each 
side of which is 10 inches find the -volume. 

/ 1 

8 Tho edge of a wedge is 16 mchos , tho length of the 

base IS 24 inches, and the breadth is 7 inches , the height of 
tho wedge is 22 mches ; the wedge is divided into a pyra- 
mid and a pnsm by^ a plane through one end of the edge 
parallel to the tnahgular face at the other end ^d the 
volume of each part ‘ > 

9 The edge of a wedge is 2 feet 3 inches , tho length 
of the base is 2 feet 9 mches, and tho breadth is 8 inches , 
the height of the wedge is 14 inches , the wedge is divided 
into two pieces by a piano which passes through a fioint in 
the edge, distant 18 inches from one end, and whicli is 
parallel to the triangular face at that end find tho volume 
of each piece 

10' Tho edge of a wedge is 36 inches, the length of 
tho base is 27 inches, and tho breadth 6 inches . the height 
of the wedge is 12 inches. The wedge is divided by a plane, 
so that the snm of tho three parallel edges in one part is 
42 inches find the volume of each part , 


11—2 
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583 To Jind the tohtmo a Pnsmotd 

HttIii:. Add iogelhet the areat 
qf>the two ends and four 'times 
Hie area of a section parallel to 
the two ends and -midway hetween 
them, multiply the sum hy the 
height, and one-sirth of the pro 
duct wtllleiho volume 

284 Examples 

(1) The area of ouo end is 4 square feet, of llio "oilier 

end Sisqunro feet, and of the middle section 6 square feet, 
the height is 2 feet. ' , 

, ' 4+24+ 9 = 37, |x37x2=s^«12^ 

^ns the Tolnme is 12^cul3io feet r 

(2) The area of ono end is 224 square inches, of the 
other end 216 square inches, and of tho nuddlc section 
221 square inches tho height is 18 inches 

224+884+216 = 1324, ixlS24y 18«^3972/ » 

TIius tho Tolumo is 3972 cubic inches " 

< j 

286 Tlio demonstntion of tho Rule m Art 283 dc- 
yends on tho fact that a pnsnioid can be divided into 
pyramids and wedges, some having their bases m ono end 
of tho pnsmoid, and some in the other^ and all hnAnng the 
same height as tho pnsmoid 

286 Each side of tho middle section is equal to half 
tho sum of the corresponding sides of tho ends Thus if 
the ends arc rectangles of knorni dimension^ tlio area of 
the middle section > can bo easily found ^ for then four 
times tho area of Uio middle section is equal todho area 
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of a rectangle, having for each of its dimensions the sum 
« of the corresponding dimensions of tho ends 

Each angle ,of the middle section is equal to the cor- 
respondmg angle at tho ends 

^ t r- 

, 287 If tbe ends of a pmmoid are "similar figures 
similarly situated, tho pnsmoid is a frustum of ^ pjTamid, 
and therefore tho yolumo might bo found by the Eulo of 
Art 268 By companng tlie two Rules, we infer that in 
this case, foul times tho aroa.of the middle section is equal 
to tho sum of tho areas of the ends added to > twice the 
square root of the product of these areas 

t ' 

288 , ,It has been proposed to extend tho meaning of 

the term pnsmbid so as to apply .to cases m' which the 
ends are not rectihneal figures Accbrdirigly, tho follow- 
ing defimtion may be given A prismoid lut^ for its' enils 
any two pat dUel plane figures, and has %ts other loun- 
dary straight having the other boundary straight is 
meant that a straight lino may bo placed on the boundary 
at any point, so os to coincido with tho surface from ena 
to end. This definition will include a frustum of a cone, 
or either of tho pieces obtained by cuttmg a frustum of a 
cono by a plane which meets both ondsl ' ' > 

Tho Rule in Art 283 holds for this extended m'comng 
of tho term pnsmoid. , 

289 Tho Rule for finding tlio , volume of , a pnsmoid 
holds for many other solids, but it would not'bo possible 
to, define these solids in an olomontary mannor tho ad- 
vanced student may consult, tho authoi-’s Integt al Calcu- 
lus, Art. 192, 

a 4 f 

290 'We will now solve some exorcises. ' 

® pnsmoid are trapezoids with four 
pamllel edges, the parallel sides of one end are 100' foot 
and 32 feetTospcctively, and the distance between them is 
28 feet, tho corresponding dimensions of >tho other end 
are 80 foot, 30 foot, Md 26 foot, the distance botwoon the 
cuds is 112 foot find tho volumo. 
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The jmddlo scctioti is a trapezoid , one of thd ,ttro 
parallel sides is liolf of 100+80 feet, that is, 90 foot, and 
the other is half of 32+30 feet, tint is, 31 feet the du- 
tanco between these two parallel sides is half the snm of 
the corresponding distances for the two ends, that is, half 
of 28+ 26 feet, that is, 27 feet. 

132 

Tho area of one end in sgnaro foot=— x 28 = 1848 , 

the area of tho other end in square fcotss^ x 26=1430 , 
the area of tho middle section in sqnaro feet 

= ^x27=1633i, 

A 

four times ibis arca=G534 , 

1848 + 1430 + 6634= 9812 , | x 9812 x 112 = 183157^ 

Thus the rolumo is 183157^ cubic feet 

f2) Tho edge of a ivodgo is 21 inches; tho length of 
tho oase is 15 inches, and tho breadth 9 inches , tho hoight 
of tho wedge is 6 inches ^ tho wedgo is dindcd into thrde 
parts of equal heights bj planes parallel to the base * find 
the volume of each part. 

Tho parts are two pnsmoids and a wedgo ^ tho hoight 
of each part is 2 inches. 

The first pnsmoid has one end a rectangle whichmea- 
Burcs 15 inches by' 9 , it will be found that the other end 
18 a rectangle which measiiros in tho corresponding manner 
17 inches bj 6 Tho volume, by Art 28^ is 239 cubic 
inches 

Tho second pnsmoid has ono end a rectangle whidi 
measures 17 inches by G , it will bo found that tho other 
end is a rectangle which measures in the correqion^g 
maimor 19 inches by 3 Tho volume, by Art. 283, ’'is 
161 cubic incbea 

^Tho edge of tho wedgo is 21 inches , the length of tho 
base IS 19 inches, and the breadth 3 mehes.^ Tho volumo, 
by Art 272, is 69 cubic inches ' * 
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The sum of the three rolamcs in cubic inches is 
239 161 -r5Si that ^9 it will be found that this is 
^ual to the Tolnmc of the original vrcdgCj as of course 
it should be. 


nXiDiPLES. xxnri 

1 Find the number of cubic feet which must bo re- 
mored to form a pnsmoidal cavity , the depth is 12 fect> 
and the top and the bottom arc rectangles, the corre- 
sponding dimensions of which arc -100 feet by ISO, and 
.i50 feet by 150 

2. Find the number of cnbic feet which must be re- 
moved to form a pnsmoidal cavity, the depth is 12 feet, 
and the top and the bottom are rectangles, the corre- 
sponding dimensions of which are 400 feet by ISO (eet, 
and 150 feet by 350 feet 

5. Fmd the voinme of a coal waggon the depth of 
which 13 47 inches; the top and the bottom are rectangles, 
the corresponding dimensions of which are 81 inches by 
54 inches, and 42 inches by 30 indies. 

4. Find the number of gallons of water required to 
fin a canal the depth of which is 4 J feet, and the top and 
the bottom of which arc rectangles, the correspondin® di- 
mensions of whidi are 250 feet by 16 feet, and 240 feet by 
14 feet. 

5 Find the number of cubic feat winch must bo re- 
moved to form a railway cutting in the form of a pns- 
moidal cavity, the en^ are trapezoids with four parallel 
edg^, the parallel sides of one end are 144 feet and 
36 feet, and the distance between them is 36 feet ; the 
corresponding dimensions of the other end are lOS feel, 
36 feet, and 24 feet' the distance between the ends is 
137f feet 

6. The ends of a pnsmoid aro rectangles, the corro- 
sponding dimensions of which aro 12 feet by 10 fee^ and 
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8 foot by G foot , tho boiglit of tbo pnsmoid is 4 foot Uio 
imsmoid is divided bj a piano parallol to tlio ends and 
mid^raj betTVoon tbdm^ find tbo volume of each part. 

7 TIio ends of a pnsmoid are rectangles, tho corro- 

sjponding dimousions of Trhicb are 16 foot Bj 11 foot, and 
10 foot by 8 foot, i,ho height of thopnsnioid is 9 feet tlio 
prismoid is divided into three parts, eacli 3 foot high, by 
planes pardlol to tho ends find tho volamo of each of tho 
parts ^ , 

8 Tho ends of a pnsmoid aro rectangles, tho corre- 

sponding dnnonsions of which aro 20 foot by 16 foot, and 
14 foot by 12 feet, the height of tho pnsmoid is 5 foot 'tho 
pnsmoid is cut into two wedges by a piano which passes 
through ono of tho longer sides of one end, and tiio op- 
posite longer side of tho other end find tho volnmo of 
each part ^ ^ 

9 Tlio odgo of a wedgo is 24 inches, tho longth of ih6 
boso 8 inches, and tho breadtli is 7 inches, tho height of tho 
wodge 18 16 inches, tho '(\edge is divided into two, parts 
by a' piano parallol to the base midway between tho edgo 
and the base find tho velamo of Bach part ; 

10 Tho edgo of a wodgo is 27 inches, tho longth of 

tho base is 18 inches, and tlio breadth is 15 inches, the 
height of tho wedgo is 12 inches, tho wedgo is^dmdod into 
threo parts of equal height by tno pidnes jin^Ilol to tho 
base find the volumo of each part. ' ^ f 

11 The ends of a pnsmoid aro roctanglos, the corre- 

sponding dimensions or winch aro 18 foot by lo foot, and 
12 foot by 16 feet, tho height of tbo pnsmoid is D foot , n 
section 18 made by a piano parallel to tho ends at tho dis* 
tanco of 3 foot from tho larger end show that tho section 
is a square ^ ' 

12 Find tho volumes of the two parts in tho irrecod^ 

mg Example ^ 
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XXIX. SPHERE 

2{)1 7b find the rohtntc of a sphere. 

Rulu iFulUpbi iho cube if the dtatneUt by one tt nh 
<fi 1410, that tf, by 52.10 

292 Examples 

(1) TIio dnmcler of a «<pljcro is 10 laclicc 

^ The aibc of 10 is 1000 , 52.16 X 1000 = '>21 (> 

Tims the Yohuno of the sphere is about 621 6 cubic uiche« 

(2) Tho (Inmctcr of a sphere IS SV feet. , 

The cube of 3*5 is 42-875, 42-S75 x .-5236=22 14916 

Tims the volume of the sphere is yerj neiirlj* 2245 
cubic feet. 

291 The volume of a spherical flull uill of course bo 
obtamcvlbN subtracting the xolmuo of a sphere having us 
fliimctcr equal to the Inner diameter of the shell from the 
Aoluino of a sphere Inviiig its di.iinttcr equal to the outci 
diameter of tlio shell Thus wo obtain the Rule vliith 
mil now bo given 

294 To find the tolttme of a ephcncat thclh 

Rulv Si3)U act the cube of the inner diameter ft om 
the cube of the outei diamclei, and midtiphj the retail 
by 5236 

295 Examples 

(1) Tlio outer diameter of a 8phcric.il shell is 9 inches, 
and the thickness of the shell is 1 inch 

Uero the inner diameter will be 7 inches 

The cube of 9 is 729 , thocubc of 7 is .1 13 , 720 -- 343= J86 . 
6236x386=2021096 

Tims the volume of the shell is verj nearly 20211 cubic 
inches. 
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(2) Tlic lunor diomotor of a spliencal sboU is 10 inches, 
and the thickness of tho slicll is 1% inches. 

Hero the outer diameter will be 13 inches. 

The ouhe of 18 is 2107, tho cubo of lO'is lOOO, 
2197 -1000=1 107, 6236x1197=020 7492 

Thus tho Tolnmo of the shell is Voiy nearly 626 76 cubic 
inches. 

29G If one e^cro Ml entirely within the other, it^is 
obnons that tho Ilulo of Art. 294 mil giro the rolume of 
tho space betwoon tho surTocos of tho two chores, overt 
11 lieu tho spheres arc not concentric. 

297 "Wo will now solve some exorcises 

I 

(1) Tbo circumfcronco of a great circlo of a sphere is 
28 inches find the TOlumo of tho sphere 

Wo first determine tho dmmotor of tho sphere^ ' by 
Art 111 this will be nboat 8 8 inches tlion by Art 291* ive 
shall obtain for tho volume of tho sphoro about 3C912 
cubic inches 

1 ( 

(2) Pmd the weight of a leaden ball 6 inches in dia* 
meter, supposing a cubic inch of load to weigh 6 6 ounces. 

The cubo of 6 is 125, 126 x 6236=6546 Tims the 
Tolnmo of tho ball is 66 45 cubic inches , and therefore its 
weight m ouncos=6645x66=431 97 i * * 

(3) If a cubio inch of gold weighs 11 194 ounces, Und 
the diameter of a ball of gold which weighs 1000 ounces, 

^ 4 

The nnmhor of cnbio mohes in tho hall will bo — 

fs, about 89 834, tins number ‘then is c^nal to the* 
product of the cube of tho dnmeter into 5236 Thus to 
obtam tho cube of tho diameter wo must dinde 89 334 by 
6236, the quotient will be found to bo 170 615 Tho cubo 
root of this number iinll ho tho diamotor„we shall find 
Uiat thfa cube root is 6 646 Thus tho diamotor of tho 
ball IS about 6 55 incbca 
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EXAMPLES XXIX. 

* I ' 

Find the volumes of sphor^ having the following dia- 
inetcrs ", “ ^ > 

1. 11 inches. 2 8 fcot. 3 24 foot, , 4 32 3 foot. 

r 1 ^ 

Find to the nearest Imn&edth of a cubic foot’ tlio 
volumes of spheres hawng tho following circumforenccs of 
great curolcs ' ’ , 

6 6 fool G 8 fcot 7 10 feet 8 12foet 

Find in cubic inches the volumes of sphcncal shells 
having the following dimensions 

9 External diameter 6 mclies, internal 4. ^ 

10 External diameter 8 inches, ini;c‘mal 6 

11 External diameter 10 inches, internal 7 

12. External diameter 16 incjhes, internal 12 

13. Fmd how many gallons allj^isphencal bowl, 2 foot 

4 inches in diameter, wiU hold , 

’ 'os in loi., 

14 Fmd how long it will ta / 9 «Ari^'llOlQ18pll0ri(nil 

tank of 10 feet diameter, from a c.3tcm which supphes by 
a pipe 6 gallons of water per minute , 

15 A solid IS m the form of a right circular cylinder 
with homisphorioal ends, tho extreme length' is 29 feet 
and the diameter is 3 feet find tho volume. 

16 A sohd IS m tho form 'of a right circular 'oyhnder 
with hemispherical ends, tho extreme length is 22 feet 
and the diameter is 2 feet 6 molios find what will bo tho 
weight’ of water cgual in bulk to this sohd. 

,17 A sphere, 4^ inches in diametbr, is out out of a 
cube of 'Wood, tho > edge of which is 4|- inches find 'the 
quantity of wood which 18 cut away , - ^ ' 

18 Find tho wdight of a spherical shot of iron, 6 inches 
m diameter, suppbsmg a cubic inch of ilron to weigh 4 2 
ounces. ' 
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19 If a Bplicre of lead, 4 inches in diamotor, wejehs 

221 3 ounces, md the Trcight of a sphere of lead 5 inches 
m diamotor ' ' 

20 dhiid tho weight of gnnpowdor required to^U a 

hollow sphet’o of 7 inches diameter, supposing that 30 cubic 
inches of gunpowder weigh one lb , J » 

21, Find the weight of ganpowdor required to fill a 
holIoTV^ sphere of 9 inches diameter 

22. Find tho weight of a spherical shell >ono inch 
thick, the external diameter of which is 10 inches, com- 
posed of a substance a cubic foot of which weighs 216 lbs 

23 Find tho weight of a sphcncnl shell inches 
tluck tho external diameter of which' is JLl inches, com- 
posed of iron weighing 4 owt. to tho cubic foot 

24 Tho external 'diiimetor of a shell is S*4jnohes and 
tho internal diameter is 7 2 inches find tho weight of tho 
shell if it IS composed of a substance of which a cubic foot 
ueighs 7860 ounces. 

26 Find tho weight of a shell 1| inches thiclq the ex- 
ternal diameter of which is 13 inches, composed of metal a 
cubic inch of which weighs 4 4 ounces ^ 

26 Find tho of a shell inches thich, tho ex- 

ternal diamotcr^^i^^h is 1 foot 6| inches, composed of 
motal a cubic fooCro ^uch weighs 480 lbs. 

27 If an iron ball, 4 inches in diameter, weigh 0 lbs, 

find tho weight of an iron shell 2 inches thick, whose exter- 
nal diameter is 20 inches ^ ^ 

^ 23 If a shell, tho extpmal and internal diameters of 
which aro 5 inches and 3 inches, weighs Sj-lbs, find tho 
weight of a sheU composed of tho same substance, tho ex- 
ternal and internal diameters of .which are 7i incbos and 
4^ inches " 

29 Show that tho weight of a cone, 7 inches high on a 
circular bade, of Which the radius is 2 inclies, is equal to 
that of a sphencal shell of tho same material, of which the 
oxtomal diametdr is 4 inches and tho 'thickness is I inch 

30 Find tho weight of a" pyimnid of iron, such that 

its height IS 8 inches and its base is an equilatoral tnaUglo, 
each “Side being 2 inches supposing a ball oriron 4fnehcs' 
in diameter to weigh 9 lbs ^ 
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31 Tlie radius of tho/bosc of a cone fs 4 inches find 

thu height so that the volumo may bo equal to that of a 
siihore 'with diameter 4 inches , 

32 The height of a cone is 12 inches find the radius 

of its base, so that the roluiiie may bo equivalent to that 
of a sphere with diameter 6 inches. • 

' '33 Tlio circumference of the base of a' cone is 32 feet 
find tho height so that the volume may bo equivalent to 
that of a sphere with diameter 10 feet. > 

34 A Bohd is composed of a liomisphero and a cone 

on opposite sides 'of the same cirOnlar base , the diameter 
of tms baso is 5 feet, and tho height of tho cone is 6 feet 
find tho volume of the solid ' . 

35 Find how many times larger tlie Earth is than tho 

Moon, takmg tho diameter of the Earth as 7900 miles, and 
that of tho Moon as 2160 miles. > ^ 

^ I 

Tho following examples involve the extraction of the 
cube root 

r I 

36 Fmd tho length of a cube "vrhjch shall be equiva- 
lent in Tolnmo to a sphere 20 inches in diahietcr 

37 Find the diameter of a sphere winch shall bo equi- 
valent m volume to a cube 20 inches in length 

38 Fmd tho diameter of a sphere Mdnch shall bo 
equivalent 1 in volume to a cylinder, tho radius of the base 
of which IS 8 inches and tho height 12 inclies 

39 If 30 cubic inches of gunpowder weigh one lb., 

find tho internal 'diametor' of a hoUow sphere whicli will 
hold 15 lbs « > > , ; 

If a leaden ball of one incb in diameter weigh A 11> # 
find the diameter of ti leaden boll which weighs 688 lbs 

a- c'lbic inch of metal wegh 6 67 ounces, find 
tho diamotei of a sphere of tho metal which weighs 220 16 ' 
ounces. 

A Stilton Ohccso is in tho foim of a cylinder, and 
a Hutch cheese m the form of asphcio Doterinino the 
diamoter of a Dutch cheese which weighs 9 lbs , when a 
S tilt on cheGsOi 14 inches high and 8 inches 4 n diameter, 
weighs 12 lbs , * ^ ^ 
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■inry- zblTB AND SEGMENT OP A SPHERK, 

I ^ 

' 298 To find the volume qf a zone qf a sphere >,r 

Bulk To three ttmes the sum of the squares qf the 
radix of the two ends, add the square qf the height, mul- 
tiply the surnhy the height, and the pi oductl/g 6236 the 
result wilt he the volume ' ‘ 

299 Examples 

(1) The radu of tlio ends are 8 inches and 11 inches^ 

and the height iB 2 inches '' " , 

64+121=185, 3x185 =555, 665 + 4=559; 

659x2x 6236=586 3848 

\ 

Thus iho Toltune is about^ 585 cubic inebes, 

(2) The radios of each end is 20 Inches, and the height 

isOihches . ' ! ' 

400+400=800j 3x800=2400, 2400+81=2481, > 
2481 x9x 6236=116914644 

T ; 

Thus (ho voltuno is nearly 11691 5 cubic inches. 

300 The Rule ^ren m Art 298 Tnll serro to find the 
volume of a segment of a sphere, if we remember that &e 
radius pf cne end of a scErmont is nothing, but it may be 
convenient to'Stato the Rule for this case explicitly j 

301 To find the volume qf a segment qfa sphere 

Rule To three times the square of the radius of the 
base add the square of the height, multiply the sum by 
the height^ and the prodiud by 5230 « the result voill be 
the volume. ' • 
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302 Examples 

(1) The Tadras of tlic haso is B inches, and iho height 
3 inches 

3 x 25= 75, 75 + 9 =84, S4x3x 6230=1319472 
Thus the Tolmno is nearlj 132 cubic incites 

(2) The diameter of the haso of a segment is 3^ feet, 
and tho height is 9 inches. 

■w 3 3D 

9 inches of a foot, the square ^ ~ jg » 

7 7 49 

tlie radius of tho h'i 80 =- feet, the squaro of t = , 

4 4 16 

"*’'l6 16 ’ lO**" 16 “ 16 4 ’ 

3 3D 

7 X —X 5236 =3825825 Thus tho rolnmo is nearlj 

4 4 

383 cubic feet. 

303 17 e will now solve some exercises 

(1) The height of a segment of a sphere is 3 inches, 
and the diameter of tho sphere is 14 inches find tho 
volume of the segment 

"Wo must first determine tho square of tho radius of tho 
base of tho segment Using tho diagram of Art 78 wo 
have JSD= 3 inches, and i’^’= 14 inches. By Art 89 wo 
shall find that tho square of AD ^33. 

33x3=99, 99 + 9=108, 10Sx3x 6236=169 6464. 
Thus tho volume is about 170 cubic inches. 

(2) Tho radius of tho base of a segment is 24 mdies, 
Jind the radius of the sphere is 25 inches find tho Tolutue. 

IVoTnust first determine tho height of tho segment 
Using tho diagram of Art 78, wo have AD=:24 inches, 
and AC~25 inches By Art 60 we shall find that 
CD=^ inches Tlicrcforo i»i7=18 inches The square 
of 24 = 576 , 576 x 3=1728, tho square of 18=324, 
1728+324=2002 

2032 X 18>' 5236=19339 6896 
Thus ao volume is nearly 19340 cubic inches. 
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EXAMPLES XXX '' 

£ ^ * 

^ u 

1 The radn of tlie ends of a eone oi 'a spnore arc 

7 inches 'and 8 inches, and the height is 3 inches find 

thoTolmno ' ‘ 

t 1 V * ^ tj »r . • 

2. The radii of tho ends of a rone of. aiSphoro aro 

8 inches and 12 inches , and the height is 6 inches find 

theToItfina* ' 

« . ,1 V ,1 I * 

3 Tho height oi a segment of a^sphero is G foet^nnd 
tho diameter of the base is 8 feet find the yolnmo 

4 Tlio height of a segment of a sphere is <2 feet 

8 Inches and the diameter of tho base is 8 feet find tlio 
\olame ^ iw • , . ^ 

5 , Tlio lieight of a segment of a sphere is 4 feet) and 
tho diameter of the sphere is 12 feet find tho voluma ^ 

« , r 

G The height of a segment .of a sphere is 6,feot and, 
tlie diameter of the sphere is 15 feet find tho volume. i ^ 

7 Tho radius of^tho base of a segment of a sphere 

18 12 feet and the radius of the sphere is 13 feet find the, 
volume of tiie segment » , i " ^ n ^ ^ 

8 Tlie radius of tho base of a se^ent of a sphere 

18 8 feet and the radius of tho ^horc is 17 feet « find tho 
volume of the segment^ > i 

9 Tlio diameter of a sphere is 20 foot find the* 
volumes of tho two segments into which the sphere is 
divided by a plane, ^ tho perpendicular' distance of iishich 
from tho centre is 5 feet 

10 Tho diameter of a sphere is 18 feet the sphero is 
divided into two segments, one of which is tivico as high 
as the other find tho volume of each. 
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IL The radras of the base of a segment of a sphere 
IS 1 mcih, and the radios of the sphere is 2^ inches lind 
the Tolume of the s^ment 

12. Find the orei^t of an iron domb-bell, consistmg 
of two spheres of ^jinMcs diameter, jomed by a <g-hndncal 
bar, 6 inches long Imd 2 inches in diameter , an iron ball 
4 mches ia diameter weighing 9 lbs 

13. The diameter of a sphere is 9 feet, the sphere is 
diTid^ mto three parts of equal height by two parallel 
planes * find the Tolume of ea<h part. 

i 

14. A sphere, 16 inches m diameter, is dinded into 
four parts of equal height by three parcel planes . find 
the Tolnme of each part 

15 rmd thoToluBie of a zone of a sphere, supposmg 
the ends to be on the same side of the centre of the sphere, 
and distant respechrely 10 mches and 15 mches from the 
centre , and the radios of the sphere to be 20 mches. 

16 Fmd the Tolnme of a zone of a sphere, supposmg 
the ends to be on opposite sides of the centre of the 
sphere, and distant respectively 10 mches and 15 mches 
from the centre, and the radios of the sphere to be 
20 mches. 

17. A bowl is in the shape of a segment of a sphere^ 
the depth of the bowl is 9 mches, and the diameter of the 
top of the bowl is 3 feet find to the nearest pmt the 
quantity of water the bowl will hold. 

18. Tenfy by calcnlatmg vanous cases the following 
statement if the hei^t of a segment of a sphere is ttree- 
fourths of the radius of the sphere the Tolnme of the seg- 
ment IS three-fourOis of the volume of a sphere which has 
its radius equal to the height of the s^[mcnh 


7 3 .. 


12 
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XSXL IJlIlEGUliAR SOLIDS ' ’ 

304 “Wo Will Jiow explain nfotliftcls by which wo 

in some eases, dotcnnino the Volnnicd of sulidli that are not 
inclnded in any of the Rnlcs winch hare been given 

*■ j ^ uf * 1 « » i 

305 Suppose tlio solid is ouo uliich 'Will sink in Trator^ 
but ^nll not DO injurod bynivater ^ ^ i 

!put the solid loBido^a'' vessel^ conYeniont shape^ such 
as a jrectangiilar parallelepiped or a cylinder Pour umter 
into the yossolnntil the solid is quite dovored, and ndto 
tholorcl at which the wacor stands. ^Jlomoio thb solid ^ 
and note tlio level at^Xrbich the water then stands ,TkO 
volume of iho solidm.of cdursfd o^ual to the volumo of the 
water, wluch.yrould bo contained m the vessel botvreed tho 
two levels, and this can bo Oosil^ calculated " ^ 

Or wo might state the process thus fill the vessel fiilf 
of water, put t?ie solid m€o it gently and measure the 
Toltinie of the \rater wluch runs over ^ , 

. f t ^ 

" ^306 If tho BOhd IS composed entirely *of tho same 
substance may estimate pts volume by means of its 
weight thus weigh tlie soho, also weigh a cubic ^inch of 
tho same jsubstance as the solid, divide tho weight of the 
solid by the weight of the cubic inch, hnd tho Quotient will 
he the number of cubic inches in the solid If instead of 
oscertoiumg the weight of U cubic inch of tho substonde wo 
ascertain the weight of any known volumo of tlie suijstance, 
wo cab d&termme by a proportion tho volume of tlio pio- 
posed sohd ^ , 

Some examples of tho ^pnnciplo ih&t volumes of Solidi^ 
of tho same substanoo arc' m the samo proportion as tbcir 
weights, liaye been given at tho eud of Chap xxix 

307 A Rulo roscmbhng that givou in Chapter xvnr 
may he bscd for finding approximately tho volumes ot 
cortamsohda* ' ^ <« 
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Pividc the length qf the solid info ant/ even nttnibct 
qf equal parts, and ascertain the areas of sections of the 
solid through the points of division pcrpendtcidai to the 
length of the solid Add together the first area, the last 
area, twice the sum <f all the other odd areas, and foin 
times the sum qf all the even areas, mulliplg the sum hg 
one-third of the common di*tance Ihlicecn two adjacent 
sections 

303 The preceding Rnlo \nll in general bo more no- 
enmte tho ^ntcr tJic number of sections that nro made , 
and tho mTo onght not to l>c tmsted if tho solid bo very 
irregular in form. Tho nreai required in tho Rulo may 
thcmsclrcs Ihj conveniently dctormincd approvmiatcly, in 
some cases, by Chapter x\m. The Rnlo is employed bi 
Civil Encinccrs for calculating quantities of earthwork, anH 
by Naval Architects for calcuUting tho volumes of w iter 
dL>.placcd by ships. To ensure accuracy, Naval Architects 
often iierforni tho calculation in two ways , namely, from ti 
senes of honroutal sections, and from a senes of trans- 
verse sections 


EXAMPLES. XXXI 

1 Tho radius of tho base of a cihndncal vessel Is 
10 inches , a block of stone is placed in tho vcsstl and 
is covered nith water; on removing tho block tho level 
of the water sinks 6 inches find tho volume of the block. 

2 If a cubic foot of marble weighs 2716 ounces, find 
tho volume of a block of marblo which wciglis 4 tons 8 civL 

3 A cask full of water weighs 3 cwt ; the cask when 
empty weighs 40 lbs. , find to the nearest gallon tho capa- 
city of the cask; 

4 Five cqmdistant seefaons of a sohd are taken, tin 
common distance being 3 feet , tho areas of these sccboiis 
in square feet are 3 72, 5-2S, G 96, S 77, and 10 72 find the 
Tolnmc of the solid between the extreme sections. 

5 Five equidistant sections of a solid arc taken, tho 
coinmon distance being 6 inches , these sections are all 
arcle^ and their circamfcrciiccs are rc.spcctivelv 57 inches, 
63 inches, 69 inches, 76 inches, S3 inches find tho volume 
of tho solid between tho extreme scctiops. 

12-2 
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309 Similar solids ore sncli as ato aliko m form 

though they may di&er in siza ^ , 

In common langnn^e tho fact that ono ^olid is similar 
to another is o^n expressed by saying that ono is to 
model of tho other. 

^ t 

310 All cubes are similar solids All spheres aro 

arailar solids, ' < 


1 » 

311 It IS caqr m vanoua cases to give tests for deter- 
mining \7liothor two solids, which aro called bj tho samo 
iiamoj aro similar For example 

^ t 


If the threo edges of ono rcciangnlor pamllolopipcd 
which meet at a point aro rcspcotivcly doublo, or treble, or 
any number of times, tho throe edges of another which 
meet at a point, tho two rectangular parallolcpipcdd aro 
Binulan 


) 

If the height and tho diametor of tho base of ono 
right circular cono arc respectively doublih or treble, or 
an} number of times, tho height and tho diamoter of tho 
base of anoflicr, the two right circular cones aro similar* 
jriio samo test will servo for two right circular cylinders 


TTo may express these statements thus T^ro rcctau- 
gnIaV parauclcpipctls aro similar when thoir edges tivo pro- 
portionals. Two right clroidar cones, or two right circakr 
cvlttidcrs, aro similar when their hoiguts and tho diamotcra 
of Uiclr bases aro proportionals. ^ 


312 Tho following most important proposition holds 
with reject to similar solids * 

ITi/t tolumeit rtf thmlar tclids ate as the etibes of eor* 
I cfpondinff lengths . 
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For esampiO; sopposo the diameter of one spiiere to be 
5 inches^ and the diameter of another sphere to be 4mches , 
the TOlnmo of the first sphere is to the volume of the second 
as the cube of 5 is to the cube ofilj that is, as 125 is to 64 
so that the hunger' Sph^e is almost doable the other. 

Persons vrho have not had their attention drawn to 
such a fact, often find a difficulty in rcabziu^ tho rapid 
rate at which the volumes of similar sohds uicrease, os 
some assigned dimpnsion of them is mcreased.' 

313. TVe will now solve some esordses. 

i f 

(1) The edge of a cube is 1 foot find the number of 
feet in tho edge of another cube of double the volume 

' ^ ■r 

The ouho of the required number is to the cube of 1 as 

2 IS to 1 , so that the required number is the cube root 

of 2 this jnll he found to ho 1*2599210 Thus we see that 
a cube ivith its edge 1 26 feet is rather mord than double 
a cube wifii its ddge 1 footw ' ‘ ^ 

1 _ ' ’ 

} t 

(2) ' J^ie height of a pyramid is 12 feet it is required 
to cut on a fimstum which shall be a fourth of tho pyramid 

Since the frustum is to, ho a fourth of the nyramid, tho 
remainmg pyranud will be three-fourths of the onginid 
pyramid, and these two jpyramids are similqr Therefore 
the cube, of the height of tho romaming pyramid must 
be three-fourths of the cube of tho height of the original 
pymmid, that is, |,of 1728, that is, 1296, thus the height 
in feet of the remaming pyramid is the cube root of 1296 
it mil be found that this is 10 9027. - , ' i 

Hence the height of tho frustum m feet is 12— 10*9027 
that 1 ^ 1 0973 ' ’ 

/ t 

(3) The diamotors of the ends of a frnst^ of a^cono 
are 6 feet and: 10 feet, and the lieight of the frostom is 

3 feet it IS required to divide the frustum into two eaii^ 
parts by a plane parallel to the base 
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In tlie diagram of Art 210, let AB and CD bo the 
diamet(irs of the ends "As in that Article we find 
5, and 0 7 6 Let OL denote the perpendicular 

distance of the, required piano from 0 Thus wo shall find 
that the cubo of OL must be equal to half, the sum of the 
cubes of OK and OM Tho cube of 4 5s=91 125 , the cube 
•of 7 6 =421 8*75 Thus the cube of OL-i of 613=260 5 , 
and therefore tho number of feet in' OjC=the cubo root 
lof 256 5 , it will bo found that this is 0 3537 - « ^ 

Hence the distance of the required piano from ^ihe 
smaller end of the frustum in foot =6 3537—4 6=1 8537 


(4) A frustum of a circular cone is tnmmod just 
enough to reduce it to a fmstum of a pyramid with squaro 
endk find how much of tli6 volume is removed 


This ‘]^xoTO\Be may be convomently'placcd hero nUhongh 
not stnctly connected witii tho subject of similar solids 

Suppose' that the Radius 6f one end It 2 feet and tho 
radius of the other end 3 feet , and that tho lieight is 
12 feet. By Art '26S tho yolumo of the frustum of tiie cone 

in cable feet= 5 X 19 x 3 1416x12= 238 7616 ‘When the 

O 

frustum of the cono is tninmed tho ends become squares, 
the diagonals of which are 4 feet and 6 feet respective!} 
by Art 268 the volume of tho frustum of a pjTamid in 


Tho volume removed is 


cubic feet =5 x 38 x 12 =*i62 
3 

thcreforo 86 7616 cubic feet , and the fractional part of tho 
fifi 7fil6* ^ \ ^ 

ongmal volume is. , that is 3G flius nitlier 


9 

moro than ^ of the original volume is removed 


Now on examming this process it will bo immediately 
seen that the result will be tho same whatever lie the 
height of iJie frustum, and by trial it will bo found that 
thor^lt will also be the same whatever botheV^ifn 
the ends of tho frustum of a cone ^ i 

- Tims tho result is true for any frustum of a nght circu- 
lar cone t 
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EXAMPLES. XXXIL 

U If a c:imoa biS, >?' inches in di^etr*.Troyi Bibs- 
f r"l tie in£rht of a bolf of tlic same metal 5j^ iacbes in 
diameter. 

fL If the xtyvdfil of a sicam engine jre*gli S?> IbSw. find 
fee weight of the e^:gine itself snpp'^ng it made cf the 
^ame sabstancd as the model and of nine times Jts ^eal 
dimensions. « 

5L Ihet^rdiis of ivro similar nahfc cironlar cylinders 
are 7 m-rhes and 10 incbes re^p^hrely - she^r that a simi- 
lar cvEirder il"03 inches high is less than the sum of the 
tiro and a simihr cjlindcr 111>4 inches is greater than the 
sum of the tro. 

4 . TLe height of a pyramid is IS inches, and ifsTdiime 
is 4G3 cnolc inches • the^pyramid is divided into two parts 
hr a plme paraUd to the* base and distant 4 in^es from 
it find the Toixuses of the parts. 

The next 5>nr examples involve the es^racUon of the 
ccberoct. 

5. If a cannon haH 3l metes m dmmetcr, v*o:"h 6 Ibs- 
find the diameter of a ball of the same metal \rhi^ vreisiis 
-Olfcs. 

B. The height of a r^t ciren'^ar x^Iinder is 4 feet : 
find the height of a similar cylinder of nine times the 
vohnne. 
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EXAMFLES^ XXXII 

9 A ppramid on a rc^^nlar Iiexagonnl base is tnmmed ^ 
just enough to reduce it to a cone shew that rather less ' 

than ^ of the original volume is removed. ^ 

10 ^ A fmstnm of a pyramid on a square base IS tnmmed 
just enough to reduce it to a frustum of a cone 6he\^ 

that rather more than ^ of the ongmalTolume is removed. 

11 Every edge of a pyramid on, a square base is 1 foot 
shew that the volume of the pyramid os ^ of a cubic foot, 

j o 

and that the volumo of any pyramid on a square base which 
has all its edges cqufd may chinned by piultiplying the 

cube of an edge by 

I f 

12* Eveiy edge of a pyramid on ,a tnangular base m 
1 foot shew that the volume of the pyramid is of a 

t r * f 12 

cubic foot , and that the volumo of any pyramid on a tn<- 
angulorbase which bos all its ed^es dqual may bo obtained 

by multiplying the cube of an edge by 



1S5 
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18G PLANE SURFACES 

tlie htise of a scgmenb of a spbcrcj and the ends of a zone 
of a sphere. 

In fact ^ny Rnlo given in the third Section of the 
hook might find an application in the present Section 
Thus, for oTamnlo, the Jtnlo^ for finding the arca^of a 
F^^ent-of a circle tviU enable us to find the areas of 
tho ends of the segments of cyhnders Tfhich are considered 
3iiArfc255' ^ } 

316 Examples' 

(1) Find the area of the whole silrfaco of a enbe which 
IS 8 inches long 

Each face of tho cube is a square Containing 64 square 
Indies, and there arc six faces thns tho area of tlio 
whole surfaco m square inches is 6 v 64, that is 3S4' 

(2) A pyramid stands on a square base wluch is 10 

inches long, and eadi of tho four faces which meet at 
tho vertex IS an equilateral tnanglo find tho area of tho 
whole surfaco of tlic pyramid ^ 

Tho area of tho bo^c la 100 square inches Tho area 
of each of the tnangnlar faces is about 43 3 square inches, 
by Art 206 , IhercforO the ^rca of tho four triangular 
faces 18 about 173*2 square Inches Thus tho area of 
tho whole surfaco of tho pyramid is about 273*2 square 
inches. I - 

(3) A Topsol IS to bo made in tho form of a rectan- 
gular porallclopipcd without a lid, cxtcmallv tho length 
IS 4 feet, ilio breadth SSeoi, and tho height is 2 feet find 
fJio area of tho whole external surface; 

The surface consists of two rectangles each measuring 
4 feet by 2 feet, two rectangles each measuring 3 feet 
hr 2 fee^ and ono rectanglo^mcasunng 4 feet by 3 feet 
the total area is 40 square feck ' 

SnppoBe that tho vessel is to bo formed of metal half 
an inch thick, and that u*o have to find how much metal 
h required* Tlic ans\icr for practical purposes w this 
wo shall require 40 square feet of the assigned thickness. 
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EXAMPLES XXXIII 


nnd of Similar Examples^rTre can seo that the following 
theorem is tme a vessel of giten capacity is to bo made 
in the form of a rectangular parallclopipcdpn a square 
base, if there is to be no hd ilie internal ^surface -will 
be least when the height is half the length Thns, 
with the view of ^saving matcnal, the most advanta- 

f ^eou§ idiape is that in which the height is hoif the 
ength ^ 

![ji likO manner fx'om the Results of EvaYhpl^ *42 46, 
and of similar Examples, we learn that if there is to bo 
a hd the cube is the most advantageous shape. 

^And suppose that we have to make a vessel in thb 
fom of a^ rectangular parallelepiped on a square base, 
out of a given quantity qf material then if there is 
to be no hd the capacity will bo greatest when the height 
18 half the length, and if there is to bea hd the capamty 
wiU be greatest when the vessel is a cube. 


' EXAMPLES XXXIIL 

Pind the area of the whole surface of the cubes which 
hare the following lengths ^ ^ 

, 1 2 feet 6 inchea ^ '23 feet 8 indies. ^ 

3, 5 feet 10 inches ' 4. C feet 7 mches. 

Pind the area of the whole surfaces of rectangular paral- 
lelepiped vdiich have the following dimensions 

5 2 feet 6 inches, 3 feef^ 5 feet ^ ^ 

^ 6 2 feet 4 indies, 3 feet G inches, 4 feeL 

7 2 feet 8 inches, 3 feet, 2 inches, 4 feet 10 inches. 

8 2 feet 11 inches, 3 feet 7 indies, 5 feet 2 inches ^ 

Find the area of the whole surface of nght triangular 
prisms having the following dimensions 

9 Sides of the base, 3, 4, and 5 foot, height S feet]^ 

0 Sides of the base, S, 15, and 17 feet, height 10 foot. 



EXA^tPLES, Xxxm ISO 

11 Sides of tlio baso 1 foot 4 indies, 2 foot 1 ineh, 

3 feet 3 inches, hci^it *7 foot 6 inches ^ 

12. Sides of tho hsso 2 foot 1 inch, 2 feet 0 inches, 

4 feet 4 indies, height 8 foot. 

13 Jind tho area of tho ■whole surfaco of a .pyramid 
on a E(}unro baso, each side of tho base is 2 foot 7 inches, 
and tho length of tho stnight lino dmvm from tho Tortm: to 
tho middle point of any sido of tho baso is J feet 5 indies. 

14 Fmd the area of tho whole siirfaco of a ^vramid on 
n square baso , cadi sido of thp baso is 3 foot 4 inches, and 
tho length of tho slmiglit line drawTi from tho Tcrtcr to 
tho middlo jioint of any side of tho base is 5 feet 8 incliCB 

15 Fmd the orca of tho whole surface of a pmmid 
on a square base,’ each sido of the baso is 3 fcot 4 inches, 
nud each of the other edges is 8 feet 5 inohes 

16 Find the area of tho whole surfaco of a pyramid 
on a square base, each sido of tho baso is 28 feet, and each 
of tho other edges is 16 fcot 1 inch 

17 Find tho area of tho whole surfaco of a pjramid 
on a square base, having its other faces equal , each side of 
the baso 13 17 fcot 6 inches, and tho height of tho pyramid 
is 17 feet 4 mebes 

18 Find tho area of tho whole surface of a pyramid 
on a square base, having its other faces cqqal , each side 
of tho baso i? 2D fppt 2 jnebep, nud tho height of tho pjTa- 
nud 18 24 feet, 

19 Find tho area of tho whole surface of a frustum of 
ajnmmid, tho ends nro squares, tho sides of winch aro 
2 feet and 3 feet respectively, and the distance bclwccn 
tho parallel sides of each trapezoidal face is 6 inches 

20 Find tho area of tho whole surface of a frustum of 
a pyramid ,'tho ends pro squares, tho sides of which aro 

2 feet 3 inphos and 4 feet 9 inches respectively, and the 
distance between the parallel pidcs of each trapezoidal face 
18 18 inches. 

21, Find tho area of tho whole surface of a frastnm of 
a pyramid , tho ends arc squares, tho sides of which aro 

3 foot 4 inches and 3 feet 10 inches rcspccfcnoh , and each 
of tho romainmg edges is 5 inches 
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EXAMPLES XXXIIL 

22 Find the aiea of tlio wliolo surface of afrustnm of 
)ip 3 iAinid 9 the ends aro squares^ tbo sides of wlucli^uti 

5 feet 2 inches and 4 feet respectivel}^ and each of the 

remaining edges i6 13 inches ^ 

2S Find the area of the ivholo surface of a pnsnioid, 
ilio ends aro rectangles, ope measures 7, feet % 6 foot, 
and the coi responding dimensions of the otlior aro 4 feet 

6 inciics and 4 feet iO inches, each of ^tho remaining 

edges is 25 inches < 

^ * 24 Tho>four faces of a triangular pvraniid aro equi- 
lateral tnanglcs, the edge of each boing 10 foct^<fiud the 
area of the 'uholp surface. ^ 

25 Find the area of the irholo surface of a pyramid 
on a rectangular base irhich measures 4 feet 0 niches 
by 6 feet 8 inches, each of the roaioinmg edges being 
0 feet ^ 

2G The area of the irholo surf ice of a cubd is 7 
squaie feet 6 square inches find the volume * 

27 The dimensions of a rectangular parallelepiped are 

3, 7, and 9 feet flud the edge of the cube of cqui^idont 
Surface * ► t •» 

28 The edge of a wedge Is 12 inches, the length of the 
base IS 10 inches, and its breadth 2, inches, each of the 
other sides of the trapezoidal faces is 25 inches find the 
area of the whole sqrfaca 

29 The edge of a iredge is 14 inches, the length of tho 
base IB 6 inches, and its breadth 2 inches, each of tho 
other sides of tho trapezoidal faces is 9 inches find tho 
area of the whole surface 

30 Find tho area 'of tho whole surface of, a right 
prism, tho ends of which ard Tegular lioxagons, each edge 
of tho'sohd being 2 fCot* 

31 Tho base of a pyramid is a regular octagon, each 

.^0 being 4 feet, each of the other edges of the pyi^ubd 
is^2 feet 1 mch find tho area of the surface excluding 
tho base. ^ j 

32. Thh>dimcnsions of a xectangular pamllelopipcd are 
18 inches, l^inchcs and 6 inches find the area of tho 
'Whole surface oi[^n cube of equivalent volume. i i ^ » 
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33 Tlw lotiptli, Lrcartth Jitid height of ft rcctingnlir 
mmUclopiped nrc n^spectneU 6j island 21 inches fiml 
it^ 'snrfftcc Also find the surface of h rcctangnlar pnril- 
lolepipcd of the simo height nnd vohimo on a aqairc 
base. 

Tf two rcctanguliir pirallclejnpcds have the same height 
and volnmo, and ouo of them have a tiiuarc base, llio 
whole surface of tliw will he less than the whole surface of 
the Ollier ' venfv this statement hr comparing the sur- 
faces of the foVoinng rectangular parillclopipcds with tlio 
surface of others having TO<pcctivclr the same volume, aud 
ho ght, and square bosca 

34 Base 3 feet In 4 feet - height ^ feet, 

So. Base 1 ftcl bv 7 feet , height 9 feet 

3G B no S feet by 15 feet, htiglit 19 fccL 

Tlio foUowmg examples iniolvo tho csiMclum of the 
cube Toot 

A res<suJ itithout a Iid in tlic form of n rcclangulir 
panllclci)i]icd on a snunro base w to be nmde to liuld 
lft(M cubic inches find m square iticlics the area of tlia 
whole external surficc m the following cases , 

37 Tlio height cqinl to the Icngtlt 

SS Tlio hciglit equal to twice tho longtli, 

39- The height equal to half the Kngth 

40 The height equal to three times tlic length 

4 1 Tlic liclglit equal to oue-tliird of tlie IcngtlL 

A visscl Kith ft lid in tho form of a rectangular paril- 
Ii.Icpi}>caon ft square ba^c » b» la? made to Iioltf iOOO cubic 
in^c^ find in square inclics the ft^'a of tho whole internal 
surface in the following eases , 

42. The height equal to the Icngtli, 

41 Tlio height equal to twice the length 

44 The height cqntd to half the length 

45 Tlio he.glit equal to three Uinca tlic Icngtli 

4(}. The height equal to ono-tliird of the longUi 
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‘I » ? 

XXXIV. RIGHT OIROULitR CYLINDER 

318 The snrfaco of a nght circular cjlinder consists 
of two circular ends, and another , portion which we shall 

the curved surface ' , 

319 Let ABOD bo a rect-^' ’ t * 

angla Out it out of paper or 

camboard. Then lot it be bent 
until the edge AB just conics 
into /Contact with the edge DO, 
it IS easy to see that by proper 
adjustment, wo can thus obtain 
a thin (whndncal shell, be- 
comes iho height of the shell, 
and BO the circumfcronco of the 
base Henco it will follow that 

the curved surface of a right circular cylinder is e^ual to 
a rcctau^Io ope dimension of which is the height of tho 
i^lmder, and the other dimension tho circumfcronce df tho 
base of the cyhndor* thus we obtam the Hulo which wo 
shall now giva 

320 To find the area qfthe curved surface qf a rtghi 

cii cular cylinder ^ » 

Rxjlb Multiply the circumference rf the lose by ihe 
height of t/ie cylinder 

32L Examples 

(1) Tlio radius of tho bnso of a right circuhir cylnidor 
IS 3 foot, and the height is 2^ foot find the area of tho 
curved mirfaco 

The circumference of tho base m fcct=2x3x3l4lG 
= 188496, |x 188496=4^124 

Thus tho area of tho currod surface is aboul; 47124 
square feet. 
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(2) The diameter ef the base of a nght circular cylin- 
der IS 16 inches, and the height is 26 inches , find the 
area of the whole surface. ' 

The circumference of the base in inchc3= 16x3 1416 
=50-2656 , 25 X 60 2656=1256 64. 

Thus the area of the curred surface is about 1256 64 
square inches 

The area of the two circular ends in square inches 
=2 X 64 X 3 1416=402 1248, 

'" 1256 64+4021243=1658 7648. 

Therefore the area of the wholo surface is about 
1658 7648 squaro mehes. 

1 

322. The following inferences may be easily drown 
from the Rule of Art 320 . 

If the height of the nght circular cylinder be equal to 
the radius of the base, the area of the curred surface is 
equal to that of the two ends of the cyhnder, if the height 
bo twice toe radius, too area of too curved surface is 
twice that of too ends; if the height bo /three times the 
radius, the area of too curved surface is tlireo times that 
of toe ends and so on. 

If the height bo half the radius too area of too curved 
surface is half that of too ends , if the height be a third of 
too radius too area of too curved sur&ce is a th^ of 
that of toe ends and so on. / v ’ 

Wo may sum up these inferences thus tJte height qfa 
nght circular cylinder lears the same propdrtion to the 
ramus of the hose as the area the curved surface "bears 
to vie area qf ihoiitco ends , j , 

323 By too process of Art 319 wo can easily form 
other right cyhnuncal shells tho bases of which are not 
circles, but vanous oval curves and thus we 'see that tho 
area of too curved surface of any right cylinder may bo 
found by multipljmg the penmeter of tho base by the 
height of the cylinder. ^ 

T a. 


13 



104 ; mam circular cylinder 

1 

32 J “Wo jll now solve some exorcises 

(1) The nrev of tlio whole surfncoof n ridil circular 
evhnaer is 20 pquirc feef, nnd the height of the cylmtlor 
IS equal to half Iho radius of the base find the rwhas of 
tho base 

By Art 322 the area of tho curved curfaco jg equal to 
that of one of tlio ontlsj unci thus three limes tho area of 
an end is 20 square feel therefore tho area of one cndssCT 
square feet =300 square Inches 11 o luust then find tho 
radius of tho 1) ISO Iq Art I7I BuidoOOOhi 3141BJ tho 
quotient IS 305 .'>S, tho square root of this la 174$ . 
ITiua tho radius of the Imo is 17 5 inches nearlj 

I (2) -Tlio area of tho cuned surface of a right circular 
cylmdor is 30 square feet, and tho volume is 120 ciihio 
feet find tho radius of tho base, and tho height of tho 
cyhudcr 

Tho product of tho height into tho area of tho hxso is 
120 , tlio product of tho height into tho circnmforcuco of 
tho base is 30 lienee, by division, the area of the base 
divided by tlio circuniforonco of tho l*aso=J20— 30=4 
But, by Art 17G, tho area of tho Inso divided by the cir- 
cumfcrcnco of tho base is equal to imlf tho radius tints 
half tiio radius is 4 feet, and Uicreforo tho radius is 
8 foot. 

ITciico tho circiinifcrcnco of the base in fect=7fl x 3 1416 
=C0 2C5C , and thoreforo tho height of tho cylmdor in 
feet =30-0021.56= 6967 

(7) A vessel is to ho made in tho form of a right 
circular cylinder, vnthout a lid^ to liold a cubic foot, tho 
height 18 to bo equal to tho radius of the base find tlio 
area of tho whole intcnial surface 

Tho volume is to bo 1728 cubic inches Proceeding as 
in Art 253, wo see that tho hciglit in inches vnll bo tho 
1729 

cube root thus vio shall obtain for tho height 

8 1934 inches. Wio area of tho wholo internal snrfiico is 
three times tho area of one end , so that in square inches 
it IS three times tho product of 3 1416 into Uie square of 
b 19J4 , it will bo found that this is 632 79 , 
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EXAMPLES XXXXr 

From tins TCsnlfc and tbo la^t of those obtained in 
Art 316 wo SCO lliat loss material is required for a > 0880 ! 
of the shape hero considered than for a tcsscI of the shape 
there considered 

326 Bj comparing the results of Examples 21 30 at 
the end of the picsout Cluster, and of simihir oxainplcs, 
wo ‘learn tint the most advantageous shape foi a right 
circular cylindncnl vessel, if there is to "bo no lid, is that 
in which the height is equal to tho radius of the base', and 
if there is to bo a lid, that in n Indi tho height is twice tho 
radius of tho base For by adoptmg these shapes wo use 
tho least quantity of material to secure a given capacity, 
tlnd wo secure tho greatest capacity mth a given quantity 
of matcnaL 


■ EXAMPLES. XXXIV 

Find tho area of tho curved surface of right ciraular 
cg-lmdors haniig tho following dimensions 

1. Height 2 feet 2 inches, circumforcnco of base 4 feet 

2. Height 2 foot 6 inches, mrcumfcrcnco of base 4 feet 
9 inches 

3 Height 1 foot 10 inches, radius of base 1 foot 
6 inches. 

4 Height 2 foot 6 inches, radius of base 2 feet 
4 mehes 

6 Height 40 foot, radius of base 8 foot. 

Fmd tho aica of tho whole surface of nght circular 
cylinders Inviiig tho following dimensions 

G. Height 3 feof^ radius of base 2 feet. 

7 Height 6 feet, radius of base 3 foot 6 inches 

8 Height 1 foot 2 inches, 1 adius of base 8 mehes 

13—2 
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EXAMPLES XXXIK 
» - » - 1“ 

9 HoigLt 6 feot G inches. cuHsumfbrenco^of 'base 
SOfeet ^ . - " ' , ^ , 

10. Height 6 feet 3 inches, circumference ,of bas6 
24 feet ^ , j - 

' 11 The area of the curred surfoeo of a right circular 
cylinder is 6 square feet, and the circumfeienco of the base 
is 3 feet 9 indies find the height ^ , 

12 The area of the curved surface of Uinght arcular 
cylinder is 6§ square feet," and the radius of the hose is 
2j feet find the hei^t. ^ ' , L 

13. The area of the whole “surface" of a right circular 
cyhnder is 14. square feet, and the height of the (^hndor 
IS equal to the radius of the base find the radius of the 
baso j i ^ ^ 

14 ' Tlio area of the whole surface of a ngiit circular 
cyhnder is 24 square fcofc, and the height of the cvhnder is 
twice the radius of the base find the radius of the bai^e. 

16 The area of the whole surface of a right circular 
cyhnder -is 30 square feet, and^tho height of ^tho 6yhfider is 
half the radius of the base find the radius of the base 

16 The area of the 'curved surface of a i^jght circular 
<q?hnder is t2^ square feot, and thq volume of the c}hudcr 
18 3^ cubic feot find the radius of the base 

17 ,The area of the curved surface of a ngjit circular 

cylinder is 4 sg^uare foot, and the volume of the ^ylmdcr is 
5 cubic foot findjtho area of one opd j ,, ;/ ^ n j ^ » 

18 The area of tlio curved surfxco of a nght circular 

cyhnder is 3 square ^feet, and the volumopis cubic feet • 
find the height. , 

19 The area of the base of a nght circular cylinder is 
314 16 square inches , the volume is 3141 6 cubic inches 
find the area of the curved surface 

20 The area of the baso of a right circular cylinder is 
1000 square inches , the volume is 6 cubic foot find tho 
area of tho curved surface. 
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Tlio following oxamples involve tlio ostract!()n of tLo 
cubo root 

A vessel vntJioiU a lid in tlio form of anglit circnlnr 
ig'lmder is to bold 3141 G cubic inches, find in sqonro 
inches the area of the whole internal svwfncc in the fol- 
lowing cases 

21 The height cqnal to the ndins of the base. 

22 Tlic height donblo tho radius of the base. 

23 The height half the radius of the base. 

24 TIio height three times the radius of tho base 

25 Tho height one third of tho radius of tho base 

^ i ^ 

A vessel wilh a hd in tho form of a nght circular 
cvhndcr is to hold 3141G cubic inches find in square inches 
the area of tho whole intern'd surface in tho following 
cases 

26 Tho height equal to tho radius of tho base 

27 Tho height double tho radius of the base 

2S Tho height half tho radius of tho base 

29 The height threo times tho radius of the base. 

30 Tho height ono-tlurd of the radius of tho base 

31 The edgo of a cubo is 10 inches , a nght circular 
cyhnder of tho samo volume as the cubo has its height 
equal to tho radius of its base find the area of tho wholo 
surface of tho cubo, and also of tho cyhndcr 

32 A vessel in tho form of a right circular cylinder 

without a hd IS to contain 1000 gallons find tho area of 
tho whole internal surface supposing tho vessel to bo of tho 
most advantageous shape t 
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XXXV SEGMENTS OF A EIGHT CIRCULAE 
CYLINDER RING. 

32G Simple rules can bo given for finding tho areas 
of ibc curved surfaces of certain segments of a right 
circuhr cylinder , as wo will now sliou 

327 Suppose a right circular cy- 
linder cut into two p irts by a piano 
parallel to the as;i8^ tho surfaco of 
each part consists of two segments of 
n circle, a rectangle, and another por- 
tion which wo shall call tho curved 
m^face 

The area of each of tlio segments 
of a circle can be found bj Arts. 1S5 
and 1S6 The area of tho rectangle can 
bo found hr Art 134 Tlio area of 
tho curved surfaco can ho found by tho following Rule 
multiply length of the are of the have l>y the height qf 
the cylmdc} 

Or wo may find tho area of tlio rcctanglo and tlio 
curved surfaco togothor by tho Rule of Art 323, multiply 
the jycrimctci of the have by the height qf the cylinder 



328 Suppose a solid has been 
obtained by cutting a right circular 
cylinder by a planoL inchnod to tho 
oxLSj which docs not meet the haso 
of tho cylinder TIio surface of this 
solid consists of the baso which is a 
arclo, tlio other end which is also 
u piano curve, and anotiior portion 
which wo shall call tho curved 
sHfface 

Tlio area of the hose can bo 
found by Art 168 No Rule 
has been given in this work for 
finding the area of tho oilier end 
exactly, but tho area might bo 
found approximately by Art 193 
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wo miy remark that this piano enrvo is called an 
'ellipse^ and is of great impoilauco in inathoniatical in- 
Tcstigitions 

Tho area of the curved surface can bo found by tlio^ 
following Eulo multiply the cit ciurfei cnee (f the "base by 
the heiglit qf the solid 

329 Tho height of the solid in tho preceding Eulo is 
to bo understood in tho same sense as in Art 2g6 Tho 
truth of tho Eulo may bo shoim in tho inaunoi of Ai t 257 

330 Bupposo a solid has been obtained by cutting a 
right circulir cjlindci by tico planes inclined to tho axis, 
which do not' meet each othoi Tho area of tho ciei ced smi - 
face will bo found bj multiplying the en cumfercnce of the 
base of the cylinder by the height of the solid Tho height 
of the solid IS to be understood as m Art 269 Tho Eulo 
follows from tho fact that tho sohd max bo sujiposcd to 
be tho difference of two sohds of tho kind considered m 
Art 256 or Art 32S 


331 To find the ai ea cf the surface of a solid i vng 

Etoe Multiply the circumference ofaciiculai sec- 
tion of the i mg by the length qf the ring 

mi ionglh of tho nng is to bo understood as in Art 2G1. 
Tho Eulo may bo illustrated in tho manner of Art 260 


332 Examples 

(1) Tlio radius of tho cireulai section of a nng is ono 
inch, and the lougth of tho nng is ten inches 

Tho circumforonco of tho circular section of tho nng is 
2x3 1416 inches , thoroforo the area of tho surface of tho 
nng m squaio inches is 10 x 2 x 3 1416, that is 62 832. Thus 
tho area of tho surfaoo is 63 square inches nearly 

(2) Tho inner diameter of a rmg is 7 inches, and the 

outer diameter is 8 indies > uu 


As m ^t 262, wo find that tho radius of tho circular 
section IS i of an meli, and the length of tho nng is 23 662 
inches, thcrofoio tlie area of tho surface of tho ring in 

square m(^C3=:| x 3 1416 x 23 562= 37 01 . 
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EXAMPLES XXXV 

1 Find the area of tlio enryed surfoco of tbo smaller 
,of tho tm> pieces in tho diagram of Art 327, supposing 
tLo helglib of tlib sobd to be 4 feet, the radius of the cirdo , 
16 inches, and the chord of th6 circle eq^oal to the radius* 

2* Fmd the area of the mirred surface of the smaller 
of the twO'pieces^in tho diagniiii of 'Art 327, sup^sing 
the height 6f the sohd to bo 4 feet 2 inches, tho radius'pf' 
the cime to be 8 inches, and the chord to subtend a right 
angle at the centre of the circla ^ ^ 

3 The radius of the base of a c^hnder is 16 inches , a 

picco IS cut off by two planes inclined to the axis of the 
cjhnder, which do not meet each other ^ the length of i tho 
portion of the axis between tho two planes os 35 inches • 
find the area of the curred surfheo ^ ^ 

Find in Bmare inches the areas of thenur&ces of rings 
having the following dimensions* ^ ^ 

4 Length 20 inches, circumferenOo of cross section . 

4 inches , * - / 

^ 5 Length 25 inches, radius of cross section | of an 
uich , I . ^ ' 

6 Outer diameter 4*7 inch(^, inner diameter 41 
mohea 

7< Inner diameter 11" inches, diameter of cross sco-^ 
iion 2 mches. 

8 Outer diameter 26 inches, diameter of cross sec- 
tion 4 inches 

9 Outer diameter 25 inches, mrcumforence of cross 
section 10 inches* 

10 Inner diameter 20 inches, circumference of cross 

section 12 mches* » < 

11 Tho area of the surface of a nng is 100 aquare'^ 
inches , tiio radius of the cross section is 1 inch find the 
length of tho nng* 

12. The area of the surface of a nng is 120 square 
inches , tho length is 20 mches find tho inner diamotor* 
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XXXVL EIGHT CIROUIiAE GONE. 

333 Tlio Bnrfaco of a right circnlar cono consists of a 
circnlar baso and another portion \vluch wo shall call tho 
turned surfaca 

334 Let ABGD bo a scetor of n arclo Cut it out of 

paper or cardboard. Then lot it bo boat until tho edge 
Ik^jnst comes into contact with tho 
edge AD It is easy to see thathy 
proper adjustment wo can thus ob- 
tain a thin shell, tho ontsido of which 
will corre^ond to tho curved surfaco 
of a nghb circnlar cono A becomes 
tho Tcn^x of tho cone, AJ3 becomes 
tho slant height of the cono, and 
BCD becomes tho cironmrcTcncc of 
the baso of tbo cono Hence it will 
follow that tho curved surface of a , 

right circnlar cono is cqmd to a sector of a circle, tho 
radius of tho sector being tho slant height of the cono, 
and tho arc of tho sector being the circnmforonco of tho 
base of tho cone thus wo obtain tho Eulo which wo shall 
now give. ~ 

336 Tojind the area qf the curved surfaca qf a rir/Jd 
circular cone 

Etob Multiply the circumference of the base by the 
slant height of the cone, and half the product v>ill be the 
area of the curved surface. 

336 Examples ^ 

(1) The radius of tho baso of a right circular'cono is 
8 inches, and tho slant height is 14 inches l^d tho area 
of tho curved surface 

Tho circumferonco of tho baso m inches =2 x 8 x 3 1416 
=60-2666 J I X 14x60 2656=361-8592. 
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Thus the' area of tho curved surface is 362 inches 
nearly < r 

(2) Tho 'radius of -thh haso of a nght (arcular cone ‘is 
4 ,, feet, and tho height of tho cone is_3 feet find tho 
area 6f tho whole surface ^ ^ 

Wo must first find tho slant height of tho cone, by 
Art 65, the slant height in feet is tho square root of 16+9, 
that IS, tho square root of 25, that is 6 

"'I ^ ‘ ' 

ix63<2x4x31416«^20x3 1416 = 62832 

Thus the area of the ctvi ved 810 /acc is 62 832 square 
foot. 

Tlie area of the base in square foot =4x4x31416 
=50*2656 Tboroforo the aroa of the irholo surface in 
square fcot=62832+50 2666=113 0976. 

337 Tho following inforonccs niaj bo easily drawn 

from tho Buie in Art 335 » 

If tho slant height of tho nght circular ^cono be Uotce 
tho radius of tho base tho area of tiio curved "surface is 
ttoice that of t]io base of, tho condy if the^ slant height l>o 
three times tho radius of tho base, tho aroa of the curved 
surface is three times that of tho boso of the conoj and 
so on ^ i 

'Wo may sum up these inferences thus the slant heiffht 
of a mghi cuciila^ cone hears the sarae proportion 4o the 
f aditts of ffie hase as the area qf tho^ cm eed surface hears 
to the area of the base, 

338 Wo will now solve some osercises. 

(1) Tho area of tho whole surface of a nght circular 
cone is 24 square feet, and tho slant hciglit is tinco the 
radius of tho base find tho radius of the base ^ * 

By Art. 337 the urea of the curved surface is equal to 
twico tho area of tho baso^ and thus three times tho area 
of tho base is 24 square feet therefore tho area of, tho 
base is 8 square feet Wo must thou find the radius of 
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ibebasc by Art 171 Dmde 8 by 3 1416, the quotient is 
2 6464 , the square root of this is 1 6968 very nearly 
Thus the ludios of the base is 1 5968 feet very nearly. 

■“ / I j < 

(2) The volume of a nght circular cone is 20 cubic 
feet, the height is twice the radius of the base find the 
area of the whole surface ' 

By Art. 263 we see that the product of the cube of 
2 

the radius of the base into , of 3 1416 is equal to 20, so 

^ O 

that the cube of the radius of the base 

= -®l— = ^-9 649 
2xd 1416 31416“^^^*' ^ 

tliercfore the radius of the base m feet is^ the cube root of 
9 649 this wo shall find to be 2 1215 " j Therefore the 
area of the base in square feet is the pioduct of 31416 
into the square of 2 121 it will bo found that this is 
14140 

Now if the radius of tho base were 1 foot, and the 
height of tho cone 'wore 2 feet, tho slant height would bo 
foot, by Art 66, that is, the slant height would be 
‘ v6 tunes the radius of tho base And thus in tho present 
case since tho height is twice tlie radius of tho base, the 
slant height is ijB times tho ludius of tho base that is 
the slant height is 2*236 tunes the radius of tho base 

Hence, by Art. 337, tho area of the' curved surface itt 
square feet is the product of 2*236 into 14 140 that 
IS 31 617 

Therefore tho whole area of the surface in square feet 
=14140 + 31617=46 767 ^ 

(3) TIio volume of a nght circular cone is 20 cubic 
feet, the slant height is thieo times tho radius'of 'the base 
nnd tho area of tho -whole surface 

If the I'adius of tho base were 1 foot, and the slant 
height ivere 3 ‘feet, tho height would be ^8 feet by Art 60, 
that IS, the height uould be a,/ 8 times the radius ^ the 



2b4 RIQKT GIBCULAR CONE 

t f ** t i ^ 

basa And thns in ihe'prosonl case since the slant height 
IS 3 times the radios of the bas(^ the height is VS ^es 
the radios of the base ' ' 

'Then, as in the preceding Exorcise, ‘vro see that the 

cube of the radius of tho base^ ^^^^ 

found that ^this is G752 therefore the nidins of tho 
base IS tho cube root of 6 752 it will bo found that this 
as 1 890 ^ 

By Art 337, tho area of tho whole surfacb is 4 times 
tho area of the baso, so that m squar6 foet it is 4 times 
the product of 3 1416 into tho square of 1 890 > it will bo 

found that this is 44 888 • 

Tho whole surface is less m this case than in tho case 
of tiio preceding Ih&ercise In fact, it will bo found by 
comparing the results of Examples 31 40 at tho ond of 
the present Ohapter, and of similar Examples, that if the 
whole surface of a right circular cone be given, tho volume 
18 greatest when tho slant height is three times tho i^^diiis , 
and if the volume of a nght circular cone bo mvon the whole 
surface is least when the slant height is three times the 
radius. * ' 


EXAMPEES XXXVI ' ^ 

Find in square inches the area of the curved ^rfaco of 
nght circular cones having tho following dimensions 

1 Slant height 2 feet 3 inches circomforcnco of base 

4 feet 5 inches 

2. Slant height 3 feet 2 mdios^/oircumference of base 

5 feet 7 inches 

3 Slant height 2 feet, radius of base 1 foot 9 inches 

4 Slant height 2 feet 8 inches, radios of base^S feet 

10 inches ’ ' ' 

5 Slant height 3 feet, radius of base I foot ^6 iuchos. 

6 Height 2 feet, radius of base 7 inches. ^ j 

7 Height 3 feet 4 inches, radius of base 9 inches 
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8 Height 2 feet 6 icchesi ladnis of base 1 foot 
Cindies. 

9, Height 5 feet, ladita of base 11 inches. 

10 Height 4 feet 8 inches radios of base 2 feet 
9 inches. 

11 Hdght 5 feet, perimeter of base C2SS2 feet 

12. Height 12 feet, perimeter of base 10 feet 

!F1nd in square feet the area of the irholc ^snrfiics of 
right circular cones Laving the folloinDg dimensions. 

13. Slant height 4 feet, radius of base 2 feet 

14 Slant height 5 3 feet, radius of base 3'2 feet 

15. Slant hei^t 6 feet, clreuniferenco of base S feet. 

1C. SIaathei^tC‘4feet,circnmfcrencoofbaso9 7fect. 

17. Height 1 foot, radius of base 5 inches. 

IS. Height 1 foot 9 inches radius of base 1 foot 
8 inches. 

IP. Height IS inches, circumference of base 27 inches. 

20 Height 4 feet, cfrcnmference of hase 7 feet 

21 The area of the curved snrface of a right circnlar 
cone IS 750 sqnarc inches;, and the circumference of the 
base is 50 mehes i find the slant height. 

22. The area of the curved surface of a right circular 
cone is SOO squarfe inches, and the circumference of the 
base is 64 inches find the height of Oie cona ' 

23. The area of the curved surface of a right circular 

cone is 12 square fee^ and the radius of the iiose is 1 5 
feet: find the slant height. , 

24. The area of tho curved surface of a right circular 
cone is 25 square feet, and the radios of the t^o is 225 
feet, find the height of the cone. 

25. Tho area of the carved surface of a rigjit circular 
cone is G50 square inches, and tho slant he^t is 25 
inches find the ctrcuroference of the base. 



EXAMPLES XXXVI 


20G 

L 

26 The area of the curved surface of a right circular 
coue 18 18 sq^uare feet, and the slant height is feet 
find the radius of the base 

27 The area of tho irholo surface of a nght circular 
cone IS 15 square feet, and the slant height is three tunes 
the radius of the base find tho radius of the base 

28 Tlio area of tho whole suiface of a right circular 
cone IS 19 square feet, and tho slant height is four tunes 
tho radius of the base find tho radius of , the bosa 

29 Find what length of canvass tliroe-quartors of a 
yard wide is roqiurod to make a conical tent 12 feet in 
diameter and 8 feet high* 

30 Find what length of canvass two-thirds of 41 yard 

wide IS required to zn^e a conical tent 16 yards in dia- 
meter and 10 feet high « i 

The area of the whole ;3urface of a nght circular cone 
is 100 square feet, find in cubic feet tho volume ih tho 
following cases 

31 Tho slant height twice tho radius of tho base 

32 Tho slant height lihree times tho radius of the base. 

33 Tho slant height four tunes the radius of tho base. 

' ^34 The slant height five times tho radius of tho base 

35 Tho slant height sue times the radius of tho base . 

The following meamples m^olro the extraction of the 
caho root 

I I ^ 

The volume of a nght circular cone is 314160 cubic 
Indies, find in square inches tbo whole surface in the fol- 
loiviog cases 

36. JSeight hqual to the radios of the base. 

37 Height equal to twice tho radius of the base 

38 Height equal to three tunes the radius of tho base. 

'39 Height equal to htdf tho radius of tho base 

40 Height equal to a third of the radius of the base 
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xxxvn FEUSTUJI OF A BIGHT CIBCIJI.AB 

COJ7B. 


339 Tho surfico of a frnstum of a right circular couo 
consists of two circular ends and another portion which 
wo shall call the cut eed surface 

340 'LfA-ABGD be a sector 

of a arclo YTith “A as centre A 

and any radios less than AB 
desenbe tho arc FFG. Let tho 
piece BGDGFB be cut out of 
paper or cardboard, Tlien let 
it OB bent lonnd until the edge 
EB just conies into contact with 
the edge GD It is eaqr to see 
that by proper adjustment we 
can thus obtam a thin shell the 
outside of which wdl correspond to tho curved surface of 
a frustum of a right circular cone , EFG becomes tbh cir- 
ci^eronco of one end of, the frustum, and BGD becomes 
the cwcumference of the other end, EB becomes tho 
slant height of tlie frustum Hence it will follow that tho 
curved surfico of a frustum of a right circiilnr cone 3 S equal 
to tho difference of two sectors of circles which have a 
common angle , tho arcs of the sectors bemg the circum- 
ferences of the ends of tho frustum, and the difference of 
^eur ^dii bemg tho slant height of tho frustum thus 
from the last Rule of Art. 183 we obtain the Rule which 
will now bo given 



341 Tofnd iU at ea of the eurted surface of a frus- 
tum of a right circuliit cone 

Rtftn. Midtiplg the sum of the ch cunferenccs oMhe 
two ends of Gtc ft ustum ixy the slant height of the frus- 
tum and half the product will Ic the area of the curved 
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342, JBstunpIcs. 

(1) The radtns of one end of a frnstnm of a riglit cir- 
cular cone IS 10 Indies, and tho radins of tbo other end is 
10 inches , tlio slant lioight is 16 uidies find iho area of 
tho cun cd surface. 

Tbo sum of the circumferences in ludica Is tlio product 
of 3 1416 into tho sum of 20 and 30, tliat is^ into 00, thus 
tho sum of tho circumferences is 00 x 3 1416 inches. 

I 

~x 16 X 00 X 3 141G>:^S X 00 3 141C=:400 x 3 1416<=1206*64. 
2 ' 

Thus tho area of tho curred snrihco is 1206 6i squaro 
indies 

(2) Tho radius of ono end of a frustum of a right cir- 
cular cono is 0 feet, and tho ndius of ilio other end is 
8 foot, tho slant height 'is Sfcot. find tho area of tho 
uliolo surface. 

Tho area of tho cuned aurfa& in square feet 

£=13x8x31416 = 104x31416 ' ’ 

,Tho area of onb cud m square fcct£=20x3l416, and 
tho area of tho otiicr cud in square fcot»64x3I416 
lienee tiio arci of tho iriioio snifico is tiio product of 
31416 into tho Bitiu of lOl, 25, and 64, that is, into 193. 
tiius tho area of tho iVliolo surface lu square feet 

=193x31416=6063288 

> I 

343 It mTc\ bo nifcrrcil from tlio Btilo of Art 341 
tlmt i/io 8la7d htigld tf a xi^ixnn a citxular 
cone^ biats the smxe proi^ortion to iho dxjfetcnec of the 
radh qf the aids axf the ai ea of the cm tea tin face heart 
to the difference of the areas of the aids 

1 f 1 

344 TTo will now soho some exercises* i 

(1) Tho mdu of tho ends of a fmshtm of a nght circu- 
lar cono arc 7 inches and 10 inclicsj and tho height of,,tlio 
frasiuiii 13 4 inches /Ind tho area of tho curved mirf ice 
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Lot the diagram rfc- 
presont a section ' of tbe 
IniBtum mado by a plane 
containing the axis of tho 
cone 'We see that the 
slant height is the hypo- 
tennso of a nght-angidd 
tnnnglo, of Tvluch one side is the height of tho frnstnm, 
and tho other side is tho diffcrcnco of tho _ radii of the 
ends. 

In the present case tho height of tho frustum is 4 inches, 
and the dmercnco of tho radii is 3 inches ^ therefore, by 
Art. 65, tho slant height is 6 inches < 

Therefore tho area of the curved surface in square 
niches=6x 17 x 3 1416 =267*036 - 

(2) The diameters of the ends of a frustum of h nght 
circular cone are 16 feet and 24 feet respectively; tho 
height of tho frustum is equal to the product of these dia- 
meters divided by their sum find the area of ‘the curved 
surface, and the area of tho two ends 

Tho height of tho frustum infeet=i^;^^=5 ^^^=9 6 

r JU 

'Wo must detormmo tho slant height. The square of 
9 6=9216, tho difference of tho radu of tho ends is 
4 feet, the Square of-'4=l6, 9216+,16=10S 16, the 
square root of 10816 = 104 ^us the slant height is 
104 feet 1 

Tho area of the curved surface in square feet 
= 10 4 X 20 X 3 1416 =208 x 3 1416= 663 4628 

Tlio area of tho two ends is the product of 3 1416 into 
the sum of tho squares of 8 and 12, that is, tho product of 
3 1416 into the sum of 64 aud 144, that is, the produotbf 
3 1416 mto 208 

Hence tho area of the two ends is equal to the area of 
tho curved surface. It will be found on teal that this is 
always tho case if the height of tho frustum of a nght cir- 
cular cone IS equal to the product) of the diameters of tho 
ends divided by them sum 
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(3) Tlio radu of tlio ends of n frnstum of a rirfit cir- 
cnlar cono nro 8 inches and 10 indies rcspccUvoTy; the 
slant height is C inches if Uio fnistum bo divided into 
tno of cixtiftl enrsed surfaces, And tho slant height of each 

TTo must dotermino tho slant height of tho nrholo cono. 

TJy n method hko that of Iho fourth Everciso of Art.??, 
wo And tliat iho slant height of tho whole cono is 30 inches, 
and thcroforo tho shut height of tho sninllor cono is 24 
inches 

Then wo proceed after tho manner of Art 210 to dclcr- 
mino the slant distance from tho vortex of tho piano which 
divides tho curved surface of tho frustum into two equal 

K 's Tho squai'O of 24 is 07C , tho square of 30 is 900, 
tho sum of these squires is 73S . tho square root of 
733 will 1)0 found to bo nthor more than 27 ICC Subtract 
24 from this, and tho remainder is 3 ICG Thus tlio dint 
hoight of ono part is rather more than 3 166 inches , and 
thorcibro tho slant height of tho other part is rather less 
than 2*83 linchos 

EXAMPLES XXXVII 

Elnd tho area of tho curved surface of frustums of nght 
circular cones, having tho following dimensions: 

1 Circumferences of ends 17 inches and 17 inches, 
slant height 11 inches. 

2. Circumferences of ends 10 inches and 23 inches, 
daiit hoight 13 inchcs< 

3 Endii of ends 7 inches and 9 mehes, slant height 
A inches. 

4 Eadu of ends 2C feet and 3 4 foctj slant hoight 
A feet. 

A Eadii of ends II and 16 inches, hoight 12 inches. 

6 Radii of ends 4 fcot ind 3 feet, hoight 2 feet 
11 inches 

7 Rndii of ends 4 fcot and A feet, height 3 feet 
8. Radii of cuds AJ fcot and 6^ feet, height 2j feet. 



EXAMPLES XXXVIL 211 

Find the area of the Trhole snrfsce of frnstonis of right 
coaes haviz^ the foHowing dnnensnsts . 

Q Crrcnmfersices of eads 14 and 16 inches, riant 
heght 10 inchest 

10 " Circtnnferciices of ends 17 and 21 inche% riant 
height 9 inches. 

11 Badu of ends 2 feet and 3 feetj riant he*^t 
24 feet. 

12. Eadii of ends 3*4 feet and 4:2 fee^ shmt bright 
2 feet 

23 Badn of ends 12 and IS inches height 5 inches. 

14. Badn of ends 12 and 20 mebe^ height 15 indies. 

Fmd m sganre feet the area of the carved snrfiiee and 
the area of the tiro ends, snppoang the heignt of the fins- 
tnci equal to the jnodact of the diametCT of the ends 
dnided by tiieir sum, for ffo s tain s mth the fd2i«nng di- 
mensions :* 

15 Ihanieteis cf ends 6 feet and 4 feet. 

26 Diameters of ends 13 feet and 7 feet. 

17. DkmeteTC of ends 20 feet and 12 feet 

IS Diameters of ends 25 feet and 40 feet 

19. The radu of the ends of afrostnm sje 5 feetand 
S feet^ and the slant bright is 4 feet: if the ffcstnm be 
dirided into tiro of eqnal carved surface, find the slant 
bright of eadt XKti. 

20. A teat is made in the form of a fh i s t aiu of a ri^t 
drcalar cone nnnounted by a cone * find the inimber of 
square yards of canTass required, for the tent, supporing 
the diameters of the ends of the iro sLum to be 2S feet ana 
16 feet TsespectiTely, the height of the fr u s t um S fee^ and 
the tright of the con cal part 6 feet 


14—2 
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XXXVIII SPHERE, 

346 To find the area qfthe sur/ace cfi a sphere. 

RiTm Multiply the square qf the diameter ty 3^1416 

" ’ s'' 

346 Examples . ^ ? 

(1) The diameter of a sphere is 9 inches. 

9x9x31416=2544696 

Thus the area of the surface is 25447 square^ mches 
nearly ' * " ^ ' 

(2) The diameter of a sphere is 3} feoL 

3 5 x 3 6 x 3 1416 =38 4846 

Thus the area of the surface is about 38 4846 square feet. 

347 Other modes of expressing the Eulo in Art 345 
may bo given multiply the aiametei of the spJiei e by tie 
arcumfermce i or, divide the sqUate qfihe cxrcumfer^ 
ence by 3 1416 By the circumference of the sphere is 
meant the circumference of the mrole 'which will produce 
the sphere in the manner oxphuned by Ait. that is, 
the circumference of a great circle of the sphere. 

348 It follows from Arts. 326 and 345, that the area 

of the surface qf a ^hei e is eqxial to the area qf the 
curved swface of a mght circular cylinder tchich has tie 
height and the diameter qf tie ends equal to the diameter 
qfthe sphere ‘ 

349 From Arts 291 and 346 we may dodnee the fol- 
lowing important result the volume qf a sphere is equal 
to onc-fhtrd of the product of the area of the surface into 
the radius 

360 The result just given may be easily remembered 
by its resemblance to the Eule for finding the volume of a 
pyramid or a cone Let O denote the centre of a spliere , 
and lot P, Q, R denote three pomts on the surface of, the 
sphere very near to each^ther. Suppose we cut from the 
sphere the piece bounded by tho planes POQ, QOR, ROPj 
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and bv tho porhon of tbe surface of the sphere ivhich thqr 
mtcrc'ept. piece -vrai resemble a tnangolar p^mid j 
so that Tve may readflj admit that tho volnme of the piece 
is equal to one-third *of the product of the radios of tho 
sphere into the intercepted portion of the surface of the 
sphere The ^holc sphere may bo supjwsed to bo cut up 
into a venr large nnroher of rery smaH pieces like tliat 
just considered; and tbns 'we are easily led to the result 
given, in Art S49 The student vrill obserro the 
olance of these remarks to those in Art. 177 

Sal. The sphere has the following remarkahle pro- 
pertv of hll sohds of a given volume the sphere is that 
■winch has tho least surface, and of all sohds of a mven 
surface the sphere is that which has the greatest Tolume. 
The student may ven^ this statement by such examplec 
as 16 20 at the* end the present Chapter. 

352. TTe -will now solve some exercises. 

(1) Tho area of llic surface of a sphere is 200 square 
ruches find the diameter, and the volnme of the ^hcre 

The product of the square of the diameter into 3 1416 
is equal to 200; therefore the square of the diameter 

OQA 

=xSTrx=63'6618 the square root of this number ■will 
3*x41o 

he found to be 7*97S9 Thus the diameter is 7‘S3 indies 
very nearly 

Then, by Art 349, the volnme of the sphere in cubic feet 

= i X 200 X I X T-STSS = 265-9G 
3 M 

(2) The Tolmno of a sphere is lOOO cubic inclies find 
the area of its suriace. 

3Jy Art 291 tho cube of the diameter of tho sphere 

~ therefore the diameter of the sphere 

in mehes is the cube root of this nnmhcr • it will he fonnd 
that this is 12 407. Then by Art. 345 we shall obtain for 
the area of the surface 453*6 square inches very neariy. 
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Find the areas of the surfaces of q)hcres having the 
following dimensions ^ 

1 lladina 5 inches 2 Bndins 15 inches 

3 Badius 2 2 feet 4 Oircumference 20 inches. 

5 Oircumference 4fe6b 6 Oircumference 6 4 feet 

Find the diameters of the ^heres having the following 
superficial areas 

7 400 square inches. 8 64 square feet 9 7^ square' fcoL 

Find the volumes of the spheres having the following 
superficial areas 

10 20 square feet 11 50 square feet 12 100 square feet 

13 Find the volume of a sphere when its surface is 
equal to that of a circle 4 feet in diameter ^ 

24 Find the volume of a sphere when its surface' is 
equal to that of a circle 9 feet m diameter 


15 A cylinder 6 feet long and 3 feet m diameter is 

closed by a hemisphere at oaw end find the area of the 
whole snrfaco ^ ^ ^ 

16 The radius of the base of alright circular oylmdor 
is 10 indies, and the height is 10 inches, the surface of a 
sphere is equal to the whole surface of this cylmder find 
the volume of each. 


17 The surface of a sphere is equal to that of a cube 
the length of which is one loot find the volume of each 

18 The surface of a sphere is e^al to that of a right 
circular cylinder tiie radius of the base of Which is one 
foot, and the height two feet find the volume of each. 


The following examples involve tho extraction of the 
cube root , 

29 The volume of a sphere is equal to that of a cube 
the length of which is one mot find the surface of each 

20 Tlie volume of a sphere is equal to that of a right 
circular cylinder tho radius of the ease of which is one 
foot, and tho height 2 foot find the surface of each. 
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xxsrs> ZOXE OS' A SPHERE. SEGIEEXT 0E“A 
SPHERE 

353. The sotface of a zone of a sphere consists of two 
drcnlar ends and another portion Trmch. vre shall cadi the 
eurred surface. 

The snr&ce of a segment of a sphere consists of a cir 
cnlar base and anoQier portion Trbich we shall call the 
curved sitr/ac:, 

354. To find (he area rf (he curved surface of a zone 
<if a sphere or of a s^ment of a sphere 

Ecie. Multiply the circumference <f the sphere by 
the height of the zone or segment 

355. Examples 

(1) The height of a s^ment of a sphere is 6 inches, 
and the diameter of the sphere is 18 inches find the area 
of the carved surface. 

6 X IS X 3 1416 =339 2923L 

Thus the area of the curved snrfiice is 339 3 SQuare 
inches nearly 

(2) The ends of a zone of a sphere are distant 2 feet 
and 4 feet respectively fiom the centre of a spher& and 
are on the same side of the centre; the diameter of the 
sphere is 14 feet find the area of the whole surface of the 
zone. 

The area of the curved surface in square feet 
-=2 X 14 X 3 1416=28 x 3 1416 

Ey Art S9 the square of the radius of one end 
=9x6=45; 
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and tbo square of the radius of the other cud 
„ ‘ =llx3f=33 

tlms the urea of tho two ends in sqnaro feot=78x 3 1416 
Therefore tho area of tho wholo surfaca in square foot t ^ 

=106x31416=333 0096 


356 It appears from Arts 320 tind 354 that t/w mrved 
swface ^fa zono'of a coi qf a of a sphere 

%8 equal (fo the a)ea ^ the cursed surface of a iight 
ctrcula} cylinder tchxch has %ts height equal to that qf 
the zone or segment^ and the diameter qf its ends equal 
to tho diameter of the sphere 

This lomarkablo result holds also for the surface of n 
sphere, if by the height of tho sphere we understand the 
diamotor of tho sphere see Art. 348 ’ ’ 


357 TVo will now solro some osorcises. . « , 

(l) Tho height of a segment of sphere is 7 inchos^ 
and the oircummronco of tho sphere is 64 inches find the 
area of tho wholo surface of tho segment. 

Tho area of the enrred surface in square inches 
=7x64=448 ' 

64 


Tho diameter of the i^hero is : 


; inches ; therefore. 


3 1416 

by Art. 79, the square of tho radius of the base of tho 

64 

B^fmentis obtained by subtracting 7 fh)m< and 

j ^,1416 


7xG4 

31416 


-49 


multiplying tho romaindor by 7 , so that it is 

The area of the hose of the segment m sqnaro inches' is 
tho product of this result mto 31416, therefore jt is 
7 x 64-49 x 31416, that is 448 - 49 x 31416. Thus tho 
area of the ivholo surfaoo m square inches is 


896-49x31416, 

that is 896-163 9384, 

that 13 742 0616 
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TIio method Tvhich tto nave adopted m solving this 
cscrciso maj appear rather artificial and difficnlt to a be- 
ginner , bnfc ifc deserves attention It mil be seen that m 
effect wo establish the following Enle ifia iohoh surface 
<f a segment qf a sphere ts equal to twice the excess qf 
the curved surjace above a circle which has the height <f 
the segment for tts radius 

(2) A zone of a ^hero is the difference of two seg- 
ments of the heights 13 inches and 9 inches respectively, 
nnd the circumference of the sphere is 82 mehes find 
"the nrea of the whole surface of the zone 

The area of the curved surface in square inches 
=4x82=323 

By Art. 79 the square of the radius of one end of the 

82 

zone IS ohtamed by subtracting 9 from - , and mnl- 

9 xS2 

tiplymg the remainder by 9 j so that it is 

The area of this end of the zone in square inches is the 
product of this result into 3*1416 , therefore it is 
9x82-81x31416 

Similarly the area of the other end of the zone m 
square inches will bo found to bo 13x82— 169x31416 
Hence iho area of the wholo surface of tho zono is equal 
to tho sum of 4 x 82, 9 x 82, and 13x82, dimimsheaby 
tho sum of 61 X 3 1416 and 169 x 3 1416, that is, to 
2x13 x 82-250 x 31416 

Thus the area of the whole surface is 1346 6 square indies 
It will be seen that m effect we establish the foUomng 
Eulo for findmg the area of tho wholo surfaco of a zone of 
a sphere, regarded as the difference of two segments of 
the sphere from ticice the curved surface qf the lat ge 
segment subtract the areas of two circles having for their 
radn respcctivehj the heights of the segments 

(3) Tho radius of a sphere is 12 feet, from a point 
whidi IS at the distance of 15 feet from the centre of tho 

S phere straight Imes are drawn to tonch the spWe, thus 
etcrmtmng a segment of the sphere find the area'of tho 
curved surmco of this »^mcnt 
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Let A be the centre of the sphere, B the point from 
vrhioh straight linos are drawn, i 

0 BO one of the straight lines, 
nioeting the sphere at C Draw 
CD perpendi^ar to Leti? 
den^ the point whore AB cuts 
} the ^here Then the surface of 
which wo hare to find the aim is 
the carved surface of the segmtot 
of which is the height. Wo 
1 ^all now find tho length of BE 

I 

Taking all the lengths in feet we have 
' * .45=16, AG=-AE=\2\ 

hence, by Art GO, we obtain BO=9 and, by Art. 161, we 

shtill fini that CD='^=7 2 By Art 60 we shall see that 

AD is the square root of 144 - 76 I Si, that is the square 
root of 9216, it will bo foimd-that this is 9 6' 'We may 
obtain this result more oasily by similar triangles, by 
Art 37 we have . , 

BA AG AG AD, 
that IS 16 12 12 AD, 

I \ 

* jin 12x12 48 __ 

therefore AZ >= — - -^=9 6 

Id o 

Then . 2)^=12-9 6=24 

Therefore the area of tho curved snrface of the segment 
m square feet=24x 2 x 12x 3 1416=180 95616 ^ 

' An ejQ placed at B would see exactly that portion of 
the surface of the sphere of which we have just found the 
area. 

If we wish to know merely what fractional part of tho 
whole surface of the sphere is Yisible to an eye placed at 
By we have only to form the fraction which has the length 
of 2)^ for the numerator, and tholon^h of the diameter 
of tho sphere for denominator in the present case the 

feicfaon IS that is ^ ‘ 

10 
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EXAMPLES XXXIX 

^ ) 

Eind tLo areas of curred surfaces of segments of a 
sphere havuig tlio following dimensions 

1 Height of segment 10 inches, circumforenco of 
sphere 85 inches. , 

2. Height of segment 2|; feet, circumference of sphere 
20 feet. 

3 Height of segment 9 inches, radius of sphere 
16 inches. 

4 Height of segment 2 4 feot> radius of sphere 3 26 
feet. 

Pind the areas of the whole surfaces of segments of 
a qihcro hanng the following dimensions 

B Height of segment 2 feet, radius of sphere 7 foot. 

6 Height of segment 8 inches, radius of sphere 
25 Indies 

7 Height of segment 3 feet, circumference of sphere 
27 feet. 


8. Height of segment 11 inches, circumference of 
sphere 90 inches. 

Find the areas of the whole surfaces of zones which 
are the diQcrouccs of segments haring the folloiving 
dimensions 

9 Badius of sphere 11 feet, heights 3 feet and lo 
feet. 

10 Badius of sphere 15 inches heights 6 inches and 
9 inches. 
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11 Oircomfisrence of sphere 40 feet, heights 2 feot 
and 6 feet. 

12 Gircomference of ^here 75 inches, heights 3 inches 
and 7 inches 

1 

Find the areas of the Tvhole surfaces of zones of a 
q)here having the following dimensions 

13 Badios of sphere 9 feet, distances of ends of zone 

from the centre 2 feet and 3 feet^ on opposite sides of the 
centre. ? 

Id. Badius of sphere 16 inches, distances ^of ends of 
zone from the centre 5 inclies and 9 inches, on the same 
Bide of the centre. ' " ^ ' 

r X j - 

15 Oircnmference of sphere 32 feot, distances of ends 

of the zone from the centre 3 feet and 4 feet, en opposite 
sides of the centre ^ ^ ^ 

16 Circumference of sphere 90 inches , distances of 
ends of the zone from the centre 6 inches and 10 inches, 
on the same side of the coni^ ^ 

17 A sphere is 80 feet in diameter "find what fraction 
of the whole surfiice will be visible to an eye placed at a 
distance of 41 feet from tbe centre 

18 A sphere is 90 feet m diameter, find what fraction 

of the whole surface will be visible to an eye pliiced at a 
distance of 8 feet from the sorface. ^ 

19 Fmd at wbat distance from tbe sniface of a sphere 
an ^e must be placed to see one-sixtoentb of the surface. 

20 Find at what distance from the surface of a sphere 
an eve must be placed to see one-eighth of the surface 
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. SfXTS SEGTJON PRAOTICAL 
APPLIGATIORS 


XL iNTEODTJOTIOJt 

358 "We liaTe already given various applications of 
the R'des of Mensuration to matters of practical interest; 
for instance the Examples of the calculations of the ex- 
pense of carpeting the floors of rooms and papering the 
walls whiclr occur under Chapter xi. Such applications 
require only a knowledge of the elements of Ari tumctic in 
admtion to the principles of Mensuration already ex- 
plained. 

A few more examples will bo given at the end of the 
present Chapter 

359 There are however other apphcatious which re- 
quire the student to know the mcanmg of certam techni- 
cal terms, or to employ certain approximate Rules admitted 
by custom. T7o slinll consider these coses in tho three 
Chaxiters which immediately follow tho present Chapter 


EXAMPLES XL 

1 A room is 24 feet 3 inches long, 11 feet 9 inches 
broad, and 11 feet 6 inches high find the cost of painting 
tho walls at 1« 6<f per square foot 

2. Find tho cost of pamting tho four walls of a room 
which IS 32 feet 4 indies long, 15 feet S mehes broad, and 
11 feet 6 inches high at 3 shillings per squire foot 
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3 Find iho cost of painting the four walls of a room 
whoso length Is 24 feet 4 jnehes, breadth IS feet 8 inches^ 
and height IL feet <> inches at 4 shillings per square foot 

4 <A room is 24 feet 10 inches long, 16 feet broad, 

and 12 feet 4 indies high * ibid the cost of painting tbo 
four walls at 9 pence iier square foot • 

6 The length of a room is 7 yards 1 foot 3 inches, the 
breadth is 5 yards 2 feet 9 inches, and the height 4 yards 
6 inches find the cost of papering the walls, supposing 
the paper to bo a } ord broad and to cost 0<f per yard. 

6 A cubical box is corcred with sheet lead wlueh 
weighs 4 lbs. per square foot , and 294 lbs. of lead oro used * 
'find the size of the box 

7 !Find the cost of bmng the sides and the bottom of 
a rectangular cistern 12 feet 9 inches long, 8 feet 3 inches 
broad, G feet 6 inches d6op with sheet load which costs 
;£1 8« p6r ewt^ and weiglis SlbS. to the square foot 

8. A cistern open at the top is to bo hned with sheet 
lead which weighs 6 lbs. to iho square foot, "the cistern is 
4 feet 6 inches long, 2 feet 8 inches wide, and holds 42 
cubic foot find tho.weight of lead required. 

fi. A bos with a lid is made of planking inches 
thick; if the external dimensions bo 3 feet C inches, 2 feet 
6 inches, and 1 foot 9 indies, find oxactiy how many square 
feet of planking arc used in ilio construction. 

10 A fiat roof is 17 foet 4 inches long and 13 feet 
4 inches wide find the cost of covering it with sheet lead 
one-sixteenth of an inch tliickj supposing that a cnbic inch 
of load weighs 6^ ounces avoirdupois, and that 1 lb of it 
costs 3^ 

11 Pind tho cost of punting the wall of a qylindncal 
room 16 feet high,. and 18 feet in diametorv at 7^ per 
square yard. 

12. Find tho cost of painting a conical spire Gi'feet m 
oircmnforenco at tho hose, and 108 feet in slant hoighk at 
fid per square yard. 
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13 Find liovr mnclt it will cost to mid tliO inner enr- 
fiico of a hcmisphoncnt bowl 2 feet 4 incbcs m diameter at 
per Eqnnre inch, 

14. A circular room has perpendicular walls 16 feet 
Inglij tlio diameter of tlio room wing 28 feet, tho roof is a 
licmisplicncal domo Und tho cost of plastcnng tho whole 
surface at 9 ixmco per square foot 

15 Find tho cost of n string moulding round tho 
springing of the dome in tho preceding 33xamj^o at 15d per 
foot 

IG A rcclnngnlar court-yard is 100 feet long and 90 
feet broad, a footway goes through the length 6 feet broad , 
tho footway is laid with stone at 4» 6<f per square yard, 
and the remainder is covered with turf at Oif per square 
yard* find tho whole cosh 

17 . Ilcquircd the cost of glazing tho windows of a 
lionso at a shilling per square foot, there being three 
stones and three inndows in each 8I017 , the height of the 
rnndows of tlio lower story is 8 feet, of tho middlo story 
7 feet, and of tho upper story 6 foot, nud tho common 
breadth of all tho windoira is 4 feet. 

18 Find how many square feet of flooring there are in 
a house Of three stones, meisunng witlun tho walls 68 feet 
by 34 feet, deducting tlio vacanqj for tho stairs 16 feet 
3 inches by 8 feet 


19 A jwm IS 22 feet long, 20 feet wide, and 14 feet 
a inches high find the ovpcnso of covering tlio walls with 
pawr 30 fnclics wide at 11^</ ayard; allowing for two doors 
each S feet by 6 feet s tnchoSi a lirc^plnco G foot 6 inches 
Dj 6 feet, nad a windoTr 12 feet by 5 feet 7 inches. 


20 A square court-yard is 3C feet long, in tho mid 

diameter,* and a 

flower-bed 4 feet wide is left round three sides * find tho 
evpenso of paidng tho remainder of tho conrt-ynrd at 
8 shillings per square yard 
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XLI ARTIFICERS’ -WORIC. • 

360 Artificers compato their work in vaiioas vrays, 
bnt in general a foot or a ;y&rd is tho standard of length, 
and therefore a squire foot or a square yard is the st^d> 
ard of nrod) and a cubic foot or a cubic yard is the standard 
of volume 

361 Tho work of flooring, roofing, pinstoring or tiling 
is often estimated by tho numbor of s^uaref, each square 
consisting of 100 square feet. 

i 

362i The mcasoro of tlio roof of a bonso can bo deduced 
from ilie measure of the base when the pitch of tho roof is 
known. There aro threo pitches which, have received 
names 

(1) Tho common or ft ue pilch In this tho length of 
tho Taffcers is thrcc-fonrtlis of the breadth of tho hoilding, 
and hcnco tho practical rule is to take the flat and half wo 
flat of tho house ns tho measure of the roof 

(2) Tlio QothicpitcTu In this tho length of the rafters 
IS equal to tho breadth of tho building, and consequently 
tho roof IS equal to twice the fiat 

(3) Tho pediment pitch In this tho perpendicular 
height IS r of tho breadth of tho building In this case tho 

length of tho mftctis vM bo nearly — of tho breadth of 

tho building) so that tho roof mil bo nearly ~ of the fiat* 

363 Artificers of ovory kind Imre Various social 
modes of estimating the chargo for workmanship, which 
haro tbo sanction of custom, out os those modes involve 
no pnnoiplo of mensuration it is not expedient to detail 
them hero. Wo will giro as a specimen the mode in which 
the charge is made for doors 

It IS usual to add the thickness of the door both to 
tho length and to tho breadth, and to take tho product of 
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the length and the hreadlh thus incrieTsed for tLo ares- K 
the door be nmeSed on onlv one s^de this area is increased 
by its half u the door be panelled on both ades the area 
15* deuWed- 

Thns, for esnmple, suppose that a door is 7 fee- 5 
Indies h!.^ 4 feet S inches iride- nad 1 indi thick- Then 
tne height is taken as 7 feet 6 inches, and the breadth as 
4:feet 4 indies; and so&c area in ^narc feet isiaLen as 


7|-x4j, that is as 


15 13 

— o 


that is 


as 


5x13 

Q * 


(ha.K is 8s 


S2?- If the dewr be panelled on only one side the charge 
is ?or 45j sqcare fecL If the door be pondled on both 
sdes the charge is for 65 sqnare feet 


354. Engineers alTOTs estimate bnehr-o'h by the cubic 
yard; but suSi brictwo^ as occurs in conueanon "inth ordi- 
isatr hoose-buildisg is estimated in a peculur vray irhich 
ire TTifl notr cxplim. 

S55. A brick Trail iriiidi is a brick and a half thick is 
said to be of thetiandard ihiduci? Brickvnrkofthestand- 
srd Quckness is estimated ty the number of square yards 
in the area formed by its height and its leng2u or hy the 
number of square rods, each square rod consisling of SOl 
square yards, &at is of 2T2|- square feet Thus a iiaad tri 
rw of bnekrrorkis a mass of'bnckirork nrhich has a snr- 
iace of a square rod and is a brick and a half thick. 

366. To_fid ikr nun&er of tiandard rc-ds of tricl- 
trjrl tn a tcaS. 

Ecx& ^rd the art.a cf the surfact in emtarefect. 
and divide it hy 2724 ; the quotient leill fe iht nunibir (f 
roit if the kjH be of the standard ihiclaicssf (f it i, 
mnlHpIif the quotient by ff’S ntat'Kr if fndfhricke tn tlte 
Uddaiess. and divide the product try 3 

In piaeSce 272 is generally used instead of 272^ 

357 Examples;. 

(1) - Find the Bumher of standard reds of hrickiroik in 
a TT^ 1G5 feet long. *^1 feet high, and 2^ hrfeks thick. 

IQSx Sl _^5 S5 k5xSI 35x5x17 
272 3 £72 


Thns the imnibcr of stasdani lods is nearly 55* 


15 
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(2) Find tlio nninbcr of nrils of IincJcwork of tiio 
ntnndanl tldckucas contnincd in n Inangtihr gnWo top 
wliidi IS 15 feet Itiglif nnd tlio biso of Avliich Is 20 feet, 
mipjiosing the IhicKitCBS 2 bncks 

20x15 CO CO 4 200 „„„ 

"iTsT"!' 

Tlios the number of sbutdarA yards is 225 

3C8, A common brick is 8^ inches loop, 4 inches broad, 
nnd 2J inches thick , bnl, on ncconnt of the mortar, nhen 
laid in briclnvoik 01 cry dimendon n to'bc taken half nn 
inch greater thus tho dinioiLoions nro to bo taken as 9 
inchc*!, 4' inches, and J inches. Tho stamlard rod requires 
1 100 hncls of the nsnal size, idloning for waste 

EXASIPLng XL! 

1 Find tho num1>cr of slandard rods of brickwork in 
n wall 02 feet G inches long, Id feet 8 inches Ingh, mid 
2ihnck*8 thick 

2. b ind tho number of standard rods of brickwork m 
n gnblo-cnd ivnli 2 bricks thick, 22 feet long, 27 feet high 
to tho eases, nnd 10 ftei from tho ground to tho ridge of 
tho roof 

3 Find tho cost of a wall with n Inangnlar gahlo-top 
of 10 feet high, tho height of tho avail being 36 feet, the 
brcadtli 21 feet, nnd the thickness 2t bricks, at 34r per 
standard rod. 

4 Tlio end wall of n house is 30 feet long, it is 40 
feet high to tho eaves, nnd there is n triangular gable of 
10 feet high , up to tho height of 20 feet tho wall is 2l 
bneks thick, between tho height of 20 feet and 40 feet It 
IS 2 bneks tluck, and ttic gablo-b'p is 1^ bneks thick* find 
tho number of standard j ards 

5. Assuming that bricks cost £2 per thousand, that 
4500 arc rcqmred for a rod, that cartage nnd mortar cost 
together 22 shillings jier rod, nnd labonr £2 per rod * find 
tho cost of hmlding a wall 13G feet long, IS feet higli, and 
2 bneks thick o. b » 
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6 Find tlic cost of roofing o lionse of Ifio common 
pitch nt IS shtlhugff i>cr s<iuaa*, the length being 40 feet, 
oud tho hreodth 33 feet 

7 Find tho cost of roofing a building of tho Gothic 
pitdi nt 25 shillings per r qiuro , tho length being 120 feet 
and tho breadth 10 feet. 

8. A building 30 feet long by 20 feet brond is to be 
coTcred mill Icid, so tint tlic roof “Inll be cleren-tcnths 
of the fiat find tho cost supposing the lead to ircigh S lbs. 
to tho squaits fuot nud to cost 21 ^nllings per ewt 

p A ] artuion meastiros 45 feet 5 indies, by S feet 
2 luchoa liud the cost at i.G ir* per square 

10 The floor of *v room nieasurcs 4'1 feet by 24 feet 
find the cost of flooring nt £o Ss per square, nllotving for 
tvro hearths each 7 feet by 4 feet 

11 A room is 31 feet long, IS feet C indies vndo, and 
12 feel high ' find tho cost of nmnscoling tho room at £10 
per square, 

12. The length of the roof of a hou=o ij> CO feet, and 
tho length of a stnng strctdicd oicr llio ndgo from eaves 
to eaves IB 60 feet* find the cost of the roof at £2, 7#. Cif 
l>cr square 

13 A garden wnll is ISO feet long and 7 feet liigii , 
tho Trail 111 1 bnd thick, bnt there are lb piers each H 
foctinde, and at thc ‘'0 tho nliolo thickness i* li bncks" 
find tho uumlter of st ludard yard'< 

14 A room is 3C feet long, l«5 feet broad, and 12 feet 
high find tho « hole cod of plastering tho ivills at one 
skilling per square a ird, and Uic ecthug at cightccn-iicncc 
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XLH. TIMBER MEASURE. 

S69 If a piece of fomber bo m tbe shape of any of the 
bodies considered in tbe Fonrtb Section, tbo rolomo can 
bo detemined by Uio appropriate Rule there given If 
no exact Bolo is nppbcable wo may in some cases nso with 
adyantago the method of equidistant sections which is 
given in Art. 307 In two coses which often ‘occur in 
pracbco niles are adopted, winch although not exact, are 
recommended by their sunpliciiy these rules we ^ shall 
now give 

370 To find ilie volume qf squared or fout-itded 

timber ' ' » ^ 

BdiiB Multiply the mean "breadth by the mean tJaeh' 
nm, and the product by the length, and tahe the 'residt 
far the volume 

In order to obtain the mean breadth, the actual breadth 
should be measured at various cqmdistant points, and tho 
sum of tho results divided by the number of the measure* 
mouts and m the some way tho mean thicknces should 
bo obtamcvL 

\ 

371 Examples 

(1) Tho length of a piece of timber is 24 feet, tho mean 
breadth is 1 foot 9 mehes, and tho mean thickness is 1 foot 
6 inches 

24Xl|xU=24x^Xs=63 

Thus wo obtam G3 cubic foot for tho Tolumo 

(2) Tlio leugth of a piece of timber is 16i foot, tho 
l]i24^ess at ono ond la 1 foot, aud ai the o6hor end 1 foot 
8 mclics the broadQi is 2 fcot 
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Horo wo tako for the moan thickness in foot half the 
Born of 1 and 1§, that is 

161x2xli=^x jx|=44 

Thus tho Tolomo is 44 cnhic foot. 

* 

372 K the piece of timber tapers regularly from one 
end to tho other it is usual to take for tho moan breadth 
the breadth at tho nuddle, or, which is tho same thing, 
half the sum of tho breadths at the ends , and similar^ 
tho mean tlucknoss is estimated But in tins case tho 
piece' of timber is really a pnsmoid, and so the volnmo 
might bo dotermmod exactly oy the Eulo of Art. 283 Tho 
approximate Eule has the advantage of bemg simpler than 
the exact Eule. 

If, as in Example (2) of Art 371, it tapors regularly as 
to its thickness, and is constant os to its bioadth, the Bido 
gives tho exact result. The piece of timber is in this caSo 
a pnsm, tho ends of tho pnstn being trapezoids, and tho 

a it of tho prism boing tho breath of the piece of 
ei Of courso a similar remark apphes th tho case in 
which tho thickness is constant and the breadth tapors 
r^ularly. 

373 To find the volume of round or unsouared 
iimbet 

EuiiB Multiply the square qf the mean quarter girt 
oy the lengthf and take the pt oductfior the volume, 

374. Examples 

(1) Tho lengtli of a piece of nnsquarod timber is 32 
feet, and tho girt is 6 feet. ^ , 

The quarter ^rt is | feotj the square of 5 is 

9 24 

-r X 32==72« Tbns wo obtain 72 cubic foot for tho volumo 

(2) I*ho length of a piece of nnsquared timber is 24 
foot, tho girt at ono end is 5 foot, and at tho other ond 
G feet, 



230 


TIMBER MEASURE. 


Hero wo tako for tlio moan girb^~, and so for l]^o 

11 11 121 

moan quarter g?rt , the square of Is , 

Q O 04 

> 121 121x3 3G3 * , 

_x24=-— :=~«450. . ^ . 

Tlius wo ol>tam 452 volume > 


37C If tlio picco of timber bo OTactly a cnliiidor in 
shapo^ WO can detormino its volume osacU\ "by tUo llnlo of 
Art. 246 shall find that in tbo caao of a nglit circular 
cjbndcr tbo Eulo of Art. 373 gives a result wblcb is mtlior 
inoro than three-fourths of Iho tmo result, perlmiis tbo 
Rule was constructed with tbo design of making some 
allowanco for tbo loss of timber winch occurs when tbo 
piece IS reduced by squaring in tho ordinarj way, see tbo 
last Evcrciso of Art 313 

If tho piece of timber bo not a ctrculai cylinder tlio 
result given by tho Eule will gcnciAlly approach neater to 
tbo true result 


376 'Dr Hutton proposed to uso tbo following Eulo 
instead of tho Rule of Art 373 Mnlttphi the tqmre of 
ondjifth qf the mean girl hy twice the length Hr iluttoivs 

Rule makes tho volnmo ^ times as great as tbo ordinary 

llulo^ and ^vea a result winch is very nearly exact when 
tho piece of timber is exactly a circular cyhndcr 


377 If tlio picco of uusquarod timber tapers regularly • 
from ono end to tho other it is usual to take as tho mean 
girt tho girt at tho middle, or, which n tho same thing, half 
tho sum of tho girts at tho ends* If tho ends aro exact 
circles and tlio picco of timber tapers regularly, it is really 
a frustum of a cono, and so tho volumo migiit bo deter- 
mned exactly bv tho Eulo Of Art 2C8 Tho approximate 
Eulo has tho advantago of homg simpler than tho oxaot 
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EXAMPLES XLII. 


Find tho ntuubcr of onbic foot in pieces of timber of 
fho following dimensions 

1 Length Wh feet , brendUi nt one end 2 feet 9 indies, 
nt the other 2 feet 3 inches , thickness <it tho first oml 
1 foot 10 inches^ nt tho other 1 foot G inches 

2. Lentil 27 feet, mein brcidth 3^ feet, mean 
thnAncss feet. 

3 Length 32 feet, mean breadth 27 feet, mean thidv- 
ncss 1 5 feet. 

4 Length 66 feet , mean girt 6 feet 

6 Length 32 feet, girt nt ono cud 26 inclios, nt Uio 
other 35 inches 

6 Length 24 feet j mean girt 40 indies. 

7 A picco of timber is 36 foot long and tapers regu- 
larly , its breadth and thickness at ono end nro 30 inches 
and 20 inches rcspectnclj, and nt tho other end 24 inclios 
and 18 inches rcspcctncly find tho nniiiboi of cnbio Ibot 
m tho picco by tho Enlo of Art 370 

8 Find tho number of cnbte feel in tho picco of 
timber of tbo precodmg E’tnmplo by tho o\nct inlo of 
Art 283 


9 A picco of timber is 40 foot long nnd tapers rogn- 
larly , ono end is a circle 7 feet in circumfcronco, nnd Iho 
other Olid IS a circlo t foot in circumfcronco find the 
number of cubic foot m tho piece by tho Rule of Art 373 

numbci of cubic foot in tlio piece of 
timber of the preceding E'<:nniplo bj tlio Rule of Art. 376 


^ P nnmhor of cubic feet in tho piece of 

timber of Example 9 by tho exact mlo of Art. 268 

ii 1 picco of timber of Example 9 is snnarod, 
t ie ^nds being nnido squares as largo as possible, find 
uiolnunibcr of cubic foot in tho piece produced. IBoo 
Exidnplcs 61 nnd 62 of Ohaptcr xvi ] 
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Xliin. GAUGING. 

378 By gaaging is meant estimating the volnmos of 

casks, that is, the volumes of hquids wluch tho casks 
would bold, " 

Casks diSbr in shape, and^ranons rules bavo boon 
given for estimating their volumes according to tho shape 
winch they toko oxictljr or approximately, ' For exampTo, 
supposo a cask to ho formed of two cqaal-frastoms of-a 
cone onitod at tlioir bases , wo can detormine the volumo 
exactly by Art. 268 anS if a cask bo veiy nearly of this 
shapes wo may ostimato , the, volumo approximatdy by pro- 
coedmg as if the cask wore exactly of this shape 

1 ■» 

379 But it IS. found that a Bale may ho giron wluch 

will servo tolerably well for all tho shapes of casks which 
occur in practice To apply this Bnlo wo must-know three 
internal measurements ot tho cask, namely tho length, tho 
diameter at one end, winch is "called the Tiead diameter^ 
and the diamotor at tho middle, which is called the hung 
diameter * ^ ' 

» t { t 

• 380' The dimensions of a cask mil always bo token 
to bo mdd tn incites ' 

W V 

381 To find the volume qfa cash * 

Bttlb Add mio one sum 39 times the sqmieof the 
hung diameter y ^5 Umes the square qf the head diaiketet , 
and 26 times the product qf those diameteis, and mtdti^ 
pig the sum hg tho lehgPt qf the cash multiplg thaprty 
duct hg 000031477, and the i csidt may he tahm foir the 
volume of the cash tn gallotis 
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3S3 Examples. 

(1) ^Thc length of a caslv is 40 Inches, the bung tUamo* 
ter is 32, and the head diameter is 24, 

39x32x32:= 39936, 

26 x 24 x 24=14400, 

26x32x24=19968, 

39936 + 14400 +19968= 74304. 

74304 X 40 X 000031473 =93 54279 . 

Thus ilio ^olamc of iho cask is about 93fr gallons 

(2) The length of n cask is 20 inches, the bmig diarao* 
ter IS 16, and the head diameter is 12 

39x16x16=9984, 

25x12x12=3600, 

26x16x12=4992, 

9984 + 3600 + 4992 = 18676. 

18576 X 20 X 000031473 =11 6928 . 

Thus the rolnmo of the cask is abimt 11 7 gallons. 

3S3 It 13 sometimes ncccssarj to know tho quantity 
of liquid m a vessel which is oiilj partly ^letl The word 
uUogo means stnctly tho portion of a partly filled cask 
which IS not occupied by the liquid but tho word is now 
npphed to tiio occupied portion ns well as to tlio nnocen* 
pied jiortion, tho former being called tho xcet ullage and 
tho latter tho drg ullage 

384, Two cases may occur , namclv, that of a standing 
cask, and that of a fgtng cask Wo will consider tho 
former case. Tlio depUi of tho liquid is called tho tret 
inches f tho diQcrcnco between tho wot inches and the 
length of tho cask is colled tho drymehes. 
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385 To eshmato tlie wet lAlage qf a standiAg cask,'- 
which is less than half full , , 

Bulb Multiply the square qf the dt y inches hy the 
difference detioeen the bung diameter and the head dia- 
meter, and divide the product by the square qf the 
length sitbtract this from the bung diameter, and the 
result may be talen as the mean diameter qf the occupied 
portion qf the cash. 

Then pi'ocecd ns in finding the rolnmo of n cylinder 
Midliply the square qf the mean diameter by the wet 
inches, and the product by 0028326 , the result may be 
tdlcenforihe nutAber qf, gallons in the wet village. 

I 

38G To estimate the wet iMage enf a standing cash 
which w more than half fall 

Apply tho motbod of Art 385/Tt8ing icct inchos instead 
of dry inches, and dry inches instead of wet inches , we 
thos obtain tbo dry uUage subtract tbo dry uihgo from 
tbo Yolumo of the cask, and the remainder is the wet 
ullage 

387 Examples. 

(1) Tho length of a cask is 40 niches, tlio bung dia- 
meter IS 32, and tho head diameter is 24 , tlio nurnwr of 
wot mches is 10 find the wet ullage. 

Tho number of dry inchos is 30 , the difference between 
the bung diameter and iho head diameter is 8 

30x30x8_9 9 66 

40x40 2’ 2 2* , 

66 

Thus we take ^ for the mean diameter 
2 

Y Y 0028326=21 4215 
Thus tho wot ullage is about 21 4 gallons. 
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^2* Tl*c ICTi'iut ot a cssk is 20 tncbes:^ the btmg djamc* 
fcr is 16, cad the head diaaictcr is 12, the ember o* "Ret 
mehes is 15 • Bed the Tret elhsgc. 

Ilere rre first find the dry xdlege. 

1"n15a4 J> * S Z”, 

20>20 “ 4 ' ® 4 ~ 4 ' 

~ ^ 5 y. 'Ofe jS25=2’C777 Terr nearlj 

^ Sabtrect this fica 11’6‘"I?5. the Tohacc cf the Trfcole 
cash, br irt. 352 , the rcaiaradgr is OHIZL Ttas the irct 
cEsec is aboel 5 gaHoas. ^ 
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EXAMPLES XLUl 

Emd in gallons tho volamcs of cdslis haviug tho follow- 
ing dimensions ... 

’ l ' 

1. liongth 50*2} bung diamoter 31 bead diameter 227 

2 Iiongtli 47 bung diameter 28 5, bead diameter 21 4. 

3 Length 42 5, bnng diameter 32 5^ bead diameter 26 6 

4 Length 30 5, bung diameter 26 5^ head diameter 23 

> 5. Length 46 8j bung diameter 30 bead diameter 26 

6 Length 34 5, bung diameter 32 3, bead diameter 27 6 

7 Longtli 46 0, bnng diameter 31 2, head diameter 26 1 

[Tho dimensions in tho above ^evon examples aro 
stated im Lubbock’s tract on Oask-gnging, ^1834, to bo 
tlio average dimensions respectively ^of a Foit-pipo^ 
Madeira-pipo, a Sherry-butt) a Sherry-hogshead, a Louf- 
dcaux brandy-puncheon, a Eum-punchcon, a J5randy-pieco ] 

Find m gallons tho Avet ullage in tho following cases of 
standing casks j " ^ 

8 Length 60, bung diameter 36, bohd diameter 30, 
wet inches 12 

9 Length 50, bung diameter 32, beadi diameter 27, 
wot mches 10 

10 Length 30, bung diameter 27, bead diameter 23, 

wet inches 9 ’ " ' j 

11 If tho lonrfh of tho cask in Example 1 is inci'cascd 

W 1 of an inch, sh6w that tho volumo wiu be increased by 
about *22 of a gallon ^ 

12 If tho bead dnmotci iri Example 2 is increasod by 

"1 of an inch, show that the volumo mil be mcrcascd hy 
about 27 of a gallon* ^ 

13# If the bung diameter in Example 3 is increased by 
1 of on mch, shew that tho volume mil bo increased by 
about 43 of a gallon 

14 If oH tho dimensions m Example 1 aro increasod 
by 1 of an mch, diow that tho volume will bo inbroasod bv 
about a gallon ^ 
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SEVENTE SECTION LANE 
. SURVEYING 

XLIV ' USB OB TUB CHAIN. 

. 390 A VERT important ftpplicalion of somo of tlio 
rules of mensuration is foruislica in Land Surroying , and 
to tins vro now proceed 

f 

391 Land is measured witli n c1min> called Gunter’s 
clmin, wlncli is 4 poles, tint is, 22 yards long , the chain 
consists of 100 equal linlis, so that each link is of a 
yard long, that is 7 92 mches. 

392 Apiclet is a rod stuck into the ground to mark 
a certain position. 

393 A Jldd-VooJ^ is a book in ivluch the results 6b- 
tamed by measurement are recorded. 

394. "Wo vnll now esplam how a straight lino %s mea- 
sured with the chain, 

TVo will suppose that the straight hue which is to bo 
measured is tlio distance between two points cadi marked 
by a picket. 

Ten small arroiVs aio proiidcd which may bo stuck 
m the ground. Two persons engage in the work, one of 
whom IS called the loader, both place themselves at oho 
of the pickets The leader takes m his hand tho ton 
arrows and one end of tho chain, and walks towards the 
second picket , tho follower keeps tho other cud of the cltain 
at tho first picket. 'When the leader has stretched tlic 
chain to its full length ho puts an arrow in tho ground to 
mark tho spot to which tho chain reached , ho then walks 
towards tho second picket carrying wath him his end of 
tho chain as before Tlio follower now conics up to tho 
arrow, and holds his end of tho chain at it until tlio leader 
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has ngnin rtrcidicd iho cliain nnd stack tlio second niroa 
in tlio gronnd Then tlio follower takes up the first arron 
and wdLs towards the second. The process is continuot 
until the proposed length U measured ^ 

‘Whenever the folloncr 1ms the ten arrows in his Imds 
ho records in tlio field-book tlmt a length of ten chains 
Im been pas'^cd over, then bo gives tho ten nrrows again 
to tho leader, and tho work is continued Tims on amr* 
mg at tho second picket tho field-book sheas the number 
of tens of chains passed over, tho arrows in the follower’s 
hands correspond to the number of additional chains, and 
tho number of links between iho last arrow and tho second 
picket can bo counted Tims tho rc<^turcd length is 
found 

395 In mcisnnng with the chain, great care must bo 
taken to preserve tho proper direction, and there is in 
general a double test of tho accuracy with winch this is 
cficctcd. When tho leader fixes nu arrow ho should tako 
caro that tho straight line between this arrenv and tho first 
picket will pass through tho foUowcr’a arrow, and at tho 
samo time Die follower should tako caro that Uio straight 
lino between his arrow and iho second picket will pass 
through the leader s arrow 

39G If a field bo m tho sliapo of any rectilineal figure, 
and wo tucasuro the lengths of tho appropnato straight 
lines; wo can find tlie area of tho field by the corresponding 
rulo ID thoTliird Section 


397 Examples 

(I) A rectangular field is 8 clmins 95 links long, and 
3 chains 26 links broad 

8 chains 96 hnks=:S 95 chains, 3 chains 26 link8=3‘26 
chains We use tho rule of Art 13^1. 

2D177 8*9 6 

4 3*2 0 


36708 

40 » 

2GS320 


6370 

1790 

2686 


291770 
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The area of the field is" 29 177 sgtiarc chains that is 
2^177 acres; Tre maj redace the dismal of an acre to 
roods and poles: fhas ae obtain 2 acres 3 roods 27 poles 
TeiTEearJT. See Art. 125 

(2) The sides of a frEUSgiilar field are 5'2 chains, 
5*6 cham^ and 6 chants respectiTd j. 

Ve use the rule of Art. 152. 


, 6-2-t-5*6-6=15*S, iofl6-S=S4, 

S4-5-2=3-2, S4-5*6=2-S, S*4-6=2-4 

S*4x3'2x2*Sx2*'4=160‘€336. The sqnare root of" 
lS6-6336i5lS-4L 

Thus the area is 1344 square chains that i^ 1 34= 
acres^ that is, 1 acre 1 rood 15*0= poles. 

(3) The radhis of a circdar grass p'^ot fe 2 chains 
SOlnfe. 

"We nse the rule of Art. I6S. 


2*5 x2'5x 3*1416=19*635 

Thus the area is 19*635 sqnare chains, that 1*S«35 
acres, that is, 1 acre 3 roods 3416 poTet 
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398 Soino of tlio nilcs for finding llio arois of recti- 
lineal fignrcs require us to know the Icngtii of tli6 
theuJar from some given point to some given ^ atmiglit 
lino 'NVlten Oio situalton of sncli a pctpondiculdr Is knOwn, 
the length of -It can bo measured In the manner -osploincd 
in Art 394 , xtb shall now Show how the situation Is deter- 
mined. 

399, To determine the situation qftiusperncndieular 
to a given straight line from a given point mi/iout it, 

c 

Let AB bo tho given 
stmightlino, and C tho given 
point without it. 

Fold n stnng into two 
equal parts Lot ono per- 
son hold tho middle nt (7, 
let two other persons hold 
tlio ends, and stretch tho two parts, so thattlio ends may 
Uo on tho straight Imo^i?, say at Z> and jB Take F the 
middle point of JOB Thon CF is tho perpendicular re- 
quircd 

« 

400 ^^0 straight Imo AB in tho preceding Article is 
supposed to bo clearly niaihed on tho ground 5n some 
manner This may bo oficcted by strotching a stnhg or 
chain tightly between A and B, or by placing pickets nt 
snort (ustnneos in tiio oircciion pAssing tfirougn A and S 
If, liowovor, tlio slight Imo Jins not been thus marked 

out on tlio ^nnd, a person standing bojond A must take 
rare that tho end of tho ^nng is properly placed al'A 
and thm standing boyohd B ho must take caro that' tho 
end of tho stnng is properly placed at B 
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40J, To determine the situation of the straight line 
at , 7 'ight angles to a given straight line fi om q, given 
point in it 


Leb AB be tbo given 
straight lino, and F the- 
given point in it. ' 

Take D and E points in 
AB, so flmt FD and FE 

may be equal Fold a string, — — r — fr — ^ ^ — «- 

longer than EE, into two ^ x» Ji Jfl ^ 
eqnol parts. Let the ends of the string bo fived at E 
and E, and lot a person take the nuddle and stretch both 
the parts Snppose O the point to which the middle of 
the string is thus brought Then FG is at right angles to 
AB, and is thereforelme straight line required 



402. TTo see then that the situation of any required 
peipcndicular can be determined with the aid of a string, 
but an instniment otUed the Gi oss is often employed by 
land surveyors for this purpose 

403 The Gross This is usually a round piece of wood, 
about SIX mehes in diameter, having two fine grooves m it, 
which are at nght angles to each other A staff with a 
pointed end is stuck upright in the ground, and the cross 
IS ffxed on '^e top of tho staff so as to form a small round 
table 


404 To determine with the aid of tho ci oss the situ- 
ation of the perpendicular to a gioen straight line ftom 
a given point vnthout it 

Let AB bo tho given straight 
line, and G the giv eu point with- 0 

out it. 

Place pickets at A. B, and 
O Select a pomt in AB which 
appears by mqiection to bo at 
or near the mtersOction of the 

rcqmred perpendicular with AB, a fi 

let E denote this pomt. Pis tho 

staff at E, and ^aco the cross witli one of its gi coves 

16 


7.11 
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parallel to AB , bo that in looking along the groove in 
•one direction, the picket at ^ is seen, and in looking alongi 
the some groove in the oilier direction the picket at B 
IS seen £ ook along the otiuer groove , if the picket at 
G 18 seen in the line of this groove, then the poiut^i> is the 
intersection of the perpendicular from C nriUi AB hut if 
tho picket at G is not seen in the hne of the groove, the 
staff must bo taken up and moved along AB^ to the nght 
or to the left of tho assumod position, according as the 
picket at C appeared to the nght or to the loft of tho 
groove By a uttlo tnal tho proper position unll bo foxmd 
for tho stim, such ftat the pickets at A and B can bo 
seen in looking along one groove, nnd the picket at O in 
looking along the oUier groove, and this position of tho 
staff determines tho situation of tho perpendicular on AB 
jfrom O 

405 To detenmne with the aid qf the cross the situ- 
ation qf the strairflii lv(\e at right angles to a given straight 
hnef) om a given point %n it 

Let AB he the given straight line, and D the given 
point in it. 

Pix tho staff at and place tho cross inth one of tho 
grooves parallel to AB Then the other groove deter- 
min&s tho direction of the straight hno at nght angles 
to AB 

40S Thus in tho preceding Obaptor and tho present 
^vo have pvplamedhow tho operations arc to he porformed 
which will furnish tho lengths required for calcolating the 
areas of fields* We will now give somo examples of the 
calculations 

407 Examples 

(1) Tho base of a triangle is 13 2 chains, and tho 
height is 83 chains 

2x13-2 x 83 = 5478. 

Tho area ol llio field is 64 78 square chains, that is, 
0 478 acres, that is, 5 acres 1 rood 3G 48 poles 
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■'2) ABBC is a fonr-s-tlcd 
field ; CP aad DQ are pcrpcn- 
dicnl^ OQ AB. 

Tlie laeasaremeats 

are ta&en ia imfe ; 



AP^ni AQ-44S, AB=626r 

CjP=225, JDQ=fl95 


Hec.ccTclavcPQ—SZ?, Q5=175 


The folIoTnng will be the areas of the parts of the fidd 
in square lihhs - 

the triarde xl 12x223 =12iSS, 


the trapezoid PQDC=^^ x 335 x 515=57024, 


the fnacsle BQB=^ x 17S x 25ir= 25255 


The Earn of thcse^ three namhcis is 125767 , so that 
the area of the fidd is 1'25767 acxc^ that is. 1 aero 
1 rood I pole. 


1G~2 
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40S, Many Uolds may bo convemonllj snrrojod by 
mcasnriDg a straight lino from one comer to another, and 
also tho pcrpondiculnrs on it from tho other comers Tho 
first stinight lino js called a dc/sdine, or a cA/ww line, 
and tho pcrpondiculnrs aro called It is often ad- 

vantngcons to take for tho base lino tho longest straight 
lino winch can bo dm^vn in tho field , and tlins sometimes 
one of the sides of tho field may bo tho baso-lmo, as m tho 
second cTamplo of Ark 407 

Wo will now explain tho method in winch tho results 
of tho measurements are nsnnlly recorded m the field- 
book. 

409 77i0 JieldAiool Each pago of tho field-book is 

divided into threo columns , tho surveyor begms at tho 
bottom of tho pago and writes upwards^ 

In tho middle column are entered lengths obtained in 
measuring along tho base lino, in tho right-hand column 
are entered tho lengths of ofTsets to tlio right of tho base- 
line, and in tho left-hand column tho lengths of ofiseto to 
tho left of tho basc-hna Tho ofisets aro entered against 
tho corresponding distances of tho points on tho haso-lmo 
at which they aro measured 

The field book is used to record not only measured 
lengths, but vanous particulars, which may bo useM in 
draumg a plan of tho estate surveyed Tima a noto is 
made in the margin of tho point at which the (diain-hno 
crosses any fonco, or foot-path, or ditch, or stream* The 
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positions of adjacent bnildings, or of remarkable trees may 
also bo indicated, and if tho cham-liuo passes near a 
Iwundary Tvhich is rattier irregnlar, tbo form of tbo 
boundaiy may be traced. 

410, Examples 

( 1 ) 

taE 
1125 

to D 260 750 

C25 250 to G 

to B 230 300 

From A 

Tbo surveyor begins at A 
and measures towards E, 

Ab IS 300 Imks, mid at b is 
an offset bB to the left of 230 bnks , Ae is 625 bnks, and 
at c IS an ofiset cC to tlio nglit of 260 links Ad is 750 
links, and at is an oflket dD to tbo left of 260 links , 
AEis 1125 bnks 

We can now calculate tbo areas of tho parts , and we 
shall bare the fullomng results m square links 

tho tnonglo x300 x 230 = 34500 , 

tho trapezoid hdDB—\ \ 450 x 490 = 110250 , 
the tnangle dED =i x 376 x 260 =48760 , 

tho tnangle AEG^^ x 1125 x 250=140625 

Thus the whole area is 334125 squaro links, that is, 
3 34125 acres, that is, 3 acres 1 rood 116 poles 
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:2) 

toff 
1020 
*)30 

CIO color 

CSC ' 

440 

315 ncotor 

Irom^! 

Tito nicasurcmcnta nro 
tnlvcn in links , nnd no slmll 
linvo Uio follomng results for tlio areas of the parts in 
square bnks 

llio trIan|vlo^&i?=5x31Cx350« 55120, 
the trapezoid 6e275s=i x 295 >f4C0i: 59000, 
the tnanglc cffr=|y 410x50 t=10250, 

Uio Inangio GJF= i x 30 x 470 « 7050, 
tho trapezium x 105 x 790 = 159975, 

m4 

the trapezium dcCD=\ x 145 x 390=:2S275, 

the tnnnglo 0-4(7= I X 140x70 =16100 

TIius tho whole nrca is 335075 square hnks, lliat is, 
3 35075 acres, that is, 3 acres 1 rood 1612 poles. 

411 Tho ends of n chain hno are called stations , they 
are frequently denoted in tho Hcld-book thus C*i, ©, k 

Tho situations of tho chnm-lincs with respect to tho 
points of tho compass aro often recorded. The record 
from ® ranffo E, indicates that tho chain lino comnionc* 
mg at tho first station proceeds towards tho l^t. So tho 
record © 60* W , indicates that tho cluundino com- 
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lo/n20 
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ynondng at "the second station proceeds in the'direction 
which makes an angle of 60 degrees with the North direc- 
tion reckoned towards the liVest. 

Sometimes the situation of the snccessiTo chain-hnes is 
sufficiently shewn by the words i'lght and Thus the 
record firom ® on L, indicates that on amving at the 
second station, tiie surveyor toms to the left hand of the 
direction m which ho has been walkmg 

If 0 occurs m either ofiset column, it indicates that the 
cham-lme meets at tho conespondmg pomt the boundary 
of the land which is being surveyed. 

, 412. In order to provide themselves with a tost of the 

accuracy of their work, surveyors always measme more 
lengths than would be theoretically sufficient Thus, for 
example, suppose that a field bounded by four straight 
sides IS to be surveyed , 'it would be theoi otically sufficient 
to measure the four sides and one diagonal for the area 
of each of the two tnangles into which tins diagonal di- 
vides the figure can then be calculated. Sut the surveyor 
will also measufp the second diagonaL He will draw a 
plan of the fi^o from the measured lengths of the four 
sides and of the first diagonal, and draw the second dior 
gonal on the plan he will then examino if the length of 
the second diagonal as found from the plan by the known 
scale on which the plan was drawn corresponds with the 
measured length If these two lengths do correspond, the 
surveyor gams confidence m the accuracy of the work 
but if the two lengths d6 not correspond there is an error 
in the operations with the diain or m the drawing of the 
plan, and this error must be discovered and corrected 
If the field to be emweyod be m the form of a triangle, 
thersides will bo measured, &om which tho area can bo 
found, and a plan can be drawn. To tost tho accuracy of 
the wor^ either tho perpendicular from an angle to tho 
opposite side, or tho straight hne drawn from a definite 
pomt of one side to a defanite pomt of another will bo 
measured, and this measured length will bo compared 
with the length obtained fixim the plan 

A length which is measured for the purpose of testing' 
tho accuracy of tho work is called a pi oq/^-hno, or a chcolv 
Ime, or a test-hao, , , 
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-IIS’ In Burvoyjnp a field or n number of ficUTs, we 
slmli Imvo a senes of Operations and records like those 
o\ompli0cd jn ArL 410, inmclj,ono for each chnin-hiia 
As an o\mnplo, wo will tako iho case of a field whicli ap- 

K ro^imatos to the form of a triangle, so that thi'oo cliam* 
nos mil occur in the sunoy 



Tho sides of the tnonglo ADG are respcCtiveTy I 64 O 
links, 1430 links, and 1C50 links , licnco ^t wul bo found by 
ArU 152 that tho area Of this triangle is 101G400 square 
links "Wo proceed to calculate tho areas of the small 
pieces lying botwcon the sides of this tnanglo nnd tlio 
boundary of tho field. 

Along AD there are ofisets to B and to 0% thus wo 
have to estimate a tnanglc. a trapezoid, and another tn- 
niiglo , tho areas are tho following in square links , - 
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m 


' tlio first tnanglo=|5« 300X10 =1500, 

) 

tho trapezoia=| X G60 x 40 =13200, 

tho second tnangle=^ x 680 x 30 =8700 , 
tho total IS 23400 

Along DO there is an ofi’sot to E, and an inset to F, 
thns there are two corresponding triangles, tho latter of 
which IS to be siMracted 

tho first triangle=^ x 600 x 40 = 12000, 

tho second tnanglo=^ x 830 x 10 =4160 , 

tho balance is 7850, to ho added 

Along OA there are offsets to H and to L, and tho 
boundary meets tho chain-hno at K , thns there are two 
corresponding tnanglcs 

tho first tnangle=g X 600 x 20=6000, 

tho second triangle = | x 1160 x 30 =17250 , 
the total IS 22250 

1016400+23400 +7850 + 22260= 1069900 
Thus the area of the whole field is 10 699 acres 

The pcrpcndicnlar is measured as a proof-line, and 
fonnd to bo 1232 links, wIiQo is 726 links. 

\ 

414 Instead of the field-boo^ another method of re- 
cording tho rcsnlts of measurement is sometimes adopted. 
A. plan IS draivn resemhhng tho field to bo surveyed, and 
tho lengths are noted in tho plan as the} are found against 
the concsponding parts of tlie figure 
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415 Wo ha\c hitherto supposed tint tiio boiuidary of 
n field which is to ho surrojed ttuiyhc regarded prncti- 
cafiy ns composed of n modorato number of straight lines. 
But if tho boundaty is so incgulnr that this supposition is 
not admisablo, wo roust employ tho pnnclplo of a^ust- 
incnt which has been oxplniiicd in Art. 202 a plon of tho 
field inuai bo dra^vn and tho bonndniy changed into a roc- 
tiliueal boundary enclosing an equal nrc.i. Wo wiU ox- 
plam a convenient method of appljing tlio principle. 

41C liCt ABDKEG bo tho plan of tho ^eld 
Draw on tho plan equidistant parallel straight lines, 
thus dividing tho figure into strips of equal width Con- 
sider one of theso strips, ns BDEC l>raw tho straight 
line b<f at Tight nnglcs to tho parallel^ so that tho area of 



tho strip roa} lio tho same whether BD or hd be rc^rdod 
as its end , u BD can bo regarded ns a straight Imo, hd 
irill pass through its middle point, if BD bo not a straight 
lino tho position of hd must bo dotermroed os woU ns pos^ 
siblo by tho oyo. Sumlariy, draw ce at tho other end of 
the step, so ns to leave the area unchanged. ^Tlien tho 
, area BDEO is equivalent to tho rcctangloMcc, 
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EXAMPLES XLVt 

Proceeding m tins "vniy Tro obtain n senes of rectangles 
wUicli are logotlicr equivalent to tlio onmhnl figure U’lio 
area corresponding to nil these rcctan^cs can bo easily 
ascertained, and tiicrcforo tho area of tfio original figure 
Suppose, for example, that tho parallel straight lines arc 
drnvm an inch apart, and that tho sum of Iho lengths of 
nil tho rectangles is 2D inches tho area of tho ongintil 
figure IS 29 squtiro incbos j^Tovr suppose that the plan lias 
been drawn on tho scale of three chains to nn nidi, then 
a square inch of tho plan corresponds to nine square chains 
of tlio field , tlioroforo tho area of tho field is 9 x 29 squuro 
cliains, that is, 261 square cbnnis ’ 

In praclico Uio process of forming tho sum of tho 
longtlis of tho rectangles is porfomicd by an instrument 
called tho nnnpnfnhon vnir 


FAAMPLES XLVJ 


Draw plans and find tho areas of fields from tho follow- 
ing notes, in wIhlIi the lengths nro expressed in links 
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13 Make a rough sketch of the field ABO, and calcn- 
late its area from the accompanying field-book^ the chain* 
lines arc all within the field. 


10 

“»■ 

250 A 
200 

0 

© 0 

0 

390 0 

40 

200 

30 

100 

10 

0 

0 B 

0 

5G0 B 

30 

100 

0 

0 

W 62® "W, 
© A 


14. Make a rough sketch of the field ABGD, and cal- 
cnlnto its area from the accompanying field-book The 
side AE was not measured, but it was a straight line 
Without ofisots 
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IS Lay do\m tho field ABODEFG, and find its area 
fiom the following dimensions 

^ \ X i 
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16 Make a rough sketch of a from the .following 
field-book find the area of tho \Aole field, assuming that . 
tho tnangle BOD contains 416732 square links, and that 
the piece at O between tho boundaty and the ofisots to 
OD and CB respectively contoms 300 square hnks. 
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417 In onr acconnt' of Land Survoying we have con- 
fined onrselves to iHnstratmg the nse of the chain and the 
cross. In snrv^ of great extent or of extreme accnracT, 
instmments are employed for measnnng angles, and the 
calculations are effected by the aid of the science of tri- 
gonometry TTith these resources also problems relatum 
to the distance of an maccessible object are usually solved 
Nevertheless some of these problems may be treated sufii- 
mently for practical purposes in a simpler manner; we will 
givo examples. 


418. To find the breadth of a i iter. 

Let ^ he an object close to the 
nver, B an object on tho other side, 
directly opposite to A, and also dose 
to the nver. 

Draw a straight hne AO at nght 
im^es to AB, of any convenient 
length, and fix a picket at O Pro- 
duce tho straight fine AO to a point 
A such that JXD is equal to AO 
From i? dmw a 6tra%ht hue at nght angles to AB, and 
^ so that PC^ may bo m a straight 

OAB and ODE are equal in all 
^0 can me^ro DE, 
Md ttus we find tho length of AB, that is, the breadth of 



dntw ft Arfaclo requires ns to be able to 

hM ‘‘“Sies to another straight 

done’ 

solve tho problem by another 
method which docs not require a nght Mglft ^ 

vMt, 
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Lot A and B bo the two points, 

B being innccossiblo on account 
of a nver, or somo othor obstacle 
From A mooaure any straight 
line AO Fix a picket at any 
point D in the erection BC 
rroduco OA to so ;that AF 
may be equal to jIOj and pro- 
duce DA to jS so that AE may 
bo equal to AD Fix pickets at 
JPand^ Then find the point 6^ at 
which the directions of j3A and FE intersect, vthat is, find 
the ^ifit from which A and B appear in one straight Imo, 
and E and F appear in another straight Ime 

Then the tnanglcs DAB and BAG aro equal in all 
respects, and GA is equal to AB* TV^o can measure GA^ 
and thus we find the length of AB 

421 In Aiticles 418 and 420 we assume that wo have 
the command of sufiicient ground to enable ns to trace a 
straight Imo of the same length as that which wo wish to 
moasura These methods wotud be practically inapplicable 
if the inaccessible objects were at a considerable ^distance 
Wo shall therefore give a solution which could bo used in 
such a case 

422 To find the distance leitoeen tioo paints^ one qf 
which %s ^na^ces$^ble and remote 



Let A and B be the two pomts^ ^ 

B bomg inaccessible and remote. /I^ 

Measure any length AG in the // 

direction of BA , and from G m any / 7 

convement direction measure CD cqmu Jg F/ ( A. 

40 GA Take two strings, each equal / if 

toCj(l,fixanendofoneat^, andan / / 

end of the other at D Then atautch / / 

the stnn^ out, so that they form [/ Lf > 

straight Imes, and so that their othor L 
ends shall meet at a point, lot E bo this point. Then 
AGDE 18 a rhombus Plapo a picket at F. the point at 
which the directions AE and Bn intersect. ^ 

tingles FAB and FEB aro similar Thdroforo 

^ ^ ™ measure EF 

and FA^ we can find AB from this proportion 
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XLVni DUODECIMALS 

423. E^amplca rclnting to sqaaro mcasnro nnd to 
solid measure arc sometimes -worked hr a method which la 
called Cross MuUtpbcaUon or Dnodeciviah This method 
IS fonnd conrement m practice, and Iho theorrof it is 
instrucbvo , so that tho exnl'ination which wo shall now 
give deserres attentioD. Wo shall first consider tho ease 
of fjiwiv measure 

-424 The student of course knows perfectly well what 
Is meant hy a square fa'd and what is meant by a square 
inch , he ’must now become Pimilnr with another area, 
naineir, a rectangle which is twelve indies long and one 
inch broad we -will call -this a superficial prime 

Thns we have the following addition to tho Tiblo of 
eqoarO measure 

12 square inchcs-tnaTcc 1 sup^rficul pnmo, 

12 euperCaal pnmes make 1 square foot, 

425. Any number of square inches greater than 12 can 
be separated into superficial primes and square inches. 
Tlius, for example, 

17 square inchcs=:l superficial prime 5 square inches, 

32 square inches =2 superficial primes 6 square inches, 

64 square inches =4 superficial pnmes C «qunro inches 

Any number of superficial pnmes greater than 12 can 
bo separatdl into square feet and superficial primes Tliui^ 
for example, 

19 superfiaal pnmc3=l square foot 7 superficial 
primes 

45 superficial pnmes =3 square feet 9 superficial 
pnmesi 

64 superficial pnmes =4 square feel C superficial 
pnmes 

7 M 


17 
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42G A rectangle wluch measures I foot by 1 inch is a 
superficial pnme, hence a rectangle which measures 2 feet 
by 1 inch contains 2 superficial primes, a rectangle which 
measures 3 feet by 1 inch contains 3 supoificial primes, 
aud so on 

Again, a rectangle wluch measures 7 feet by 1 inch 
contains 7 superficial pnmes, houco a rectangle which 
measures 7 feet by 2 inches contains 14 superficial pnmes, 
a rectangle which measures 7 feet by 3 inches contains 
21 superficial primes, and so on Hence wo amve at a 
gcneml resnlt wluch is expressed briefly tbns « tJie product 
qffeet into inches gives primes 

427 Required tlio area of a roctaugle whicb is 8 feet 
9 mebes long, aud 5 feet 6 mdios bioad 

Let ABDC represent the 
rectangle , AB being the 
length, and AG the bicadth 

Suppose AE to bo 8 feet, 
and APijo bo 5 feet , so that 
EB IS 9 inches, and FO is 
6 inches Through B draw 
EH parallel to AG^ and 
through F draw FK parallel 
to AB let Q be the point of intortcction of tbeso 
straight hncs 

Thus the whole rectangle ABBG is divided mto four 
parts, namely 

the rectangle EBKGy which measures 5 feet by 9 
inches, and contains therefore 45 superficial prunes, that is 

3 square feet 9 superficial primes, 

the rectangle AEGF^ which measures 8 feet by 5 feet, 
pnd contains therefore 40 squaie feet, 

the rcctAnglo GKDH^ which measures 9 inches by 
6 inches, and contains thciofore 54 Equate mches, that is 

4 supeificial primes 6 square inches J ' 

the rectangle which measures 8 feet by fi inches, 

aud contains therefore 48 superficial pnmes, that is 4 
square feet 
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Tho sum of tlio first two rectangles is 43 square feot 
9 superficial primes , tlio sum of tho second two rectangles is 
4 square feot 4 supcificial pnmes 6 square mches the sum 
of tlio foul rectangles is therefore 48 square feet 1 super- 
ficial prime 6 square inches 


428 Tho work of tho preceding esam- 8 9 

pie IS rccoi ded thus 6 6 

Tho length is written in one lino, and 43 9 

tho breadth in another , feet uudci feet, 4 4 6 

and inches under inches 48 1 6 


Wo fiist multiply by tho 6 winch stands foi feet 
B times 9 are 45, 45 supoificial pnmes nro 3 square feot 
9 superficial primes , sot doivn 9 and cairj 3 , 6 times 8 nro 
40 , 40 and 3 nro 43 , set down 43 to the left of tho place 
in which tho superficial pnmes were rccoi ded 

Then wo multiply by tho 6 which stands for inches 
6 times 9 nro 54 , 54 square inches nro 4 suporficial pnmes 
6 square inches, sot down G to tho light of tho column 
m which superficial pnmes nro recorded, and carrj' 4 , 
6 times 8 are 48 ^ 48 and 4 nro 52, 52 superficial pnmes 
are 4 square feet 4 suporficial primes , sot down theso lu 
thoir proper columns. 

Then add together tho two linos which Iiaro been 
obtained 6 square inches aro brought doim , 4 and 9 aro 
13, 13 superficial pnmos aro 1 square foot 1 superficial 
prime , set down 1 and carry 1 , 1 and 4 and 43 aro 48 

Thus tho result is 48 squaro feet 1 suporficial pnmo 
6 sqtiaio inches 


429 Wo may expicss tho result m othoi fonns 


Thus 1 suporficial pnmo 6 squaro inches nro 18 squaro 
inches, thorofuro tho result is 48 square feet 18 square 
luchcs 


Again, 1 superficial pnmo is ^ of a square foot, C squaro 

Q 

mches aio of a squaro foot, thoroforo tho result m 


17—2 
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^ 1 G 1 1 

squire feet is 48+^ + that + that is 

484^1 

These forms of the result agree ^nth those whieh ivo 
^ouM obtain inthont tho aid of cross multiplication 

Thus 8 feet 9 inches =s 105 mebes, 5 feet G mches=t66 
inches 105x66=6930, 

6930 square inches =48 square feet 18 square inches 
Or thus 8 feet 9 mchos=8} feot= — feet, 

5 feet 6 mchea=6j feet=^ feet, 


4 




430 ^0 ^11 noTT bnoflv consider tlio extension ^of tlie 
method to examples relating to solid measure , tto must 
introduce two new terms^ solid primes and solid sccond^^ 
the meanings of which are thus assigned 

12 cube inches moke 1 sohd second, 

12 sohd seconds make l solid prime, 

12 sohd primes make I sohd foot 

431 JBy proceeding as in Ark 426 we shall easilv 
nrnvo at results wlucli, m coiyunction with two resnlis 
already known, may be expressed briefly thus 

tho product of feet into superfioial feet is solid feet^ 

the product of feet into superficial primes is solid 
primes, 

tho product of feet into square inches is sohd seconds , 
pn^ inches into superficial feot is sohd 

Beconds^”^'^°^ snperficiil primes is sohd 

tho product Of inches into square inches is sohd inclies 
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432, Required the rolumo of a rcctingnlar panl- 
Iclcpip^ 'vrluch IS S feet 9 inches long, 5 feet C inches 
Ij-oud, and 4 feet 3 indies high 

"Vro have found in Art 425 tlint tho area of the base is 
4'’ square ftct 1 sup^rGcnl prime 6 square inches vro wiU 
non giro the remainder of Ino process * 

45 1 G 
J 3 0 
102 C 0 
12 0 4 G 
204 e 4 C 

We fir«t Tnnltiplr bj tlio 4 ivlnch stands for feoL 
4 limes G arc 24 , 24 Mild seconds are 2 s»»hd primes , sot 
domi 0 and carta 2 , 4 times 1 arc 4 , 4 and 2 arc 6 , set 
duwn 6,4 times 4S arc 192 , set doim 192, 

Then ire multiply br tho 3 aviuch siands for inches, 
3 times C are IS , IS solid inches arc 1 solid second C solid 
iudici, set douTi 6 to the right of tlio column in ivhidi 
F'thd seconds arc recorded, and carry 1 , 3 tunes 1 arc 3 , 

3 and 1 are 4 , set down 4 3 umes 45 arc 144 ; 144 solid 
j nines are 12 sohd feet , set down 0 in tho column of sohd 
primes and 12 in the column of sohd feet. 

Then add together tho two lines which haro been 
obtained. Thus the result is 204 sohd feet 6 sohd pnmes 

4 solid seconds 6 sohd indies 


433 As in Art. 429 we may express tho rcsnlt m 
other forms, and shew that it agrees with what wo should 
obtain without tlio aid of cro's ninltiphcation If wo ox- 
l>ress the result lu terms of sohd feet it becomes 
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4^■t Tljo Indies on n carpenter’s mlo nro tUuded 
into Ucelflhs, nnd con'seqncnllj crninplcs rolatiiig to ftrc^s 
nnd ^ola^lcs nmj occur in pmclico m rr1)!ch Die ditncn' 
mons imolvo twelfths of nn inch Those CTamplos nro 
Bimflar in principle to those wo hn\o nlrcady considered 
We have to introduce other now temis , so Hint the whole 
senes of terms for areas will bo assigned by the following 
table 

a superficial pnmo la one twelfth of a squnro foot, 

a superficial second is the same as a square mdi, 
namely, ono-twolfth of a superficial pnnic, 

a superficial third is one-twelfth of a superficial second, 

a snpcrficlnl fourth is onc-twclflh of a superficial tliird. 

435 Required the area of a rectangle whidi mea- 
sures 8 feet 9 inches 10 Iwclftlis by 5 feet 0 inches 
7 twclfilis 

8 9 10 

5 6 7 

4t I 2 

4 4 11 0 

5 1 8 10 

48 11 2 8 10 

The result is 43 square feet 11 superficial pnraca 
2 sopcrficial seconds 8 snporficial tlilrds 10 8ut»erficml 
fourtlis. * 
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EXAMPLES XLVIir 

Find Ly dnodecimnls tbo nrcas of rectangles liaving the 
follovnng dimensions 

1 4 feetj 2 feet 3 inclics. 

2 5 feet, 3 feet 4 inches 

3 3 feet S inches, 2 feet G indies 

4 4 feet B inches, 3 feet 9 inches 

5 5 feet 7 inches, 4 feet 10 inches 
G G feet 11 inches, 4 feet 7 inches 

7 4 feet 3 inches 4 tvrelfths, 3 feet 3 inclies 

8 4 feet S inches 5 twelfths, 3 feet 4 inches 

9 5 feet 4 inches 8 twelfths, 2 feet 7 inches 3 
twelfths. 

10 G feet 8 Inches 7 twclflhs 3 feet 4 inches 5 
twelfths 

Find by dnodecimals tho Tolnmcs of rcctangnlat paral- 
lelepipeds having tho following dimensions 

11 3 feet, 3 feet, 1 foot G inches 

12 G feet, 3 feet, 2 feet 3 inches 

13 4 feet, 3 feet 4 inches, 3 feet 3 inches 

14 G feet, 4 feet 8 inches, 3 feet 2 inches. 

IG G feet 3 inches, G feet 3 inches, 3 feet 9 inches 
IG 7 feet G inches, G feet 7 inches, 3 feet 10 inches 
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10 Tlie diameter of an iron ball is *2 of a metre find 
its weight in kilogrammes^ supposing that any volume of 
iron 18 7 5 tunes as heavy as an equal volamo of water 

11. Find to the nearest square metre tho area of the 
whole surface of a right cone, the radius of the base bemg 
3 metres, and the slant height 8 metres 

12. Find to tho nearest square metro tho area of the 
surfaco of a sphere of wluch tho diameter is D metres 

13 Shew that an aero contains about 40 47 arcs 

14 Shew that a cubic yard contains about 765 4 cubic 
decimetres 

16 Shew that a gallon contains about 4 64 btres - 

Tho following examples mvolvo tho extraction of tho 
cube root 

16 A hollow i^hcro holds a htre find tho radius of 
tho sphere 

17 A vessel m tho form of a right circular cylinder 
with its height equal to tho diameter of its base holds a 
btro* find the height 

18 Tlie volume of a right circular cone with its height 
equal to tho radius of its base is a cubic decimetre find 
the height. 
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XLIX METRICAL SYSTEM. 

43G Tho French ^stem of tncasorcs called tho mein- 
cal vfttevi J8 frctiucnlly iiscd in English sciontiCc •R'orks , 
so that \YO shall hero explain tho sjstcia 

437 Tlio standard of length is tho metre winch Is 
cqnal to 39 37079 English inches The metro \vn3 intended 
to bo one tcn-milhontii part of tho distnnco from the polo 
to tho equator lucnsurcd on tho Earth’s surfacOj recent in- 
vestigations shon that tlio metro is about ~ of nn inch 

shorter than it sbonld Imi o been to correspond to tins in- 
tention 

Tho standard of area is tho ate, nhich is IbO square 
metres. 

Tho standard of aolumo is tho stoe, vrhlcli is a cnbic 
metre. 

All tho multiples and tho sub dnisions of any mcosnro 
aro decimal and nro formed in tho same manner, the mul- 
tiples by syllables derived from tho Greek) and tho snb- 
dhisious by syllables derived from tho Latin, Thus 

Mvnametorss 10000 metres, 

Kilomctro s= 1000 metres, 

Hcclomotros= loO metres, 

Lecametro *= 10 metres 

Lccimotro » ~ metro, 

Ccntimctro = metre, 

Millmietro = metro 

Similarly a hcctnro=l00 ares, a ccntiaio=y^ are, a 
dcknstcrosio stores, a dccistcro=^ stcro ' 
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1 The top of a may-polo, being brobcn off by a blast 
of mnd, strnck the ground at a distance of 15 Icet from 
tlio foot of the polo find the height of the whole may-polo, 
supposing the length of tho broken piece to bo 39 feet 

2 Fmd how many square feet there are in 1200 square 
inches 

3 Tho area of two squares is 100 acres, and tho sido 
of one IS threo times as long as tho side of the other find 
the area of each. 

4 A square contains 2533 feet G4 inches find its side 

5 Tlio penmeter of a rectangle is 1 14 yards, and tho 
length IS three times tho breadth find tho area. 

G Find tho eqicnso of carpeting a room 21 feet long 
and 20 feet broad, with carpet 27 inches wide at 4* Gd 
per yard. 

7 A room is IG feet 2^ inches long, 15 feet 3}- inches 
bro'id, and 12 feet lugli find tho e^penso of covering the 
walls with paper, 9 inches indc, at 2^ per yard. 

8 A building has 63 windows 40 of them contain 
12 panes -each 20 inches by 1C, tho others contain 9 panes 
each 16 inches square find tho cost of glazmg the whole 
at 2$ 5d per square foot 

9 Tho sides of a tnanglo are 890, 990, and 1000 hnks 
find tho area 

10 The area of a trapezoid is 475 square feet, the 

peiqiondicular distance between tho two parallel sides is 
19 leot find tho two parallel sides, their difference bein«' 
4 feet. “ 

11 Two roads cross at right angles , two men start at 
tlio same time fiom tho point where the loids moot, one 
man walkmg along one road at tho rate of 4 miles an houi. 
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and tho otIi{)r man walkmg along tho other road at the rate 
of 3 miles an houi find how far apart tho men aro ton 
minutes after starting 

12 Find how many sqmuo yards there aro m ^ of a 
square mile 

13 Tho penmoter of ono square is 748 inches, and 
that of anoUior is 33G inches find tho penmetor of a 
square which is equal m area to the two 

14. A square contains 3690 feet 81 inches find its 
Bide « 

16 Find how long it will tako to walk round a field 
« contaimtig 13 acres 1080 yards in tho form of a squaro at 
tho rate of 2^ miles an houi 

16 Find tho expense of carpeting a room 16 feet 
8 indies long, and 12 feet broad, with carpet a ytfrd tvido 
at 6 shillings a yard. 

17 A i-oom IS 24 feet long, 20 feet broad, and 14 feet 
3 inches high find tho expense of covenng tlio walls wth 
paper 30 inches wide at 11^ per yard, allowing 8 feet by 
6 feet 3 inches for each of 4 doors, 10 foot bj 6 foot 8 inches 
for each of 3 windows, and G feet 6 inches by 4 feet for a 
fire-place 

18 Tho length of a room is doublo tho breadth, tho 
cost of colouring tho ceilmg at 4^-rf por squaro yard is 
£2 12^ IcJ, and tho cost of painting tho four walls at 
2s 4dL per square yard is ^5 find the height of tlie 
room 

19 Tho sides of a tnanglo aio 848, 900, and 988 bnks 
find the area 

20 A rectangle is 41 yards 1 foot 3 inches by 10 yards 
10 inches find how many circles of one inch radius aro 
equivalent in area to this loctangle, assuming that tho 
area of a circlo of ono indi radius is squaro mches. 

21 Construct a diagonal scale, explain its uso, show 
^horo the points of tho compasses should bo placed to 
neasuro off a length 1 37 

22 Determme tho excess of 15 foot square over 
16 square feet 



mSCELLAKLOUS EXAMPLES 269 

2.1 There ero two rcclatigtilnr field? cqml in nrea, 
the sides of one field arc 14 1 vards and 1344 yivds lu 
lcns;Ui, and llio lonaror side of the other field is 1134 rird? 
find the Iciiglli of'tlio slioiler side, and express the area 
of each field'in acres, rood>, poles, and square yai’ds 

24 I'lnd fho side of a square wliicb contains 7367 
square feet C2 inches 

25 The area of a rccUaiignlar field whoso length is 
three times its breadth i? C aci-cs ICO xards find its peu- 
lactcr i ind also the distance from comer to comer 

26 Find the osiioiiso of carpeting a room 18 feet 
1 indies long, and 17 feet 6 inches broad, vath carpet 
27 luchesi nido at 3^/ imr xard 

27 A room is 15 feet long, 10 feet broad, and 9 feet 
0 inches high find the expense of painting the walls and 
tlio ceiling at U Off per square yard 

28 A room three time.? as long as it is broad is car- 
peted at 4* C»f per square yard, and tho nails are 
coloured at iff pw square x.ird, tho reopcctivc costs 
being .£8 Ss and 4 guineas find the dimensions of 
the room 

21 The perimeter of an isosceles triangle is 30C feet, 
and each of the equal sides is fi\ c cightlis of the third side 
find the arc u 

10 ABODE IS a five sided figure, and the angles at 
77, C, and D are right angles if AB=^ 20 feet, BC— IS feet, 
CD~02 feet, and DE=\2 feet, find the area of the figure, 
and tho length of ..lA’ 

11 Tlic span of a bridge, the form of Minch is an aic 
of a circle, being 9C feet, and the heiglit 1 icing 12 ftet, find 
the radius 

12. A square ynid is dindcd into 576 equal squares 
find the length of a tide of each 

11 Find the iiunihcr of acres in tho are.a of tho base 
of the gro it pj raniid of Egyjit. See pigo 15 J 

34 Find the side of a sqnaro whose area is equal to a 
rectangle SI feet long and GO^ inches wide 
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35 A 1 cctanffwlar field is 300 vards long and 200 liroftd 
find the distance from corner to corner If a belt of trees 
30 yaids ^vido ho planted louud the fields find the area of 
the intonor space 

36 In a rectangular court -which moaBures 96 feet by 

84 feet, there are four rcctangulai grass-plots nieasuniig 
each 22^ feet by 18 find the cost of paiung the remaining 
part of £ho court at per square yard 

37 A room is 30 feot long, 16 feet broad, and 16 feet 
high find the expense of co^ormg the 'vvalL* with paper 

feet wide at 4id jioi yard. 

Also find the cost for a room twice ns long, twice as 
broad, and twice ns high, the paper being half os wide and 
costing half os mudi per yard os before , 

38 A room whoso height is 11 feet, and length twice 
its breadth, takes 166 yards of paper 2 feet uiae for its 
four walls find how much caipot it will requua 

39 Tlio sidos of a tnanglo arc 25, 39, and 56 feet 
respcctiroly find tho areas of tho two tnangles into which 
It IS divided by tho perpendicular from tho angle opposite 
tho largest side on that side 

40 Make a lough sketch and find the area of a field 
ABCD from tho following measures taken in hnks 

EM WxQ pci^ieiidicular from B on AC^^iAJO^ 

2>iV"tho poipondiculai from D on yft7=s816, 

AG^ 1220, .4Af=632, AN^4S0 

41 Tho chord of an are is 24 feet, and the height of 
tho arc is 6 feot find tho length of tho ni*c. 

42 A loom IS 15 feot 9 inches long find its breadth, 
that it may contain 21 square yards 

43 Tho area of a recfcauglo is 3*72 foot 325 inches 
square measuro, and ouo sido is 20 feot 64 inches find 
tho other side. 

44. Find tho length of tho sido of a square which is 
in area to a rectangle 972 ynids long and 363 yar(ls 
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45 If a rectangular piece of bmldmg land 376 feet 

6 inches long, and 75 feet C inches broad, cost ;fiI18 2? , 

find the price of a piece of similar land 278 feet 9 inches 
long and 167 feet bioad 

46 Fmd the cost of paving a street half a mile long 
and 47 feet broad, at the cost of 7id per square yaid 

47 A room is 20 fept 6 inches long, 15 feet 6 inches 
broad, and 16 feet high find the expense of coveiing the 
walls with paper, SO inches wide, at 7}cl per yard, allow- 
ing for two doors each 8 feet by 3 feet 9 mehes, one win- 
dow 6 feet by 7 feet, two other windows each 6 feet by 
4 feet, and a fiie-placo 4 feet 8 inches by 3 feet 

48 The carpeting of a loom twice as long as it was 
broad at 6 shillings per squaio yaid cost £6 2s 6(f , and 
the painting of the walls at 9tf per squaio yard cost 
£2 123 Gd find the dimensions of tlio loom 

49 ABCD IS a four-sided figure, BG is parallel to 
AD, AB—BG=CD—Z29 feet, and AD=79Z feet find 
the 01 ea 

60 The diameter of a cucle is 12 feot find the area 
of a square msciibed in it 

61 The sides of one end of a frustum of a tnangulnr 
pyramid are 12, 15, and 20 inches respectively, the longest 
side of the othci end is 26 inches find the othci sides of 
this end. 

62 The expense of paving a rectangular court winch 
measures 48 feet by 24 feet is ;£42 find the expense of 
panng another rectangular court which measures 60 feet 
by 32 feet 

63 The area of a rectangle is 3076 feet 70^ inches 
square measure, and one side is 81 foot 9^ mehes find the 
other side 

64 Assuming that three hectares contain 35881 square 
yards, and tliat one licctaro contains 10000 square metres, 
hnd tho length of a motic in terms of a y aid- 

65 Fmd how many planhs, each 13i feet long and 
10\ inches wide, wall bo required for tho construction of a 
platform 64 yards long and 21 yards bioad. Find the cost 
of tho wood at 6ld per square foot 



272 MISCELLANEO US EXAMPLES 

5G Find tho difTcrcnco in cxpcuso of carpoting a room 
17 foot 9 inches long and 12 feet 6 inches broad, wtli 
Brnsscls carpet ^ of a jnrd vrido at 49 (kL per jard, and 
nitli Kidderminster carpet I jaird indo at Gd por yard 

57 A ixioni IS 15 feet 9 inches long, 9 feet 3 inches 
broad, and 10 feet high find how many poslngo stamps 
^vill bo required to cover tho nails, aliening for two win- 
dows. each 6 feet by 4 fcet> and tlirco doors, cadi (? feet 
8 inches by 3 feet A postage stamp is J J inch long, and 
^ inch wide 

58 A person has a tnangnlar-shapcd garden, tho base 
of winch contains 200 yards, and divides it into two equal 
ports by a hodgo parallel to the base find tho length of 
tho hedge. 

59 Venfy tho following statement by examples the 
area of tho space between two concentric circles is cq^I 
to Uio ai ca of a circlo which has for its dinmoter a chord of 
tho outer circlo which touches the inner circle. 

50 Fmd tlio espenso of paving a circular court 30 feet 
in diameter, at 2^ 3a per square foot, leaving in tlio centre 
a spaco m tlio form of a rcguiai hexagon, each sido of which 
measures 2 feet. 

61 Find how many bncics there nro in a wall which is 
120 bncks long, 15 bricks liigli, and 2 bncks thick. 

G2 Fmd tho thickness of a solid whoso length is 
2 yards, breadth ll yards, and solid content 1 cubic yard 
0 cubic feet and 1296 cubic inches. 

63 A room 18 feet 9 inches long and 13 feet 4 indies 
broad is flooded with water to a depth of 2 inches find 
tho weight of tho watoi, supposing a cubic foot of water to 
weigh G2^ lbs 

64 If gold can bo beaten so thin that a grain will form 
a leaf of 56 sqnaro inches, find how many of these loa\es 
will make an inch thick^ tho weight of a cubic foot of gold 
being 10 cwt 95 lbs. 

66 A cube contains 2 376 onbic yards find how many 
linear feet there are in an edge 
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C6 A closed ressol formed of metal one inch thick, 
and wliose external dimensions are 7 feet 3 inches, 6 feet 
5 inches, and 4 feet 3 inches, weighs 2 cwt. 2 qrs 7 lbs 
hnd the weight of a solid mass of tho metal of the same 
dimensions 

67 A monohth of red ^nito in tho Isle of jUTnll is 
said to be about IIS feet long, and to have an average 
transverse section of 113 squaio feet. If shaped for an 
obelisk it would piobably lose one-third of its bulk and 
then weigh about 639 tons. Detcnnme the number of 
cubic yards m such an obehsl^ and tho weight in pounds 
of a cubic foot of gramte 

68 The top of a circular table is 7 feet m diameter, 
and 1 inch tluck find how many cubic feet of wood it 
contams, and what inll be tho cost of polishmg its upper 
surface at sixpence per square foot, 

69 Fmd how many ^llons of water can be held in a 
loathoin hose 2 inches mitoro and 40 feet long 

70 The ends of a frustum of a pyramid are right- 
angled triangles , tho sides containing tho nght angle of 
one end are 2 feet and 3 feet , the smallest side of tho 
other end is 8 feet, the height of tho frustum is 7 feet 
find tho volume 

t’ 

71 Fmdhow many bncks of which thelength, breadth, 
and thickness are 9, 4^, and 3 mclies will bo required to 
build a wall of wliicli tho length, height, and thickness 
are 72, 8, and feet 

72 Find the length of a sohd whose thickness is 1 foot, 
breadth 18 inches, and solid content 3 cubic feet 216 cub c 
inches 

73 A box IS 4 feet long, 2 feet 6 mches wide, and 
1 foot 6 indies deep , m it are packed 252 books each 
8 inches lon^, 5 inches wid^ and 1^ inches thick find how 
many more nooks each 6 inches Ion" 3 inches wide and 
1^ inches thick can be packed m the box. 

74 Find, tho height of a parallelepiped which contains 
659 feet 1248 inches, and. whoso base is 26 feet 6 inches. 

76 Find the edge of a cube which contains 
10970 646048 cubic mclios. 
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76 Tho Burfiico of a cube contains 393 66 square febt 
find tho length of an edgo and tho cubical content, i 

77 Find tho loluino of n cone, tho height of ttIucIi is 
one yard and tho radius of tho base one foot 

78 A garden roller of iron is half an inch thich,iho 
length IS 30 inches^ and tho dmnictcr of tho inner surfaco 
IS 20 Indies find tlio ircight^ supposing a cubic inch of iron 
to weigh 4 562 oimccs 

79 A square tower 21 feet on cadi side is to have 
oiUior a flat roof co\crod with sheet lend which costs 
6 ponce per square foot, or a pyramidal roof whoso vertical 
height IS 10 feet, covered witli slates whidi cost IBs Oi/ 
per hundred, and each of which hns an exposed surface of 
12 inches b} 9 niches. Find tho cost m each ease 

80 Tlio surfaco of a certain sohd is three limes as 
great as tho surfaco of a similar solid find tho proportion 
which tho Toluine of tho sohd bears to tho volume of 
tho second. 


SI Tho threo conionninons edges of a rectangular pa* 
rallclopipcd arc 36, 75, and 60 inches respectively find Clio 
edge of a cube winch will bo ol tho same capacity 

82 A nver 30 foot deep and 200 yards wido is flowing 
at tho rate of 4 miles an hour find how many tons of 
water mn into tho sea per minute 

83 Find tho number of inches in tho sido of a cube 
whoso solid content is 5 359375 cubic feet 


34 The content of a cistern is tho sum of two cubes 
whoso edges arc 10 inches and 2 inches, and the urea nf 
difforcnco of two squares whoso sides are ll 
and 1 feet find tlio depth of tho cistern 


85 Obocostof a cube of metal at 10s Ad percnbic 
mch IS £1206 4s Ad find the cost of gilding ifc over at 
per square inch o o 


boatcu out BO tliin that a gram will 
square inches, find liow many of tlicsO 
® "P «»> thackness of a sheet 
nlS of a cnhio foot of gold bein'*- 1210 lbs 

ond 400 sheets of paper making a booklio mch Wok 
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87 A Iicmisplicncil bnmn 1 6 foot in dinmotcr mil bold 
120 times ns inncli as n cvhndnml tub, the depth of which 
13 1 foot 6 inches find tho diameter of tho tub 

68 A nght-nnglcd tmnglo of winch the sides arc 3 
and t inches in longtli is nindo to turn round on tho longer 
side find tho volunio and tho area of tho whole surfaco of 
tho cono thus formed. 

8<> Tho height of a frustum of a pyramid is 4 incliw , 
the lower end is a rectangle which is 1) inches by 12, tlio 
upper end IS a rectangle of iihich the longersidoisSinches, 
find tho Tolumo of tho frustum 

90 Tho area of tho surface of a sphere is 25 square 
inches find tlic Tolumo of tho sphere 

01 Find how many superficial feet of inch phuk can 
be S.IW 11 out of a log 20 feet 4 inches long, 1 foot 10 inches 
wide, and 1 foot G inches deep 

92 Find tho weight of witer in a bath 6 feet long, 
3 feet wide, and 1 foot 9 iiichc:> deep 

93 Find Iho length of tho side of a cuho which con- 
tains 344321701729 cubic inches. 

94 Find liow many cubical packages eaclilmnng43 
inches in an edge will fill a bo'*: whose length, breadth, niul 
depth are 2 feet 2 inches, 3 Act 3 inches, and 4 feet 4 inches 

95 Tlio fioonng of a room 14 feet 3 indics long, and 
13 feet 4 inches broad is composed of Imlf-iiich phnkSj each 
8 inches wide and 10 feet long find how muij will bo 
required, and tho weight of tho wholo if ono cubic nidi of 
wood weighs half au ounce 

96 Supposing a cubical room to contain 46656 cubxc 
feet, find tho expense of carpeting it with c'lvpct 27 inches 
wide at 4s Gd per yard. 

97 A pyramidal roof 16 feet high, standing on a 
square base winch is 24 feet on each side, is coicred with 
sheet lead of an inch thick find the weight of tho lead, 
supposing a cubic uit-h to weigh 7 ounces. 

If tho lead is stnppcd off and cast into bullets, each of 
which is in the folaii of a cylinder, ^ inch long fmd ft inch 
jn diameter, terminated at one ond"by a cono of tho same 

18-2 
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dmmcior and f inch lugh^ find how many bnllots thcro 
Will bo ^ 

98 A. sphoncal cannon ball, 9 inches in dmnotor, is 
melted and cast into a conical mould tUo base of whidi is 
18 inches in diameter find the height of the cone, 

99 A c}hndor, 24 feet long and 4 feet in diameter, 
IS closed by a hcmi^hero at each end find the area of tho 
whole surface 

TOO A tin funnel consists of two parts , one part is 
conical, the slant height is 6 inches, the circumferonco at 
one end 20 inches, and at the Other end inches, tlio 
other pait IS cylindrical, tlio citcumforcnco being indies 
and tho length 8 inches find tho number of squaro indies 
of tin. 

101 Find how many cubes whoso edges me 2^ inches^ 
cun bo cut out of a cube of which tho edge is 22 inches 

102 Tho breadth of a i*ooin is two-thirds of its length 
and throe halves of its height, the content of tho room is 
5832 cubic feet find tho dimensions of tho room 

103 Find tho length of tho aide of a cube winch con- 
tains 733620703859 cubic inches 

104 One solid contains 30| cubic feot, another solid 
contains 4^ cubic yards find what multiple tho latter is 
of tho former 

105 Fmd tho numboi of gallons of water which pass, 
in 10 minutes under a bndge 17 feet 8 inches wide , the 
stream being 10 feet 11 inches deep, and its veloaty 
4 miles an hour 

106 A cubic inch of metal expands so that each faco „ 
IS increased by 0201 of its former area find tho incrcaso 
of volume 


sphere and n cube have tho same snrfaco shew 
that tho volume of tho spheio is 13820 tames that of tho 


same surfaefe as a right circular 
. ^hndor ite height equal to twice tho radius of its 

teoftbre^hnder '''' 12247 tames 
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J09 A sphere nnd a cube have the same volamd shew 
tliat the snifaco of the cube is 1*2407 tunes that of the 
q)herc 

110 A sphere has the same volnme as a nght circular 
cylinder with its height equal to twice the radios of its 
base shew that the surface of the cyhuder is 1 1447 times 
that of the sphere 

111 Find to the nearest lb the weight of the water 
which a cistern will hold, whoso length, breadtli, and deptli 
are 5 feet G inches, 3 feet 9 inches, and 1 foot 3 inches 
respectively 

112. A bed of gravel 4 feet 6 inches in depth extends 
over the whole of a field of 3 acres 3 roods find the value 
of the gravel at sinjicnce per cnbie yard. 

113 The volume of a cube is 6 cubic feet 621 cubic 
inches find the length of a diagonal of the cube 

114 Supposing a bnek to be 9 inches long, 4 ^ inches 
wide, and 3 inches thick, and to weigh 5 lbs, fiiid the 
weight of a stack of bncks 10 feet higii, 6 feet wide, and 
3 feet thick. 

115 A pyramid on a square base has four equilateral 
triangles for its four other faces, each edge being 20 feet 
find the volume 

116 The radius of the base of a cylmder is 3 feet, and 
the height IS 20 feet find the volume* 

117 A ditch of a certain length is 4 feet deep, 16 feet 
broad at the top, nnd 12 feet broad at the bottom if the 
ditch be half filled with water, find the depth of the 
water 

IIS The radius of one end of a frustum of a cone is 
IS inches the radius of the other end is 12 inches, the 
height IS 15 inches find the volume 

119 If the weight of an iron ball, 4 inches m diametei, 
IS 9 IbSn find the wei^t of a shell whose external and in- 
ternal diameters are 7 mehes and 3 mehes respectively 

120 The area of the whole surface of a nght circular 
cone IS 32 square fectj and the slant height is three times 
tlic radius of the base find the volume of the cone. 
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12 L TIjc nroa of thobiso of n panllclqnpcd is aeqnaro 
and Iho height is 2 feet fl Indies find the rolumc. 

122. A layer of coal fi feet ihtch nndcriios tlio\rlioIo 
of an estate of 120 acres* find Iho mine of the Coal at 12 
shilhngs per ten, supposing a cubic yard of tlio coal to 
notgh a Ion 

123. Find Iho number of cubic incbea in a piece of 
plate class fi feet long, 8 feet i inclics unde, and £ths of an 
inch tliid;:. 

121. Tlio area of the coal field of SonUi "Woles 5s 1000 
square miles, and tlio nverogo thichncss of the coal is CO 
feet If a cubic yard of coal neigh a ton, and tlio annual 
consumptiott of coil in Great lintam bo 70000000 tons, 
find tlio number of yeaw^ for -wbicU this coal field nlono 
would supply Great UnUiiu with coal at tbo jircsont nlo 
of consmnption 

125 A pyramid is cut into two pieces by a piano 
panllcl to Ibo Inse, nndnay between tlio Tcrtex and the 
base shew that one piece is ennni to soicn times tho 
oUitr 


12C A cylinder is 5 feet in diameter, and its volomo 
18 7S5 4 cable feet find tho height of the cylinder in feet 

127 TIic ends of a pnsmoid arc teclanglesj tho corro- 
sponding dimensions of which aro 8 foot Ig- 7 and 10 feet 
by 6, and Uio height is 4 feet find tho Tolumo of tho ' 
prismoid. 


128 •ao height of tho frustum of a cone is 7 feet, and 
tuo of tho two ends arc 4 feet and 6 foot respectively , 
tlio frnstum is cut into two pieces by a pHno parallel to 
mo ends and distant 3 8S4 feet from tho smaller ond show 
that tuo two pieces aro of equal volume. 


1 « mehes in radios of a certain 

material weighs 8 lbs find tho weight of a sphoncal shell 

diameter of winch is 8 inches, 
ana tho oxtomnl diameter 10 inches. 


^ of a ball Is 

15 703 feet find tiic wholo surface of the ball 
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131 A stone wall is built 10 feet 6 inches high and 
2 feet 3 inches thick ^ the excavation from which ihe stone 
was taken measures in length, breadth, and depth, 30 feet, 
28 feet, and 18 feet respectively, find the length of the 
wall 

132 A cistern measures in length, depth, and breadth 
6 feet, 4 fee^ and 3 feet respectively, the astern after 
bemg filled with water can bo emptied by a pipe m an 
hour and a half find how many gallons are dischaiged 
through the pipe m a mmato 

133 Find how many cubic feet of deal are contained 
in 200 planks each 15 feet long, 10 inches wide, and 1^ 
mehes thick. 

134. A pond whose area is 4 aerra is frozen over with 
ice to the uniform thickness of 6 inches ’'if a cubic foot of 
ICO weigh 896 ounces Avoirdupois, find the weight of ice 
on the pond in tons. 

135 Suppose that the coal consumed In a month m 
England were formed into a square pyramid on a baso 
equal to that of the great pyramid of Egypt find the 
height of the pjramid which would bo thus'formcd See 
pages 154 and 278 

136 A trench is dug 8 feet deep, 14 feet wide at 
tho top and 10 feet wide at the bottom, and the earth 
removed is thrown up by tho side of tho trench so as to 
form a bank sloping on each side at the same angle to tho 
honzon, tlio height of tho bank being three-fourths of its 
base . find tho height of the bank. 

137 Find tho volume of a cyhnder 40 feet high, tho 
radius bemg 8 feet. 

138 A bucket is in tho form of a frustum of a cone , 
the diameter at tho bottom is 1 foot, and at tho top 1 foot 
3 inches , tho depth is 1 foot 6 inches * find to tho nearest 
pound how much more tho bucket weighs when full of 
water than when empty 

139 If 30 cubic inches of gunpowder weigh 1 lb , 
find the diameter of a hollow sphere which ivill hold 
11 lbs 
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140 The height of a 2ono of a sphere is 2i feet^ and 
the diameter of tbo sphere is Oh feet find the area of the 
curved Borfaco 

141 A field corilains 1 acre, 2 roods, IG poles find 
how many cubic yards of earth will bo required to raise 
the surface of the fioldns inches 

142 A cubic inch of gold is beaten into gold leaf 
sufficient to cover 7 square feet find the thickness of the 
gold leaf 

143 Pind how many cubic feet of air a room will con- 
tain which Is 24 feet 9 inches long, 18 feet 4 inches broad, 
and 10 feet 8 inches high 

144 In laying the foundation of a house an eTcavation 
js made 40 feet long, 30 feet broad, and 6 feet deep, the 
earth removed is spread uniformly over a field containing 
half an acre find how much the surface of tlie field wiu 
lie raised supposing that each cubic foot of earth is in- 
creased ^ 01 a cubic foot by the remdroL 

145 Fmd the volume of a pyramid the height of 
which IS 12 inches, and the base an equilateral tnongle 
each side of which is 10 inches 

140 Find what length of wire 08 of nn inch in 
diameter can be formed out of a cubic mdi of metal , 

147 A gutter is formed by joining two equal planks 
80 as to have two of their longest edges in contact, the 
planks aro 5 inches wide, and they aio fastened together 
so that tho extreme breadth of the gutter is 8 inches if 
tbo gutter is 4 yards long, find how many cubic inches of 
water it will hold, 

148 The ridu of the ends of a frustum of a Tight 
circular cone are 4 mehes and 5 inches respectively , the « 
height of the frustum is 3_inches* find tho volume -of the 
whole cone 

149 If a 12 Ib shot have a diameter of 4 4 inches, find 
the weight of a shot tlie diameter of which is 3 96 inches, 

150 The area of the curved surface of a right circubir 
cylinder is 600 square inches, md the height of the 
cylinder is 25 inches find tho radius of the base. 
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151 A rectangular field is 440 yards long, and 154 
yaids wido find its area, in acres Also find the areas of 
the portions into 17111011 it is divided by a straiglit lino 
drawn from tho middle pomt of one sido to one of the 
opposite comers 

162 The walls of a room 21 feet long, 15 feet 9 mebos 
wide, and 11 feet 8 inches high, are painted at tlio expense 
of 12s Grf find the “additional expense of pamting tho 
ceihng at tho same lute 

153 A parallelogram has two sides which are 8 feet 
9 inches long, and tno which are 7 feet 4 inches long, and 
a diagontd which is 11 feet 7 inches long dotonniuo 
whether tho par^clogram is a rectangle 

154. From a point in tho ciicumforcnco of a cirdo two 
chords are drawn at right angles, and their lengths aio 13 
and 17 mehes respectively &d tho area of the circle 

155 Tho area of tho YorLsliiro coal field is 937f: squaie 
miles, and the average thickness of tho coal is 70 feet. If - 
a cubic yard of coal weigh a ton and tho annual consump- 
tion of coal m England bo 70000000 tons, find tho number 
of years for which this coal field alone would supply Gicat 
Britam with coal at tho present rato of consumption 

156 If the coal consumed in ono }oar in England 
were piled up into a rectangular stack Iiaiung for baso an 
area of ton acres, find tho height of the stadc to tho nearest 
yard 

167 A cubic foot of gold is extended bv hammering 
so as to cover an area of 6 acies find the thickness of the 
gold in decimals of an mch, correot to tho ^t two signi- 
ficant figures 

168 Find to three dociUial places tho number of 
gallons in a cubic foot 

169 A cubic inch of brass is to be drawn into a wire 

of an inch m diameter find tho length of tho wire to 

the nearest meh. 

ICO Tho sides of a nght-angled triangle are 3 inches 
and 4 inches respectively find the volume of the double 
cone formed by tho revolution of this triangle round its 
hypotenuse 
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161 Tho l)'i8C of an aquanum is a^qiuiro tho lieicUt 

18 Inlf a Bido of tlio base, and there is no lid, the glass 
cost 11« Zd at a square yard find tlio nurahor of 
gallons the aquanum mil hold. , 

162 Supposing a cubic foot of brass to rreigh 8500 
ounces, find tlio weight of a yard of brass wire the thick- 
nesy of which is 

163 A ijglitrangled tnanglo of which the sides are 
6 and 12 inches in length is made lo turn round tho hypo- 
tenuse find the yolumo and the surface of the double cone 
thus formed 

164 Tho weights of two globes are as 9 to 25 , tho 
weights of a cubic-incli of tho substances ore as 15 to 9 
compare tho diameters of tho globes 

165 A gold wire of 01 of an inch in thickness is bent 
into a nng of one inch intomal diameter if tho area en- 
closed by tho ring be gilded with a weight of ^old equal to 
tlio weight of tho nng, find tho thickness of tho gilding 

166 A solid IS composed of a cone and a hemisphere 
on oppoBito sides of tho same circular base, tho di*imotcr 
of which IS 2 feet, and tho vertical angle of tho cone is 
a nght angle tho solid is immersed in a cylinder full of 
water, whoso mrcnlar section also has a diameter of 2 feet, 
so that the vortex of tho cono rests on the centre Of tlio 
cylmdneal base, while tlio highest part of tlio homisphero 

^.j^t coincides with tho surface of tho water find tho quau- 
tiij* of water remaining in the i^hnder. 

167 A hemisphoncal boll of 6 foot in diameter is 
partially buried with its mouth downwards, and in a hon-^ 
zontol'position, so that only one third of tho height appears 
above the ground find what quantity of earth must bo 
dug out in order to leave the ball entirely uncovered^ and 
just surrounded by a cylmdneal wall of earth- 

168. Tho frustum of a nght cone is 6 feet Ingh, the 
radius of the smaller end is 2 foot, and tho radius of tho 
larger end is 3 feet find the position of the piano paral&l 
to tho ends which will divide the frustum into “two equal 
parts find also the volumo of each iMirfc 
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109 Pind to the nearest square inch the quantity of 
leather required to cover a sphencal foot ball which mea- 
sures 23 indies in circumference. 

-170 Find the volume of a cask in gallons, the length 
being 47 6 onches, the bung diameter 2b 6, and the head 
diameter 26 5 

171 An area in the form of an eqmlatoral tnangle ii 
paved at the rate of per square foot, and it is fenced 
at the rate of 6 shillings per foot shew that the cost of 
feuemg 18 to the cost of panng as SO is to three times 
the number of feet in a side 

172. Find the side of an equilateral triangle, supposing 
it cost ns much to pave the area at 9d per square mot as 
to fence the tlwee sides at 5 shillings per foot 

173 A rectangle is 202 of an mch longer than a certain 
square, and 2 of an inch narrowei , but contains tlio 
same area shew by a figure that the number of inches in 
the side of the square is the product of 202 mto 2, divided 
by their difference. 

174. In mensunng the edges of a cubical bos to ascer- 
tnm its content, an error of 202 of an mch is made in excess 
for the length, and of 2 of an inch m defect for the 
breadth, the height being properly measured, the ad- 
culated volume agrees with the true volume find the 
volume m cubic mehes. 

176 The ridius of a circle is ,y/2 mehes , two parallel 
straight hnes are drawn in it, each an inch from the 
centre find the area of the part of the circle between 
the straight hnes. 

176 A square hole 2 inches wide is cut through tk 
solid eyhnder of winch the radius is a/ 2 mehes, so that 
the axis of the hole cuts at nght angles the axis of the 
cyhnder find how much of the material is cut out. 

177 A vessel is to be made in the form of a rect- 
angular parallelepiped on a square base, and another 
\essel of the same capacity m the form of a nght cucular 
cyhnder, the vessels are to have no hds, and each vessel 
IS to be made of the most advantageous shape for the sake 
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of saving material sliew that the matenal in the cylinducal 
vessel IS about 02 of the material in the other vessel 

178 Sliew that the same result as in the preceding 
Example holds if the vessels are to have hds 

179 A pyramid on a square base 1ms eveiy edgo 
100 feet long find the edge of a cube of equal volume 

180 Verify by calculating vanous cases the follovring 
statement a light circular cone is dindejl into a cone and 
a frustum of a cone, and the frustum is tnmmed just enough 
to reduce it to a right circular (^linder , if the height of the 
frustum IS one-tlurd of tlie height of the onginal cone the 
volume of the cyhnder is greater than in any other casCi 
and IS four-nmths of the volume of the onginal cone 
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[The answers when not exact are given to the nearest 
figure , so that sometimes they are a httlo too great and 
sometimes a httlo too' small ] 


Y 1 667 feet 2 8645 feet 3 382 ft. 10 m 

4 945 yards 1 foot. 6 564 92 6 5858 66 

7 388 69 8 1840 78 9 333 feet. 10 8225 feet. 

11 98 ft 9 m 12 259 yds 2 ft, 13 482 54 

14 3270 31 15 32177 16 1824*14. 

17 19488+5687 ft 18 12637, 12012 a 19 7 ft 
20 32 + 24 a 21 14 + 30 ft 22 1 4142135624 m. 

23 155 56 ft. 24 8432 ft 25 98 yds 

26 964a 27 566a 28 8 485ft 

29 6 74ft 30 2191m 

31, 11 832, 11 3H 10 392, 8 944, 6 63a 32. 976 ft 


YI 166 mches 2 26 98 m 3 40 ft 

4. 67ift 6 6 a 2jm, 6 A quarter of an 
mchtoamilB 7. 68 miles 8 30 in 9 9 ®m. 
10 4s in. 11 26 a 12 10 ft, 12 ft. 


YIII 1 44 ft. 2 
4 4 furlongs 6 

7 6236 4764 a 8 
10 70 yds 11 

13 3183 of a foot. 14. 

16 70 028 yds 17 
19, 19 0985 feet. 20 


2242 a 3 61 in 

6 9 65 a 7 29 ft. 

10 4472 ID 11 4a 
14, 125 63 a 


3 672yds 8in. 
6 681 196 ft 
9 21yds 
12 660 yds 
16 103 4605 a 
18 360 


YII 1 lO^a 2 

4. 174ft 6 Sa 9in. 

8 23 03a 9 8 23fb 

12 476 ft 13 60 7 a 


271yds. 1 a 
848232 ft 
942 48 yds. 
238 }ds. 

7 9677 feet. 
30 6 

4 67 feet. 
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IX 1 12 6GC4in 2 42 656in. 3 35® 81 

4 67®3 5 38fin G 6619in 

7 6 117 in 8 17 854 in. 9 47 7602 in. 

10 6 1416 in. 11 1946111. 12 14 1807 in. 


XL 1. 196 2 G7G 3 756^ 4 915^ 

6 113 jds 7ft 6 152 yds 1ft. 7 343 yds 4ft 
8 413 yds. 4ft. 9 14 yds. 2 ft. 64 in. 

10 34y^6ftlC]n 11 73yds 6ft 9 in. 

12 213 yds 4ft 62 in 13 2 acres 4 polos 

14. 5ac. Iro Ipo 15 15 ac. 2 ro *04 po 

16 70 ac 2ro 6 9376po 17 325125 sq ft. 

18. 3938 sq yds 2ft 766 m 19 7ac 2ro 6po 

20 16 at 3ro 16 7168 po 21 42 yds 22 85 yds 
23 273 yds 24. 440 yds. 25 880 yds 

26 110 yds. 27 8 004 ft 28 127 yds 

29 10 954 30 16 941 31 65 697 

32 68 823 33 2556169 34. 346107 

35 3 742 in. 36 Ijm. 37. 280 

38. 432. 39 279 40 374i 

41 34 yds 42 63 yds 6 ft 43 127 yds. 4 a 
44. 180 yds 4ft 46 7 yds 8 ft 108 in. 

46 16 yds 90 in 47 24 yds 1ft 80 m. 

48 69 yds 87 in. 49 3ac. 34po 

60 Sac 2ro 34 6368 po 51 9 ac 2 ro 11 6224 po 

52. 13 aa Iro 22 72po 53 32 a 54 

55 362 yds 60 1100 yds, 67 110 yds 

68 SGjJiTyds 69 78 yds. Ift 60 2yds 

61 126 ^ 62 03 660 64. 3 cliams 


65 63040 sq ft 66 11 feet 67 10488 ft - 

68 49 69 4320 70 324, 71 816 

72 48 73 8014 74 40 76 84. 

76 696960 77 3200 78 3-84 79 20 

80 80780 81 345G 82 162 83 As 2 is to 6 

84. 280 a 85 1610S 86 1444 60 ft 

87 21, 63 a 88 ^7=- of an onneo. 91 £6 6s 


92 £1102 10s 93 £3 15s 6^d 04 £2 

96 £18. 14s 5W 96 £246 ISs'llW 

87 £25 7s ZcT 98 £62 Is 09 43 ft 




288 


A27S1VJSBS 


V} 312sq ft. 18 Anacro. 19 1152 sq yds, ^GIO 4» 
20 421 ft 21 1800 sq ft. 22 1260 sq cli 

23 839 553 Sq ft. ‘ 24. 16 826 sq ft. 26 688 sq ft. 

26 606430 sq ft 27 7200, 7200 sq ft 

28 10296 sq ft , 125, 82 368 ft 
29. 1064, 625, 666 6304 ft 

XV 1 1348q ft 2. 110-86580 ft 3 160 6 sq ft 

4. 6813 62 sq ft 6 142 667 sq ft 6 10392380 ft 

7 6496-2 sq ft 8 259 81 sq cb. 9 2,/2 sq It 

10 6 It 61764 sq ft , see Art 99 

XVI 1. 1386. 2 1857} ' 3 1869028^ 

4. 1963 5 6 309153646 6 6473923 84. 

7 6 64. 8 6886 9 28363 10 12 616 

11 30179 J2, 29789 13 188 496 sq ft 

14. 3769 92 sq ft 16 236-24832 sq ft 16 15 094 in 

17 16 116 feet 18 8 966 ft 19 38993 sq ft 
20 654622 sq ft 21 623 16 ft 22 11344 ft 
23 6 667ft 24. 8 05 in 25 577, 816 in. 

26 639 3057 sq ft. 27 136 28 j£141 744» 

29 407 01. 30 ^47 248« 31 ;fil9 0^ Urf 

32 6S5Tsq ft. &3 1418 ft. 34 46l'ft, 

35 64 9376 sq ft. 36 184 9392 sq ft 37 2024 8 sq ft 

38 1042 ft 39 lS426&qft 40 1296SS-3896sq ft 

41 71 62 sq ft 42 140 374 sq ft 61 Slsqft 

52 2 4Ssqft 

XVII 1 125 664. 2 1607968 3 5629747 

4. 43638qft 6 97748qft 6 1864ft 

7 69 26ft 8 80«67 9 11 76 ft 10 7 4376 ft 

11 112»6 12.1541ft 13 2942 sq in , see Art 122 

14 27 63 sq in 16 1 180 sq ft, see Art 167. 

16 61 42 sq ft , see Art 99 17 296 04 sq ft 

18. 28 05 sq ft 19 39S 25 sq ft 

20 20-382, 686478 sq ft 21 61464 22 28646. 

23. 9 059 24. 1180 25 1489 sq ft 

XVIIL 1. 162 2 192 3 288 4 27 

6 56 907 6 8 403 7 263 9 8 69 307. 

9 70G41. 10 22 0967. 11. 7817. 12 6931.- 
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XIX. 1 324. 2 C53*4 sq jn 3 1 in. to 36 

4 1 in to 660 5 7 2 in. 6 6 33G inches to a mile. 

7. 11-83^ 17 743 ft. S. 231, 23S, 255 

9 60-96, 109-20, 145 60 

10 The sgnaro is 1 299 tunes the tnonglo 

11 Tlie Ijp’cngon is 1 1547 times the square. 

12. TIio circle is 1-2732 times tlio square 
13 The circle is 1 1026 times the hexagon 

14. 15197 ft. 16 61-23711. 16. 13-236 a 

17. 6 70S2, 9 4S6S, 116130, 13 4164 a 18 The 

perimeter of the trnnglo is 1 14 times that of the 
sqanre 19 2C3Sa 20 3 114 ft. 


XXII. 1 IS ft ICGlinchesi. 2 216 a 

5 107a 297 in. 4 4492ft. 2]6in 6 SSft 192in 

6 78 a 310 in. 7 200 a 200 in. 8 3399 ft. lOOS tn. 
9 63 a 10 20 a 1440 in. IZ 52ffc 762in 

12. 66 a 1296 in 13 9 in. 14. 4 32 in 

16 6 a 16 5a lOin 17 20 sq a 

18 4Fqa4Sin. 19 17sqa2in 20 34sgai20in 
21 1346 21 1777 23 2311 24 3605 

25 70 26 89 27 141 23. 363 

30 31-2-5S76 .31 24 a 32 15360 33. .384 

34. -000004 of an inch. 33 33314 36 1411)3 

37 11610D ounces 3*> 314^ 40 3 8 in 

41 291000 46 6196 47. 6S"lOV 48 

49 9 cubic a 30 3 ft 6 in “ 32 1-26 ft 

53 1442 ft 54, 10351 111. 65 3-297 a 

66 20 in. 


xxiir 1 

a 109 ft 133 in. 
6 3 a 1056 in, 
9 43 9824 
12. 5G9 67CS 
16 53 in 
19 1 720311 

25 3916 

26 117333333} 
29 15025 ft 
33. 1715 3 


15 ft 1050 in 2. 62 a 729 in 

4 194 a 363 in 5 iai62in 
7. 6ft 4033a 8 lift 1452 in 

10 S3 44875 11 221-23645 

13 33 in 14 44 in 15 47 in 
17 7 979 in. 18 11732 ft 

20 2 336 ft 21 23 22. 489 

24. 11013 25. 1800 cub ft. 

27 114000 23 13461 

30 89 31 212 OS. 32 654 

34 4S9 35 £5 4s 9(f. 


T V 


19 
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36 ^5 Is 
39 8S00G1 m 
42. 7 0686 cub it 
45 654 lbs. 

48 433 cub in 
61 90 cub ft 
54. 15 55 in 


37 :fi8 13s 6rf 38 10 61 in. 

40 3520244 ft 41 ICScub ft. 

43 17 6716 cub ft. 44. 373 Iba 
46 £4 17s Zd 47 8-2467 lbs 

49 2 598 cub ft 60 of an inch. 

52 3345 in. 63 646ft 

65 -927 ft 66 5 61 in. 


' ZXIV. 3 49 3 4. 15-2 5 1 very De,arly 

6 3916 7 4105. 8 27 9 637Jn. 

10 38410 


XXY 16ft 362in. 2. 17 ft 896 in. 

3 32 ft 704 in. 4 45 ft 1121 in. 6 19 596 
6 83785 7 9S7-798 8 2378 571 9 16 765 

10 64141 11 97905 12 1047*2. 13 17 ft 3 m. 

14 21 ft 9 in. 15 30 ft 16 32 ft 3 in. 

17 7 979 in. 18 2 6346 ft 19 32612 ft 

20 4-2853ft 21 407293 5 cnb ft 22 6666663 cub ft 

23 20644Scnbft 24 192000 cnb ft 25 3494 4cab ft 
26 1164 9 cub ft 27 3640 cub ft 28 3147 18 cnb ft 
29 1231 5 cnb ft 30 891-8 cub H; 31 339292Scab ft 
32 65461 8064 cub ft 33 62652. 34 31416 

35 101 86 cub ft 36 116 224 cub ft 37 10472 ft 
38 36373 07. 39 1 66 j cub ft 40 2708 cub in. 

41 3466145 42. 1173 46 cab ft 


XXVI 1 12-25 2. 11-227 3 38-2475 

4. 48216 5 2034186 6 6017292 7 7141736 
8. 10384362 9 9173472 10 .;t60 4s 

11 73 323 cub ft 12. 7600 cub ft 13 4824 32 cnb ft 
14 65 15 1608 6 cnb ft 16 247 8, 283 1 cub ft 

17 278873 6, 3054138, 3331604. 

1& 11276, 1408-2 cub ft 

XXVIL 1 1620 cub m. . 2 21 cub ft 

3 3240 cub in. 4. 3464 cub in. 6 588 cub in. 

6 4000 cub in 7 996 9 cub in. 

-8 462, 1156 cub in. 9 1008, 728 cnb in 

10 420, 480 cub in. 
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xxnrr i 744000 cub ft 2. 532000 cub ft 

3. 125067 cub m. 4- 103110 6 336600 

6 1261, 195- cub ft 7 473, 371, 2S1 cub ft 

8 4S0, 720 cub ft. 9 261^, 4S5i cub in 

10 250, 670, 970 cub m. 12. 114^ 5S4 cub ft. 


XXIX, 1 696-9 cub in 2. 265 1 cub ft 

3 7235^ cub ft - 4. 17974-2 cub ft 5 3 65 

6 5 65 7 I6-S9 8 2918 9 31-94. 

10 154-99 11 344-01 12 12.39-SS 13 20 73. 

14 272 minutct 15 197-920S cub ft 

16 6494 lbs. 17 43 412 cub in IS 29 6SSlbs 
19 432-227 ounces. 20 6-936 lbs. 21 12-72 lbs. 

22. 31-94 lbs 23 111 18 lbs 24 522-67 ounces 
25 2926*2 ounces. 26 611 12 lbs 27 549 lbs. 

23 2S6S75lbs 30 1-24 lbs. 31 2 in. 32 3 in 
3.3. 19-23 m 3-L 65 45 cnb ft. 35 Xearlv 49 times. 
36 16 12 in 37 24-514 in. 35 16 64 in. 

39 9 5076 in 40 14 in. 41 4in Tcrv neailr 

42 10D3 in- 


XXX 1. 546 6354 cnb in. 2. 2073 456 cub in. 
3 263-S944cnb ft 4 76-95 cub ft 6 234 57 cub ft 

6 455 15 cub ft 7 2077 64 cub ft S 205-25 cub ft 

9 6545, 3534-3 cab ft. 10 791 6532, 2261-952 cub ft 
11 375 of a cnb in. 12. 30 5 lbs 

13. Two of 9S-9G cub ft, one of 183 78 cub ft. 

14 Turo of 335 1 cub im, two of 737-2 cub in. 

15 37261 cub in. 16 26S345cubin. 1/ 143. 


XXXI 1854-96 cub in- 2. 55-06 cub It 3 30 
4 5456 cub feet 5 9333 cub in. 


XXXn. 1 20 25 lbs. - 2 65320 lbs 

4 16S-“5, 231-25 cub in. 6 6-22Sin. 6 S 320 ft 

7. 27744 ft S 19265, 3 5635 feet 


19—2 
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3 

6 

9 

U 

14 

1C 

18 

20 

22 

24 

27 

31) 

31 

30 

43 


XXXII r 1 37sq ft, 72111 
201sq ft 24 in 4 2C08q ft. 

G3 ffc 7 73 sQ “JOju* 
lOSsqft 10 C20»qft 

77 8qft.n2in 13 

4Ssq ft 12Sln I'; 

1227 sq ft 48 in 17 

2488 fiq ft a2b in JO 

43 sq tt DO lu 21 

40 sq ft C2 XU 23 

173-2 sq ft 25 88-2SSSsq ft. 

8 083 It 28 C19 52Rq in 

44 78 lb fq ffc 31 100 sq ft OGin. 

nSO, 12D0 eq in 37 500 

476-22 40 624 97 41 485 35 

029 OG 44. C34 9C 45 673 05 


2 60 sq ffc GGin 
G in. 6 70 sq ft 
8 SSsq ft lOin 
11 61 sq ffc 9G in 
24 sq ft 47 in. 
GCsq ft 16 in 
985 eq ft 120 in 
18 sq ft 
30 eq ft 84 in. 

101 sq ft 84 in 
26 2197 cub in. 
191 13 sq in 
32. Ceq ft 
38 6GG9G 
42, 600 
46 693*36. 


29 


3 

6 

9 

12 

16 

IS 

21 

25 

20 

32. 


XXXIV 1 
2.U9 92 sq in 
62 8 32 Ml ft 
173 862 sq ft 
4*775 in 
21 409 in 
3 82 in 
4375 
6055 
560a 


0*4 MU i; Bil JII 

4 6277 SO sq in 6 2010 624 sq ft 
7 1669252sqft 8 1105*&4sq in 

10 24187lsqffc 11 19*2 in 
13 12 666 in. 14 13541 in 


10 

13 12 666 m 
16 26 ft 
19 62S32sq in 
22 1593 23 


18683 sq in. 


26 

30 


1593 

6833 

sosa 


27 

31 


17 
20 
4630 
6512 
600, 6S6 sq ui. 


14 13541 in 
19 635 sq It 
ObS 54 sq in 
24. 4907 
28 6944 


3 

7 

11 


XXXV 1 753 98 sq in 2 

351S69 8qia 4 80 6 11781 

250 61 8 86853 9 6854. 

16 92111. 12 4 46 in. 


628 32 sq in 
6 13 03 

10 6979a 


XXXYL 
4 341806 
8 1709 03 
12 8716 7 
16 38 627 


1 716 5 
5 2035 76 
9 2103 01 
13 37 699 
17 1 9636. 


2 1273 
6 5i0 78 
10 673873 
14 85 452 
18 213S03 


3 15S737 
7 1169 25 
11 230674. 
16 29 093 
19 21378 
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20 IS 4322 21 30 m 22 22S31 23 2 54G5ft. 

24 2 729 ft. 27 62 m 26 18336 ft 

27 l'0926ft 28 lOODSft 29 28 jds nearly 

30 327>ds.ucarlv 31 62 688 32 66490 

33 65147. 31. G26SS 36 60 074 36 33989 

37 28701 38. 28)72 39 47.J35, 40 60164. 


XXXVII 1 176 sq m 
3 251 328 sq m 4 91 248 6q ft. 

6 076109sq lu 7 8941 sq ft 

9 18597fiqi« 10 229 09 sqm 

12. 139 49 sq ft 13 2112 76 sq in 
15 4084 10 17122 17 42726 


19 2 228, 1772 ftcU 


20 106 iicoily 


2 273 sq m 
6 1102 70 sq in. 
8 96358q ft 
11 SO 11 sq ft 
14 341806sqin 
18. 1747 516 


XXXTIII 1 314 16 sqm 2 2827 44 sqm 

3 60 821 sq ft. 4 12732 8q m. 6 5 093 sq ft 

6 1303Ssqft. 7 11284m 8 45136ft 

9 4 886 ft 10 84104 cnb ft 11. 33-245 cub. ft. 

12 94 031 5 cub ft 13 4 18SS cub ft 

14 47 713 cub ft 17 75 3984 sq ft 

16 c}lindcr 3141 6 cnb m ; spbero 4188 8 cub in 

17 cube 1 cub ft , splicio 1 382 cub ft 

15 cylinder 6 282 cub (t, sphere 7 695 cub ft 

19 cube 6 sq ft , sphere 4 816 sq ft. 

20 c}luidcr 188)96 sq ft , sjthcre 16 4666 sq ft 


XXXIX 1 850 sq m 2 45 8qft 

3 904 78 sqm 4 40 009 sq ft 6 163 3632 sq ft 

6 2312 22 sq m 7 133 7250 sq ft 8 1599 67 sq m 

9 1019-8096 sq ft 10 1328-897 sq m 

11 3088936 sq ft 12. 867 79 sq in 

n 7508424 sq ft 14 1677 6141 sq m 

15 3084313 sq ft. 16 1221-894 sq in 17 

18 19 i of the radius. 20 J of tho radius 


XL 1 £C2 2 iJlGO 12s 3 ;fil8.1 I2s 4d 

4 £fj 15s 5(7 6 £4 3s Id G sjft long 

7 £il 16ff 8 373 lbs. 9 34| 
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JO £IZ. Gs 6^<f 11 iJO 2if lOf/ vcrj iicnrlj' 12 ;ei2 

J 1 £1 14? ijcftriy 1 1 X'tS 13jf id very nearly 

15 £’> 10# very nearly 16 £>0 11 £ 1 ^ 

18 65C0. 19 8# Crf 20 X31, 18s C(/ 


XLl. 1 6 02. 2 T 4 3 illO 5s 4 216?( 

5 £li5 4s 6 £15 \5* 1 £ll*) 8 £40 10s 

y ;£25 0# 8tf 10 ^62 10s 11 iJ20 

12 i!71 5s 13 lOOi 14 £10. 12s IS £41. 
IG ilia 4s 


XUI 1 onj 2 1J7 3 161 4 87J 

5 J2\ 6 lO-j 7. 1231. ® ISSi 0 75fi 

10 96*. 11 93 076 12 628 


XLTII 1 11037. 

4 54-2 6 108 7 

8 3315 9 2349 


2 8313 3. 10S54, 

a 00 03 7 11243 

10. 15 98. 


XLVI 1 7075 of an acra 2 626 of an acra 
3 562S1 of an acre. 4 7165 of an acre. 

5 11445 acres 6 1 1165 acres 7 766 sq hnlfs. 
8. 1511 sq linka. 0 2.100 sq ImUs. 10 56 10 sq links. 

11. Ill of an aero 12 .1611 15 acres. 15 662ofanncrO: 

14 8 606127 acres, it will lio foiuul that the auelo ABO 

is 60*, and the angle AOE is 90* 

15 16*24425 acres. 16 5*02922 acres 


XLVIII 1 Osqft. 2 lOsqfLFpr 1 9sqn;.2pr 
4 IGsqfLGpr 9 in 5 26 sq ft 11 pr 10 in 

6. 27 sq ft, Ipr 5 in 7 11 sq ft 10 pr lOin 

8 ]6sq ft 8pr Oin 8tli 9 14sq ft Opr 4ui lOtiL 

10 22Bqft.7pr 4inl0th Ufa II JOcubftCpr 

12. 33 cub ft 9 pT 11 41 cub ft 4 pr 

14 73cnbftl0pr 8scc. 15 123 cub ft Opr Gscc. P«n. 
16 187 cub ft 2pr 0 see. 2 in. 

XLIX 1 4712lTnclrca 2 12bcclai*C8 39 66aTes. 
1 90 676 arcs. 4 73 44 6 402 6 5*23 7 4602. 8 OIj 

9 172 10 31416 11 104 12 254 16 0G2ofainctra 
17« 108 of a metre 18. 003 of a metro 
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MISCELLANEOXTS EXAMPLES 

1 75ft 2 Sj 3 lOnc, 90ac 4 50ft 4in. 

6 972sqvds 6 ;fil4 7 £3 lOt 8 8ff 9 3 96 no 

lO 23 ft, 27 ft 11 ^ of a mile 12 193000 13 820 in 
14. CO ft 9 in. 15 13 8 minutes 16 £C 13s -4d 

17 £B 7s Gd 18 6 yds 19 3 d66S acres. 20 175602 
22 210 sq ft 23 1120 yds , 262 ao Ird 26po 3J sq yds 
24. S5ft lOin 25 800yds, 316 22Syd8 26 £12 16» 2^d 
27 £6 3s lli<? 28 Length 10 V 3 ds., breadth 3i, height 4 

29 3t6Ssqft. 30 646 sq'a , 13 ft, 31 102 ft. 
32 Hin 33 Rather more than 13^ 34 243 m 

35 360 555 yds , 33600 sq yds 36 £25 7s 2d 

37 £1 17s Gd Four times as much 38 60 sq yds 

39 160 sq ft, 270sq ft 40 94916ac 41 263ft 

42 12 ft 43 18 ft 2iin • 44 694 yds 

45 £182. 6s 11|/? 46 £430 16? 8 d 47 £4 3s 7rf . 

48 21fb long, lOift broad, 10ft high 49 133837 so ft 
60 72sqft. 61 15m,18jm 62 £70 53 37ft7iro 

64. 10936 yds 65 864, £233 17s 9d 66 £2 9s 33 d 

67 81320 6& 141 42 ids. 60 £78 7s 61 3600 

62. 15 m. 63 2604 Jibs 64 275625 65 4 foot 

66 3349ilbs 67 320a«, 165 6S 3 20705, 19s 3<f 69 6 44 
70 147cubft 71 122SS 72 25m 73 480 74 25ft 4m 
75 22-22 m 76 8 1ft, 531 441 cub ft 77 3 1416 cub ft 
78 275 4 lbs 79 £11 Os Gd , £7 12s 3d 80 3^/3 to 1 
81 6 ft 82. 176786 83 21 84 27 in 85 12s 3d 

86 689 87 2ft Cm 88 37 6992 cub m , 75 3984 sq m 

89 304cnbm 90 11 754 cub m 91 671 92 1969 lbs 

93 7009 m 94 648 95 28 j, 427Mbs 36 £43 4s 

97 3780lbs , 69159 98 41m 99 351-8592 sq ft lOO 73| 
101 612. 102 27, 18,12ft 103 9013in 104 Fourtimes. 

105 4230794. 106 030301 of the former volume 

111 1611 112 £680 12s Ci 113 21V3m. 114 12S00lbs 
115 1885 6 cub ft 116 665 488 cub ft 117 2142 ft;. 
118 10744-272 cub m 119 44lbs.7oz 120 12 036cubft 
121 22^ cub ft 122 £580800 123 900 124 885 126 40 
127 233 J cub ft 129 7|lb3. 130 78 64 sq ft 131 640 ft 
132.416 133 312^ 134 2178 136 809 ft 136 12 ft 

137 80426cub.ft 138 94 139 8674m 140 61 051 sq ft 
141 3872 142. yjjbffOfanmch 143 4840 144 ^ofafoot 
145 173*205 cub m 146 199m. 147 1728. 148 392 7cnbm. 
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140 8748 lbs JOO 3-82 in 151 14, lOj, 3J 

152 £3 14s 3<f 15^ No 134 350 7 sq in. 155 868. 

166 1446 157 000046 168 6-2)2 168 796 

160 30 16 cub in 161 487 102 16 16 of in oz 

103 290 cub in ; 246 sq in 164 Aa 3 to 6 

165 00032of«nin 166 3l«6cnba 167 8 3776 cob ft. 
ICS 3677fo0t from snnllor end, SO 69 cub ft 169. 168 
170 1034 172 46ISSffc. 174 8242 40S cub in. 

176 6 1416 sqm 176 10 2332 cub in. 179 6177 ft. 
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